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Holographies and EXAFS in quantum electrodynamics

Y. Nishino* and G. Materlik
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We calculate the cross section of the photoionization process consistently in the framework of quantum
electrodynamics, including the initial-state photon interaction and the final-state photoelectron interaction with
neighboring atoms. The obtained photoionization cross section explains multiple energy x-ray holography
~MEXH!, photoelectron holography, and extended x-ray absorption fine structure~EXAFS!. In EXAFS, the
contribution of the initial-state photon interaction is found to oscillate with energy and can disturb the EXAFS
signal. It becomes non-negligible at higher energies. At 1 keV above the absorption edge, it can be in
comparable order of the EXAFS signal. The hologram functions of MEXH and x-ray fluorescence holography
are consistent with those in classical electrodynamics.@S0163-1829~99!02546-1#
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I. INTRODUCTION

Studies of the atomic structure of materials using x ra
are of interest for a wide area of science. For crystall
materials, diffraction methods give well-established ways
study the lattice structure based on the long range order

The extended x-ray absorption fine structure~EXAFS!
method reveals the structure of neighboring atoms not o
for crystalline materials but also for materials which on
possess short range order.1 The EXAFS oscillations in the
x-ray absorption coefficient extend in the energy reg
30–1500 eV above the absorption edge. They are expla
by the interference of an outgoing photoelectron wave
the wave backscattered from neighboring atoms. An anal
of EXAFS gives the radial distribution of neighboring atom

A direct x-ray optical image with atomic resolution ha
not been possible for various reasons. Towards this g
Szöke has suggested to use Gabor’s approach to rea
atomic resolution holography with internal sources.2 Such
holographic method can offer a promising way for structu
studies. In the internal source holography, sources of e
trons or photons are inside a sample, and a detector is
ated at far distance. As internal sources, one can use,
photoelectrons,3 diffusely scattered low energy electrons4

Kikuchi electrons,5 Auger electrons,6 fluorescence photons,7

or bremsstrahlung photons.8 A particle wave from the source
may directly reach the detector or may be coherently s
tered by neighboring atoms before reaching the detec
These two waves serve as the reference wave and the o
wave of holography, respectively, and form a holograp
interference in the far field. By moving the detector positi
with respect to the sample, one measures a hologram
order to obtain a three-dimensional atomic structure aro
source atoms from a hologram, a numerical reconstructio
used.3,9,10

In Ref. 11 another holographic method was proposed
which the positions of detector and source are interchan
compared to the internal source holography. In the inter
detector holography, photons11 or electrons12 are injected on
a sample from an external source, and atoms inside
sample are used as detectors. The intensity of the inci
PRB 600163-1829/99/60~22!/15074~10!/$15.00
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particle wave at a position of an atom inside the sam
changes according to the incident wave direction with
spect to the sample. The change is caused by an interfer
of the unscattered incident wave and the wave cohere
scattered by neighboring atoms, and can be interpreted
hologram. In order to observe the wave intensity at the
sition of an atom, one measures, e.g., the fluorescence o
Auger electron yield from the atom, since they are prop
tional to the local wave intensity assuming that the energy
the incident wave is higher than the absorption edge of
atom.

In this paper we use the following terminology. The i
ternal source holography with a fluorescence source is c
ventionally called x-ray fluorescence holography~XFH!, and
the internal detector holography with incident x ray is r
ferred to as multiple energy x-ray holography~MEXH!.
Note, however, that this can be misleading. In the inter
source holography with a fluorescence source, it is also p
sible to measure holograms at multiple energies by detec
different fluorescence lines. On the other hand, in the inte
detector holography with incident photon, one may not
ways vary the incident photon energy as in the case using
Mössbauer source.13 Although there is a possible confusio
in the terminology, we follow a conventional use of XF
and MEXH. We also use the widely accepted term of ph
toelectron holography~PEH! as the internal source hologra
phy with a photoelectron source.

All the structure determination methods mentioned abo
have as a common feature that they make use of the in
ference of waves undergoing different paths. For example
MEXH the interference of incident photons is used. A
both PEH and EXAFS utilize the interference of photoele
trons.

If one looks at the problem from a different point of view
the photoionization process is involved in MEXH, PEH, a
EXAFS. In the photoionization process, photons hit atom
and emit photoelectrons. In this process, both the initial-s
incident photon and the final-state photoelectron may inte
with other atoms. In MEXH usually one takes into accou
the initial-state photon interaction, and not the final-st
electron interaction. On the other hand, in PEH and EXAF
15 074 ©1999 The American Physical Society
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PRB 60 15 075HOLOGRAPHIES AND EXAFS IN QUANTUM ELECTRODYNAMICS
it is common to neglect the initial-state photon interactio
Natural questions are how big are the effects of the final-s
photoelectron interaction in MEXH and how big are the
fects of the initial-state photon interaction in PEH and E
AFS. From the first sight, it seems to be plausible that
electron-atom interaction is much stronger than the pho
atom interaction, and one can neglect the latter in PEH
EXAFS. Then how much is the ratio of these contribution
What does the latter contribution look like? Further qu
tions remain. If the electron-atom interaction is so stro
how can one get holograms in MEXH? In this paper, we
to answer these questions by calculating the cross sectio
the photoionization process using quantum electrodynam
~QED!, and including both the initial-state photon interacti
and the final-state photoelectron interaction with neighbor
atoms.

Concerning studies of these experimental methods
quantum theories, the EXAFS cross section has been
tensely calculated.1 As for the holographic methods, few
works were done in QED.8,14 Here we show explicit forms o
the cross sections of MEXH and PEH in QED. Using a sim
lar calculation technique, we also show the transition pr
ability of XFH.

II. DEFINITION OF CROSS SECTIONS

We define the cross sections of MEXH, PEH, and E
AFS, and make a general discussion before deriving exp
expressions of them. Throughout this paper, we use the n
ral unit,\5c5e051, where\ is the Plank constant divide
by 2p,c is the speed of light in vacuum, ande0 is the per-
mittivity of free space.

Let us first consider the photoionization process, which
the underlying physical process in all MEXH, PEH, and E
AFS. The photoionization process is schematically shown
Fig. 1. In the photoionization process, a pair of photoelect
and core-hole state is created by the incident photon.
excited core-hole state subsequently deexcites through
fluorescence process or the Auger process. The photoion
tion process is measured by detecting photoelectrons, fl
rescence photons, Auger electrons, or loss of incident p
tons. The photoionization process can be considered
separate quantum process from its deexcitation process,
the contribution of the intermediate core-hole state do
nates in the probability amplitudes to find fluorescence p
tons and Auger electrons. The dominance of the core-h

FIG. 1. The photoionization process. The incident photon p
duces a pair of photoelectron and core-hole state. In this figure,
passes from left to right. The wavy line is the incident photon w
momentumk, energyv5uku, and polarizatione. The straight line
with the forward arrow in time is the photoelectron with momentu
p. The straight line with the backward arrow in time is the core-h
state. The circle with hatch represents all diagrams to be spec
below.
.
te
-
-
e
n-
d

?
-
,

y
of

cs

g

in
n-

-
-

-
it
tu-

s

in
n
e

he
a-
o-
o-

a
ce

i-
-
le

state results in nearly isotropic distribution of fluorescen
photons and Auger electrons.

For a free isolated atom, the photoionization cross sec
depends on the incident photon energyv and the outgoing
photoelectron directionp̂ relative to the incident photon di
rection k̂ and to the incident photon polarizatione. In the
case that target atoms are spatially ordered, such as atom
crystalline solids, the cross section depends independentl
the outgoing photoelectron directionp̂, on the incident pho-
ton direction k̂, and on the incident photon polarizatione.
The general form of the differential cross section of t
photoionization process is thus given by

dsPI~v,k̂,e,p̂!

dVp
. ~1!

Here vectors with hats denote unit vectors with the sa
direction as vectors without hats, e.g.,k̂5k/uku. v, k, ande
are energy, momentum, and polarization vector of the in
dent photon, respectively.p andVp are momentum and solid
angle of the outgoing photoelectron, respectively. All t
cross sections of MEXH, PEH, and EXAFS are defined
terms of the photoionization cross section.

In MEXH, one observes the total cross section of t
photoionization process while changing directionk̂ and en-
ergyv of the incident photon. By changing the incident ph
ton direction k̂, the incident photon polarizatione also
changes. The cross section of MEXH is given by

sMEXH~v,k̂,e!5E
4p

dVp

dsPI~v,k̂,e,p̂!

dVp
, ~2!

where 4p at the integration symbol denotes that integrati
over solid angle runs over full 4p.

In PEH, the outgoing photoelectron directionp̂ is mea-
sured for different incident photon energiesv. Direction k̂
and polarizatione of the incident photon are fixed at som
values, e.g.,k̂5â ande5ea . Therefore we have

sPEH~v,p̂!5
dsPI~v,k̂5â,e5ea ,p̂!

dVp
. ~3!

In EXAFS, one measures the total cross section of
photoionization process as a function of the incident pho
energyv. Directionk̂ and polarizatione of the incident pho-
ton are fixed at some values, e.g.,k̂5â ande5ea . Thus we
obtain

sEXAFS~v!5E
4p

dVp

dsPI~v,k̂5â,e5ea ,p̂!

dVp
. ~4!

By comparing the cross sections shown above, one
serves interesting relationships among them. From Eqs.~3!
and ~4!, we get

sEXAFS~v!5E
4p

dVpsPEH~v,p̂!. ~5!
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15 076 PRB 60Y. NISHINO AND G. MATERLIK
Equation~5! means that EXAFS measurements are noth
but the photoelectron angular integral of PEH measureme
This reflects the fact that in EXAFS one gets only an av
aged information about neighboring atoms. On the ot
hand in PEH one can, in principle, get three-dimensio
information of neighboring atoms. In both PEH and EXAF
the interference of final-state photoelectrons plays an es
tial role.

Another relationship is obtained by comparing Eqs.~2!
and ~4!:

sEXAFS~v!5sMEXH~v,k̂5â,e5ea!. ~6!

Equation~6! implies that EXAFS measurements correspo
to MEXH measurements at an arbitrary incident photon
rection k̂. Although in EXAFS experiments one does n
measure the dependence of the cross section on the inc
photon directionk̂, it also contains holographic information
In MEXH, one is interested in the interference of incide
photons.

At this point, one should be careful. In order to justify th
the directionalk̂ dependence of the MEXH cross section
caused merely by the incident photon, one has to assume
the initial state~before the incident photon reaches the at
which emits the photoelectron! is separated from the fina
state~after the photoelectron is emitted!. But there is no good
reason for justifying this assumption. One should descr
the photoionization process in a single step picture. It is a
clear from the experimental fact that the angle distribution
the outgoing photoelectronp̂ greatly depends on the direc
tion of the incident photon polarizatione. Regarding the
photoionization process as a single step process means
changes in the incident photon directionk̂ produce changes
in the final state This results in another incident photon
rection dependence of the cross section. In conventio
treatments of MEXH, it is implicitly assumed that the initi
state of the photoionization process is a single step proc
and the final-state photoelectrons are disregarded. On
other hand, in EXAFS and PEH, it is usual to disregard
effect of the photon interference in the initial state. B
changing the incident photon energyv, the interference pat
tern of photons in the initial state also changes. In this pa
we consistently take into account both the initial-state int
action and the final-state interaction.

III. CALCULATION OF CROSS SECTIONS

A. Cross section and transition matrix

We calculate the photoionization cross section in QE
We assume that the kinematical region is where the incid
photon energy is higher than the ionization energy of ato
but smaller than the electron rest mass energy. We use
assumption to justify the nonrelativistic treatment of ele
trons, the plane wave approximation of photoelectrons,
the dominance of the Thomson scattering in the photon-a
interaction. Although this kinematical region is higher th
what is of interest, it is good for the first approximation.
fact, the essential mechanism of EXAFS is explained wit
this assumption.1
g
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-
r
l

,
n-

d
i-

ent

t

hat

e
o
f

hat

i-
al

ss,
he
e

r,
-

.
nt
s,
his
-
d
m

n

Since atoms are much heavier than electrons, we t
them as infinitely heavy objects without recoils. In this ca
during the process, the total momentum does not conse
while the total energy does. It is reasonable to define
transition matrixTf i as follows15:

Sf i5d f i12p id~Ef2Ei !Tf i , ~7!

whereSf i is theS matrix. Ef andEi are the total energy o
system in the final state and the initial state, respectiv
The differential cross section of the photoionization proc
is defined in terms of the transition matrix

dsPI

dVp
5uTf i u2~2p!4upuE, ~8!

whereE is the energy of photoelectronE5Ame
21upu2'me

1p2/2me andme is the mass of electron.
In the following, we show calculations of the photoion

ization transition matrix in detail including the phase facto
which depend on positions of target atoms. Such phase
tors are usually not considered in problems with a sin
target atom, since it becomes 1 by squaring the transi
matrix. In the case of many target atoms sitting at differe
positions, however, the phase factors play essential role
produce the interference of waves.

We calculate the transition matrix order by order in t
perturbation series, but we neglect divergent contributio
corresponding to, e.g., the self-interaction. These contri
tions should vanish after appropriate procedures of the re
malization.

B. Leading order photoionization contribution

The Feynman diagram of the leading order contribution
the photoionization process is given by Fig. 2. TheS matrix
is given by

Sf i
(0)5 ieE d3r E dt JFI~r,t !•^0uA~r,t !uk,e&, ~9!

wheree is the electron charge,u0& is the vacuum state of the
photon ~the zero-photon state!, and uk,e& is the one-photon
state with momentumk and polarizatione. A(r,t) is the
photon field operator in the interaction representation. N
that for the photon field operatorA(r,t), we took the three-
dimensionally transverse gaugeA0(r,t)50, which is a con-
venient gauge fixing condition for nonrelativistic problems15

JFI(r,t) in Eq. ~9! is the electromagnetic current in the inte
action representation, and for nonrelativistic particles it
given by

FIG. 2. The leading order contribution of the photoionizati
process. The incident photon scatters an electron bound in the
at X0.
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JFI~r,t !5
2 i

2me
@cF* ~r,t !¹W c I~r2X0 ,t !

2cF* ~r,t !¹Q c I~r2X0 ,t !#, ~10!

wherecF(r,t) is the final-state photoelectron wave functio
c I(r2X0 ,t) is the initial-state bound electron wave functio
and X0 is the position of the photoelectron emitter ato
Note that if more than one initial atomic states contribute
the process, one should add all contributions.

Since integration over timet in Eq. ~9! gives the energy
conservation delta function, we obtain the transition ma
of the leading order photoionization contribution

Tf i
(0)5

i

me

e

A~2p!32v
E d3rcF* ~r!e•¹Q c I~r2X0!eik•r.

~11!

If the incident photon energyv is higher than the ioniza
tion energy, the Born approximation is applicable. Thus
take the final-state photoelectron as plane wave:

cF~r!5
1

A~2p!3
eip•r. ~12!

In this case, the transition matrix becomes

Tf i
(0)5C~v,p̂• k̂!e2 i (p2k)•X0e•p̂, ~13!

with

C~v,p̂• k̂!5
eb

~2p!3A2v
E d3s0c I~s0!e2 i (p2K)•s0. ~14!

Here we changed integration variables fromr to s0 according
to r5X01s0 . b5upu/me is the velocity of the photoelectron

As an example, we show an explicit expression
C(v,p̂• k̂) in the case where the initial state is the hydroge
like atom:

c I~s0!5S Z3

pa0
3D 1/2

e2Zus0u/a0, ~15!

where Z is the atomic number,a0 is the Bohr radiusa0
51/mea, and a is the fine-structure constanta5e2/4p
'1/137. As one caneasily find in textbooks on quantum
mechanics,16 the coefficientC(v,p̂• k̂) in this case is given
by

C~v,p̂• k̂!5
e

4p5/2v2
~Za!5/2

1

~12bp̂• k̂!2
. ~16!

Here we have used the fact that the ionization energyI
5 1

2 (za)2me is much smaller than the photon energyv. It
should be noted thatC(v,p̂• k̂) is almost independent o
p̂• k̂, since the velocityb of photoelectron is small. In the
following we regard C(v,p̂• k̂) as angle independen
C(v,p̂• k̂)→C(v).
,

.
o

x

e

f
-

C. Initial-state photon interaction

The Feynman diagrams of the next-to-leading order c
tributions of the photoionization process are given by Figs
and 4, where the initial-state photon and the final-state p
toelectron interact with atoms, respectively.

Let us first consider photon interactions in the initial sta
This contribution is composed of the photon-electron scat
ing and the leading order photoionization process. The cr
section of the nonrelativistic photon-electron scattering is
general, given by the Kramers-Kronig relation. Th
Kramers-Kronig relation explains both the Rayleigh scatt
ing and the Thomson scattering. In the case where the i
dent photon energy is much higher than the ionization ene
of atoms, the Thomson scattering dominates. TheSmatrix of
the Thomson scattering is given by

S(Thomson)52 i
e2

2me
E d3r E dt^k8,e8uA~r,t !•A~r,t !uk,e&

3(
i

r i
e~r2Xi !, ~17!

wherek ande are momentum and polarization vector of th
incident photon, respectively;k8 ande8 are momentum and
polarization vector of the outgoing photon, respective
r i

e(r2Xi) is the electron probability density of thei th atom;
andXi is the position of thei th atom. The sum overi runs
over all atoms in system. After integration over timet, we
have the Thomson scattering transition matrix

T(Thomson)52r e

1

~2p!2v
e•e8(

i
f i

x~ uk82ku!e2 i (k82k)•Xi,

~18!

wherer e is the classical electron radius:r e5a/me. The form
factor f i

x of the photon scattering by thei th atom is given by

FIG. 3. The scattering of the photon in the initial state. T
photon is scattered by an electron of the atom atXi . In QED, the
virtual photon travels in both directions: from the atom atXi to the
one atX0 and from the atom atX0 to the one atXi . The circle with
hatch contains all photon-electron interaction diagrams. For
nonrelativistic electron, they are the uncrossed, the crossed an
seagull diagrams. Among them, the Thomson scattering co
sponds to the seagull diagram.

FIG. 4. The scattering of the photoelectron in the final state. T
photoelectron is scattered by the Coulomb field of the atom atXi .
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f i
x~ uk82ku!5E dsi

3r i
e~si !e

2 i (k82k)•si, ~19!

wheresi is the position vector measured from the center
the i th atomXi : si5r2Xi .

The S matrix corresponding to Fig. 3 is given by

Sf i
(1)5

e3

me
(

m,n51

3 E d3r 1E dt1E d3r 2E dt2Jm
FI~r1 ,t1!

3^0uT@Am~r1 ,t1!,An~r2 ,t2!#u0&

3^0uAn~r2 ,t2!uk,e&(
i

r i
e~r22Xi !, ~20!

where variables with the suffixm ~or n! denote themth ~or
nth! component of vectors.

For the following calculations, it is useful to define th
photon propagatorGmn(v8,r12r2) in the mixed frequency-
coordinate representation in terms of the time-ordered p
uct of the photon field operators

^0uT@Am~r1 ,t1!,An~r2 ,t2!#u0&

52 i E dv8

2p
e2 iv8(t12t2)Gmn~v8,r12r2!. ~21!

Note that in the photon propagator, which corresponds to
virtual photon between an electron belonging to the atom
Xi and one belonging to the atom atX0, we have taken into
account photons traveling in both directions~from the atom
at Xi to the one atX0, and from the atom atX0 to the one at
Xi) and with all possible momenta and polarizations. H
the virtual photon means the photon appearing in quant
intermediate states. It is a pure quantum object and m
break the on-shell condition due to the uncertainty princi
of quantum theory: For thevirtual photonvÞuku.

In the three-dimensional transverse gauge, the pho
propagatorGmn(v,r) in the mixed frequency coordinate rep
resentation is given by15,17

Gmn~v,r!52E d3k

~2p!3

eik•r

v22uku21 i e
S dmn2

kmkn

v2 D
5

eivr

4pr FdmnS 11
i

vr
2

1

~vr !2D
2 r̂ mr̂ nS 11

3i

vr
2

3

~vr !2D G . ~22!

With the help of Eq.~21!, integrations overt1 , t2, andv of
the S matrix Eq.~20! are carried out, and we have the tra
sition matrixTf i

(1) :

Tf i
(1)52

e3

me
(

m,n51

3

(
i
E d3r 1E d3r 2

pmen

~2p!3A2v

3e2 ip•r1c i~r12X0!Gmn~ uku,r12r2!eik•r2r i
e~r22Xi !.

~23!
f

d-

e
t

e

y
e

n

In order to perform integrations in Eq.~23!, we make use
of the fact that electrons are locally concentrated around
atomic positions and interatomic distances are much la
than the scale of atoms.1,8 In other words, the atomic wave
function c I(s0) and the electron probability densityr i

e(si)
have nonzero values only in the regionus0u,usi u!1/uku and
the interatomic distanceuXi2X0u is much larger than this
region of us0u and usi u. Here the vectorss0 and si are the
position vectors from the center of the zeroth atom and
i th atom, respectively:r15X01s0 and r i5Xi1si . We also
assume that the wavelength of the incident photon is sma
than the inter-atomic distanceuXi2X0u. With the above con-
sideration in mind, we make the following approximation

Gmn~ uku,r12r2!→ 1

4puji u
ei ukuuji uei ukuĵi•(si2s0)

3@dmn2~ ĵ i !m~ ĵ i !n#, ~24!

where ji5Xi2X0. In Eq. ~24!, we used u(Xi1si)2(X0

1s0)u'uji u1 ĵi•(si2s0) in the phase factor andu(Xi1si)
2(X01s0)u'uji u in other places; and we neglect higher o
der terms in 1/ukuuji u.

With the approximation in Eq.~24!, integrations onsi and
s0 in Eq. ~23! separate, and we finally obtain the transitio
matrix corresponding to Fig. 3:

Tf i
(1)52C~v!e2 i (p2k)•X0r e

3(
iÞ0

~e•p̂2e• ĵi p̂• ĵi !
f i

x~ u l i u!
uji u

ei ukuuji ueik•ji, ~25!

where l i is the momentum transfer at the Thomson scat
ing: l i52ukuĵi2k. Note that we have excluded the termi
50 in the summation of Eq.~25!. It corresponds to the self
interaction of atoms with photons, and is divergent. As
mentioned before, divergent terms should vanish after ap
priate procedures of the renormalization.

D. Final-state photoelectron interaction

The final-state photoelectron contribution, correspond
to Fig. 4, is composed of the Coulomb scattering and
leading order photoionization process. The transition ma
of the Coulomb scattering by thei th atom is given by

Si
(Coulomb)52 ieE d3r E dt(

i
f i~r2Xi !J0

pp8~r!, ~26!

wherep8 is the initial-state electron momentum andp is the
final-state electron momentum.f i(r2Xi) is the classical
Coulomb potential of thei th atom

f i~si !5
2e

4p E d3si8
r i~si8!

usi2si8u
, ~27!

andr i(si) is the charge density of thei th atom.J0
pp8(r) is the

zeroth component of the electron electromagnetic curren
the nonrelativistic case, it is given by

J0
pp8~r!5cp* ~r!cp8~r!, ~28!
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wherecp8(r) andcp(r) are wave functions of electrons be
fore and after the Coulomb scattering, respectively.

In the Born approximation, the transition matrix of th
Coulomb scattering is given by

T(Coulomb)5
2e

~2p!3 (
i
E d3rf i~r2Xi !e

2 i (p2p8)•r

5(
i

Ti
(Coulomb)e2 i (p2p8)•Xi, ~29!

where

Ti
(Coulomb)5

2e

~2p!3E d3sif i~si !e
2 i (p2p8)•si. ~30!

The scattering amplitudef i
e of the electron-atom scatter

ing is defined in terms of the Coulomb scattering transit
amplitudeTi

(Coulomb), Eq. ~30!, as

f i
e~ up2p8u!5~2p!2meTi

(Coulomb). ~31!

In the Mott-Bethe formula, it is related to the form factorf i
x ,

Eq. ~19!, of the photon-atom scattering:16,18

f i
e~ uqu!5

2mea

uqu2
@Zi2 f i

x~ uqu!#, ~32!

whereZi is the atomic number of thei th atom. The first term
is the contribution of the nucleus and the second term is
of electrons.

The calculation of the transition matrix of the final-sta
photoelectron interaction is done in a similar way as in S
III C. Details of calculations are also found in papers
theoretical treatments of EXAFS.1 For completeness of ou
discussion, we show the outline of calculations. TheSmatrix
corresponding to Fig. 4 is given by

Sf i
(2)5e2E d3r 1E dt1E d3r 2E t1

dt2E d3p8

3(
i

f i~r2Xi !J0
pp8~r1 ,t1!

3Jp8I~r2 ,t2!•^0uA~r2 ,t2!uk,e&. ~33!

After integrations overt1 and t2, we have the transition ma
trix Tf i

(2) :

Tf i
(2)5e2(

i
E d3r 1E d3r 2E d3p8

3
1

v2~ up8u2/2me!2I 1 i e
f i~r2Xi !

3J0
pp8~r1 ,t1!Jp8I~r2 ,t2!•^0uA~r2 ,t2!uk,e&

52
e2

~2p!4A2v
(

i
E d3r 1E d3r 2

ei upuur12r2u

ur12r2u

3f i~r2Xi !e
2 ip•r1~2 i¹W 2•e!c I~r22X0!eik•r2,

~34!
n

at

c.

whereI is the ionization energy of the photoelectron emit
atom. In order to perform integrations overr1 and r2, we
make use of a similar approximation as Eq.~24!:

ei upuur12r2u

ur12r2u
→ 1

uji u
ei upuuji uei upuĵi•(si2s0). ~35!

With the approximation Eq.~35!, we integrate overr 1 andr 2
in Eq. ~34!, and finally obtain the expression of the transitio
matrix corresponding to Fig. 4:

Tf i
(2)5C~v!e2 i (p2k)•X0(

iÞ0
e• ĵi

f i
e~ uqi u!
uji u

ei upuuji ue2 ip•ji,

~36!

whereqi is the momentum transfer at the Coulomb scatt
ing: qi5p2upuĵi . We have excluded the termi 50 in the
summation of Eq.~36!, which corresponds to the self
interaction of atoms with the electrons.

E. Cross section of photoionization process

By summing Eqs.~13!, ~25!, and~36!, we obtain

Tf i5C~v!e2 i (p2k)•X0

3Fe•p̂2r e(
iÞ0

~e•p̂2e• ĵi p̂• ĵi !
f i

x~ u l i u!
uji u

ei ukuuji ueik•ji

1(
iÞ0

e• ĵi

f i
e~ uqi u!
uji u

ei upuuji ue2 ip•jiG . ~37!

We again note thatji is a vector from the atom atX0, which
emits a photoelectron, to another atom atXi : ji5Xi2X0.

By substituting the expression of the photoionization tra
sition matrix Eq.~37! into the definition of the cross sectio
Eq. ~8!, we obtain the cross section of the photoionizati
process:

dsPI~v,k̂,e,p̂!

dVp
5~2p!4meupuuC~v!u2@~e•p̂!22e•p̂xx~v,k̂!

1e•p̂xe~v,p̂,e!1x2
e~v,p̂,e!#, ~38!

where

xx~v,k̂!52r eRe(
iÞ0

~e•p̂2e• ĵi p̂• ĵi !
f i

x~ u l i u!
uji u

ei ukuuji ueik•ji,

~39!

xe~v,p̂,e!52Re(
iÞ0

e• ĵi

f i
e~ uqi u!
uji u

ei upuuji ue2 ip•ji, ~40!

and

x2
e~v,p̂,e!5U(

iÞ0
e• ĵi

f i
e~ uqi u!
uji u

ei upuuji ue2 ip•jiU2

. ~41!

In Eq. ~38!, we have neglected terms which are small a
irrelevant to the following discussions. The cross section



ec

s

ti
E

t
ou

ti

m

rm
r
e

er
t
c

e
in
r

ion
ra
H

de

S

:

oss

ot
ses

e

y
be

ho-

e

l to
-

ci-
r

r

t

at-

s

15 080 PRB 60Y. NISHINO AND G. MATERLIK
~38! of the photoionization process is composed of the dir
term~the first term!, the incident x-ray interference~XI ! term
~the second term!, the photoelectron hologram~PEH! term
~the third term!, and the electron self-interference~ESI! term
~the fourth term!.

IV. CROSS SECTION OF MEXH, PEH, AND EXAFS

A. Cross section of PEH

From the definition, Eq.~3!, the PEH cross section i
given by the photoionization cross section Eq.~38! with
fixed incident photon direction and polarization. Let us es
mate the relative size of each term in the cross section
~38!. We show maximum contributions~the case of almos
forward scattering in the Thomson scattering and the C
lomb scattering! of one neighboring atom sitting at distancer
from the photoelectron emitter atom. The approximate ra
is

direct term:XI term:PEH term:ESI term

'1:
Zre

r
:
Za2^r 2&

3r er
:S Za2^r 2&

3r er
D 2

, ~42!

where^r 2& andZ are the mean square radius and the ato
number of the neighboring atom, respectively. In Eq.~42!,
we used the formulaf i

e(0)5Za2^r 2&/3r e, which is obtained
from the Mott-Bethe formula Eq.~32!.

For medium heavy atoms (Z is in the order of 10! at r
' ~a few Å!, the direct term, the PEH term, and the ESI te
are in comparable order. For the estimation of the PEH te
and the ESI term, we referred to the tabulated values in R
@18# of the electron-atom scattering amplitudesf i

e at almost
forward direction. The XI term is much smaller by ord
1024 compared to the other terms. Thus one can neglect
effect of the initial-state photon interaction in the photoele
tron holography.

Since the PEH term and the ESI term are comparabl
the direct term, it is clear that the electron multiple scatter
with atoms is important in PEH measurements. The ESI te
contribution and the electron multiple-scattering contribut
are expected to greatly disturb the photoelectron holog
~the PEH term!. Furthermore there is a problem in the PE
term itself because of anisotropic scattering amplitu
f i

e(uqu) of electron-atom scattering.19

B. Cross section of MEXH

In order to get the cross sections of MEXH and EXAF
from the photoionization cross section Eq.~38!, we have to
integrate it over the photoelectron directionp̂. After the in-
tegration, we have1

sMEXH~v,k̂,e!5
4p

3
~2p!4meupuuC~v!u2

3@12x̄x~v,k̂!2x̄e~v,e!#, ~43!

where
t

-
q.

-

o

ic

m
f.

he
-

to
g
m

m

s

x̄x~v,k̂!52r eRe(
iÞ0

@12~e• ĵi !
2#

f i
x~ u l i u!
uji u

ei ukuuji ueik•ji,

~44!

and

x̄e~v,e!5(
iÞ0

~e• ĵi !
2

upuuji u2
Im@e22i upuuji u f i

e~2upu!#. ~45!

The MEXH cross section Eq.~43! has three contributions
the direct term~the first term!, the MEXH term~the second
term!, and the EXAFS term~the third term!.

Let us estimate the relative size of each term in the cr
section. The approximate ratio is given by

direct term:MEXH term:EXAFS term'1:
Zre

r
:

Za2

2upu3r er
2

.

~46!

Although sizes of the direct term and the MEXH term do n
depend on energy, the size of the EXAFS term decrea
with energy asupu23. For an energy of 5 keV above th
absorption edge, and for medium heavy atoms atr' ~a few
Å!, the EXAFS term is in the order of 10% of the x-ra
hologram term. The EXAFS term is not considered to
negligibly small.

The EXAFS term has a dependence on the incident p
ton polarizatione through the factor (e• ĵi)

2. In MEXH, one
measures the MEXH cross section Eq.~43! while changing
the incident photon directionk̂, and the dependence of th
cross section onk̂ contains holographic information. By
changing the incident photon directionk̂, the polarizatione
of the incident photon also changes, since they are vertica
each other:e• k̂50. For this reason, the EXAFS term pro
duces anotherk̂ dependence throughe. If we take the polar
coordinate k̂5(sinu cosf,sinu sinf,cosu), the EXAFS
term for a fixed energy behaves asA01A1 sin@f1a1(u)#
1A2 sin@2f1a2(u)#, where A0 , A1, and A2 are constants.
a1(u) and a2(u) are functions ofu, and their functional
forms for a given sample depend on the choice of the in
dent photon polarizatione. If we take the polarization vecto
e parallel to theu-rotation axis, thena1 and a2 become
constants without dependence onu. With any choice of po-
larization vectore, contributions of the EXAFS term othe
than constant are sinusoidal functions off with periodicity
one and two for given energy andu. It is easy to eliminate
them from the MEXH signal.

The MEXH hologram function Eq.~44! is consistent with
the calculation in classical electrodynamics.20,21 The MEXH
hologram function Eq.~44! may be interpreted as tha
Thomson scatteredvirtual photons distribute as@12(e

• k̂8)2#, where k8 is the momentum of thevirtual photon.
This distribution is equivalent to that of the Thomson sc
teredreal photons

(
a8

ds (Thomson)

dV
5(

a8
r e

2~e(a)
•e8(a8)!25r e

2@12~e(a)
• k̂8!2#,

~47!

where e(a) and e8(a8) are polarization vectors of photon
before and after Thomson scattering, respectively, anda and
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a8 stand for two independent polarization states. Thus
effect of the incident photon polarization in MEXH i
equivalent to the case where one regards the Thomson
tered virtual photon as thereal photon. The effect of the
incident photon polarization has been investigated in de
in Ref. 22.

C. Cross section of EXAFS

The EXAFS cross section is given by the MEXH cro
section Eq.~43! with fixed incident photon directionk̂ and
polarizatione, as we have seen in Eq.~6!. To the EXAFS
cross section there are contributions not only of the dir
and the EXAFS term but also of the MEXH term. Both th
EXAFS term and the MEXH term oscillate with energy.
the size of the MEXH term is not negligible, it is harmful t
EXAFS experiments. The ratio of each term in the cro
section is given by Eq.~46!. As mentioned before, sizes o
the direct term and the MEXH term are constant in ener
On the other hand, the size of the EXAFS term decrea
with energy asupu23. We give ratios of the MEXH term to
the EXAFS term for an atom atr' ~a few Å!. For energy
0.1 keV above the absorption edge, the ratio is in the orde
1%; and for 1.0 keV above the absorption edge, it is in
order of 1. Thus the effect of the MEXH term is not neg
gible for higher energies and can disturb the EXAFS sign

Note that these values of the ratio are for one neighbo
atom in spatially ordered samples. For samples such as p
ders, the MEXH term becomes smaller after averaging o
contributions of photoelectron emitter atoms in a sample

For crystalline samples near a Bragg angle, the ME
term becomes extremely large, since a large number of s
terer atoms contribute constructively in the summation ovi
in Eq. ~44!, and a strong x-ray standing wave field is form
inside a sample.20,23,24

V. TRANSITION PROBABILITY OF XFH

The transition probability of XFH is calculated in a sim
lar way as the photoionization cross section. We take i
account the leading order fluorescence process Fig. 5 an
fluorescence photon interaction with neighboring atoms F
6. In the interaction of the fluorescence photon with atom
we assume the dominance of the Thomson scattering
though it is true that contributions other than the Thoms
scattering become more important in XFH as compared
the case in MEXH, since the fluorescence photon energ
always lower than the incident photon energy. The transit
probability of XFH wXFH is connected with the transitio
matrix Tf i8 as follows:

FIG. 5. The leading order contribution of the fluorescence p
cess. The hole in a deeper bound state in the atom atX0 decays to
the hole state in a shallower bound state by emitting the fluo
cence photon.
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dwXFH

dVk
52pv2uTf i8 u2, ~48!

wherev andVk are the energy and solid angle of the flu
rescence photon, respectively.

The leading order fluorescence contribution, correspo
ing to Fig. 5, is given by

Tf i8
(0)5e•D~v!e2 ik•X0, ~49!

where

D~v!5
e

A~2p!32v
E d3s0J8FI~s0!e2 ik•s0, ~50!

and J8FI(s0) is the electromagnetic current of the fluore
cence process.k and e are the momentum and polarizatio
vector of the fluorescence photon, respectively.X0 is the
position of the fluorescence atom.

The contribution of fluorescence photon interaction, c
responding to Fig. 6, is calculated in a similar way as in S
III C, and is given by

Tf i8
(1)52

e3

me
(

m,n51

3

(
i
E d3r 1E d3r 2

3
em

A~2p!32v
r i

e~r12Xi !

3e2 ik•r1Gmn~v,r12r2!J8n
FI~r22X0!. ~51!

After making the same approximation to the photon pro
gator Gmn(v,r12r2) as Eq.~24!, we perform integrations
over r1 and r2 in Eq. ~51!, and obtain the result

Tf i8
(1)52r ee

2 ik•X0(
iÞ0

@e•D~v!2e• ĵi ĵi•D~v!#

3
f i

x~ u l i8u!
uji u

ei ukuuji ue2 ik•ji, ~52!

wherel i85k2ukuĵi is the momentum transfer at the Thoms
scattering.

By substituting contributions of the transition matrix, Eq
~49! and ~52!, to the definition of the transition probability
Eq. ~48!, we have

-

s- FIG. 6. The scattering of the fluorescence photon. The fluo
cence photon is scattered by an electron of the atom atXi . In QED,
the virtual photon travels in both directions. The circle with hat
represents all photon-electron interaction diagrams as Fig. 3.
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dwXFH~ k̂,e!

dVk
52pv2F @e•D~v!#222r e

3Re(
iÞ0

$@e•D~v!#22e•D~v!e• ĵi ĵi•D~v!%

3
f i

x~ u l i8u!
uji u

ei ukuuji ue2 ik•jiG . ~53!

We assume that the fluorescence emitter atoms in the sa
do not have a preferred orientation as an ensemble aver
With this assumption, we average the transition probabi
Eq. ~53! over direction ofD(v). We also sum the transition
probability Eq.~53! over the polarizatione of the outgoing
photon, since in XFH one does not observe the polariza
of the fluorescence photon. After these operations, we get
result of the transition probability of XFH:

dwXFH~ k̂!

dVk
5

4pv2uD~v!u2

3
@12x8x~v,k̂!#, ~54!

where

x8x~v,k̂!5r eRe(
iÞ0

†11~ k̂• ĵi !
2
‡

f i
x~ u l i8u!
uji u

ei ukuuji ue2 ik•ji.

~55!

The obtained hologram functionx8x(v,k̂), Eq. ~55!, is con-
sistent with the calculation in classical electrodynamics20

The factor@11( k̂• ĵi)
2# in Eq. ~55! is identical with what is

expected from the Thomson scattering of thereal photon:

1

2 (
a,a8

ds (Thomson)

dV
5

1

2 (
a,a8

r e
2~e(a)

•e8(a8)!2

5
r e

2

2
@11~ k̂• k̂8!2#. ~56!

Finally we point out that, unlike the statement in Ref.
exactly the same types of Feynman diagrams contribute
both MEXH and XFH, as long as x rays are injected a
fluorescence x rays are measured. The Feynman rule
that one should considerall the possible topologically dis-
tinct diagramsup to a desired order for given initial and fina
states. It is not possible to judge from which Feynman d
gram the detected photon comes. This is a basic consi
ation of the uncertainty principle. Although the same Fey
man diagrams contribute in MEXH and XFH, by fixing th
outgoing fluorescence direction in MEXH or the incident
ray in XFH, one gets a hologram in each method.
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VI. SUMMARY

We have studied MEXH, PEH, and EXAFS consisten
in QED. We have argued that in order to explain these th
experimental methods from their underlying photoionizati
process, one should take into account both the initial-s
photon interaction and the final-state photoelectron inter
tion with neighboring atoms.

We have defined the cross sections of MEXH, PEH, a
EXAFS in terms of the photoionization cross section. Fro
the definition, it was found that the EXAFS cross section
seen as the angular integral of the PEH cross section; or
seen as the MEXH cross section with fixed incident pho
direction and polarization. We have calculated the photoi
ization cross section in QED including the contributions
the leading order photoionization process, the initial-st
photon interaction, and the final-state photoelectron inter
tion. From the photoionization cross section, we have
rived the cross sections of MEXH, PEH, and EXAFS. In
these cross sections, there are contributions both of
initial-state interaction and of the final-state interaction.
PEH, the contribution of the initial-state photon interacti
was found to be negligibly small typically by factor 1024

compared to the PEH signal. The electron self-interfere
and the electron multiple scattering are found to be import
in PEH. In MEXH, it was found that the contribution of th
final-state photoelectron interaction is not negligible co
pared to the MEXH signal. The contribution of the final-sta
photoelectron interaction, however, has a simple functio
form, and it is easy to eliminate from experimental data.
EXAFS, it was found that the contribution of the initial-sta
photon interference oscillates with energy together with
EXAFS signal. The contribution of the initial-state photo
interaction is non-negligible at higher energies, and at 1 k
above the absorption edge it can be in the same order o
EXAFS signal.

In order to make a comparison with the MEXH cro
section, we have calculated the XFH transition probabil
The obtained hologram functions of MEXH and XFH a
found to be consistent with the calculations in classical el
trodynamics.
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