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Ultrasonic attenuation in an orthorhombic anisotropic superconductor
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We show that ultrasound attenuation in a clean two-dimensional orthorhombic superconductor can be used
to get information separately, on band-structure anisotropy, and on the relative magnitude of a subdominant
s-wave component to the dominantd-wave gap. An angular sweep as a function of orientation of the in-plane
attenuated sound momentum will exhibit a twofold pattern. Using a simplified one-band model of the elec-
tronic structure with anisotropic effective masses in the plane, we illustrate that the maximum in the attenuation
occurs when the direction of the sound is perpendicular to the direction of the Fermi velocity at the nodes. This
is not the same as the direction of the nodes in the gap except for the case of a circular Fermi surface.
Nevertheless, with the same analysis, nodal directions can be determined as well as band and gap anisotropy
parameters and the ratio of gap magnitude to Fermi energy.@S0163-1829~99!01545-3#
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I. INTRODUCTION

The topic of anisotropic or unconventional supercond
tivity is currently of great interest with regard to the high-Tc

copper oxide in which the superconductivity is believed
reside in the two-dimensional CuO2 planes and the energ
gap is known to exhibitdx22y2 symmetry. A complication
arises in YBa2Cu3O7 ~YBCO! because it is orthorhombi
rather than tetragonal with CuO chains along one of the
nar axes. These chains are conducting and participate in
superconductivity. In this case, the gap can possess in a
tion to a dominantdx22y2 piece a subdominants-wave
component,1–4 which shifts the node off the main diagonal
Additional effects of band anisotropy, i.e., orthorhombici
include important changes in residual density of states in
presence of elastic impurity scattering.5,6 A finite density of
states at zero energy can drastically affect the observed
temperature properties that depend mainly on the beha
around the gap nodes. To understand these effects better
important to have more experiments that reveal details of
and band anisotropies.

In this paper, we show that ultrasonic attenuation7,8 can be
used to determine the anisotropy exhibited in high-Tc cu-
prates. An angular sweep of the sound momentum will
hibit a twofold symmetry and through analysis of the o
served pattern, one can~i! measure the angular position o
the gap nodes,~ii ! measure the ratio of the maximum gap
the Fermi energy, and~iii ! extract the anisotropy due to th
band structure and the gap symmetryseparately.

The previous related work of Vekhteret al.9 deals only
with the tetragonal case and so the issues of band and
anisotropies, which are central in this paper, do not ar
The work of Kosturet al.7 and of Wolenski and Swihart8

both assume the limit of zero gap to Fermi energy ratio a
so predict an exponential temperature dependence at s
ciently low T in contrast to our finding that it is linear in
accordance with the work of Coppersmith and Klemm10 and
of Ref. 9. The recent work of Moreno and Coleman11 treats
the dirty limit ~diffusive case!, while here we deal with the
PRB 600163-1829/99/60~21!/14943~5!/$15.00
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clean limit ~ballistic case!. Experimental issues related to th
detection of effects described in the previous work a
elaborated upon and extended here, have been raise
Leibowitz.12 Ultrasonic attenuation measurements give an
ternative bulk measurement method for determining gap
isotropy, which does not depend on nonlinear effects as d
the nonlinear Meissner effect, which has yet to yield resu
of Ref. 13.

The format of this paper is as follows. In Sec. II, w
derive the formalism and introduce our model to study
ultrasonic attenuation for an orthorhombic anisotropic sup
conductor. In Sec. III, we present our major results and sh
explicitly that ultrasonic attenuation is useful in determini
the gap symmetry and band-structure anisotropies exhib
in high-Tc cuprates. In Sec. IV, we discuss the result in t
case when the ratioD(0)/eF is negligibly small@hereD(0)
is the maximum gap magnitude atT50 andeF is the Fermi
energy# and in Sec. V, we give a brief summary. Througho
this paper, we have taken\5kB[1 for brevity.

II. FORMALISM AND MODEL

To study sound propagation in high-Tc superconductors
one needs first to clarify whether a collisionless or hydrod
namic regime is appropriate. Though the coherence lengt
Cooper pairs is short in high-Tc cuprates, the scattering o
phonons with electrons can be in the collisionless regi
(ql@1 with q the momentum wave vector of phonons anl
the mean free path of electrons, which can be of order a
microns in recent samples14!, i.e., in theclean limit. As a
result, the damping rate for phonon propagational

[Im vl(q) (l denotes the polarization! is directly propor-
tional to the imaginary part of the phonon-coupled dens
density response functionx(q,v) for electrons.

For a superconductor, it is straightforward to calculate
response function to lowest orderx[GG2FF, which in-
volves both the normal~G! and anomalous~F! single-
particle Green’s functions. For sound attenuation, we are
14 943 ©1999 The American Physical Society
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14 944 PRB 60W. C. WU AND J. P. CARBOTTE
terested in small phonon momentumq and frequencyv,
which are governed by the sound velocitycl via vl

5clql . In this regime, the imaginary part ofx is given by
~see, for example, Refs. 15–17!

Im x~q,v!5v(
k

ug~k!u2
«k

2

Ek
2 F2

] f ~Ek!

]Ek
Gd~Ek1q2Ek!,

~1!

whereEk5@«k
21Dk

2#1/2 is the quasiparticle excitation spe
trum with «k the particle band energy andDk the supercon-
ducting gap. The functiong(k) is the electron-phonon cou
pling. Terms involving creation or destruction of tw
quasiparticles are obviously absent in Eq.~1!. In conven-
tional s-wave superconductors, this is obviously due to
fact that the phonon energy is small compared to the m
mum energy 2D required to break up a Cooper pair. For
anisotropic superconductor considered here, the cond
holds except for small regions around the nodes, which g
only minor correction relative to the rest.

Whenq is small, thed function in Eq.~1! can be approxi-
mated by

d~Ek1q2Ek!.dS ]Ek

]k
•qD5dS «k

Ek
v•q1

Dk

Ek

]Dk

]k
•qD ,

~2!

where the electron velocityv[]«k /]k is calculated domi-
nantly on the Fermi surface due to the Fermi function fac
in Eq. ~1!. One can estimate the order of the ratio of t
second to the first term in Eq.~2!. It is ;D(0)/eF ~see later!.
For an isotropics-wave superconductor, however, the seco
term vanishes and thus only the portion of the Fermi surf
perpendicular toq will contribute to the integration in Eq
~1!. For unconventional superconductors such as high-Tc cu-
prates, the second term does contribute and how importa
is depends on the ratio ofD(0)/eF , which for YB2C3O7, is
roughly 0.05–0.2. Therefore, the second term is importa

Layered YBCO has two CuO2 planes and one CuO chai
within a unit cell. One is therefore involved in a three-lay
problem. To capture the essential physics however in
simplest possible way, we model YBCO by a single ba
with an elliptical Fermi surface,5,6

«k5
kx

2

2mx
1

ky
2

2my
2eF , ~3!

where the effective massmx.my because the CuO chain
taken to be along theky axis. This models naturally a cas
for which the electronic transport is easier along they axis
than along thex axis. A superconducting gap of the form

Dk~T!5D~T!~ k̂x
22 k̂y

21s! ~4!

is assumed, which has a dominantdx22y2-wave component
and a smalls-wave admixture. In Eq.~4!, k̂m (m5x,y) are
the m component of the unit vectork̂ defined on the Ferm
surface. We note that thes component, though small, can i
general be positive or negative.

To evaluate Eqs.~1! and~2! for an elliptical band~3!, it is
convenient to apply the transformation
e
i-

n
s

r

d
e

t it

.

r
e

d

km[km8A 2mm

mx1my
~m5x,y!, ~5!

so that the band energies~3! are transformed from«k→«k8
[(kx8

21ky8
2)/(mx1my)2eF , which has acylindrical Fermi

surface. In this frame, one can define a Fermi wave num
kF, which satisfieskF

2/(mx1my)5eF and a Fermi speed
given by vF5(2kF)/(mx1my). Moreover, of most impor-
tance, the momentumk sum in Eq.~1! can be replaced by an
integration (k→(k8[N(0)*2`

` d«*0
2pdf/2p, where N(0)

[(mx1my)/2p is the density of states andf is the azi-
muthal angle in thek8 frame. In a similar manner, the ga
function ~4! is transformed to

Dk→Dk85D~f!5D~T! f ~f! ~6!

on the transformed Fermi surface, where

f ~f!5
cos~2f!1a

11a cos~2f!
1s, ~7!

in which a is positive and defined by

a[
mx2my

mx1my
. ~8!

A cylindrical Fermi surface corresponds tomx5my or a
50. The two parametersa and s correspond to band
structure anisotropy and gap-symmetry anisotropy, resp
tively, in our simplified model, and can be fit to experimen
The critical anglefc, which makesf (f) in Eq. ~7! vanish, is

fc5tan21FA~11a!~11s!

~12a!~12s!
G ~9!

in the region of (0,p/2). It is worth noting that whena5
2s, fc5p/4. This corresponds to the interesting case
which the effect due to band-structure anisotropy is comp
sated for by the gap-symmetry anisotropy~see Ref. 6!. While
in Eq. ~9!, the compensation is exact, other properties s
differ from thea5s50 case.5

III. ULTRASOUND ATTENUATION

Using the abovek8 transformation and after carrying ou
the energy integration, the ratio of longitudinal ultrason
attenuation in the superconducting state to its normal s
value (Dk50) is reduced to9

as

an
5

K «2~f!

4TE~f!uv•qu
cosh22FE~f!

2T G L
^d~v•q!&

, ~10!

where ^A&[*0
2pdfA/2p denotes a Fermi-surface averag

In the denominator of Eq.~10! responsible for the norma
state, only two points on the Fermi surface satisfyv•q50
for eachq and contribute to the average~see Fig. 1!. But this
is not the case for the superconducting state in the numer
of Eq. ~10!. In Eq. ~10!, E(f)5@«2(f)1D2(f)#1/2, where
D(f) is given in Eq.~6! and

«~f!52D~f!
u•q

v•q
, ~11!
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in which u[]Dk /]k and v[]«k /]k, both viewed in the
transformedk8 frame. We note that the effect of anisotrop
in the electron-phonon couplingg has been ignored in Eq
~10!, which may lead to minor corrections, but is beyond t
scope of this paper. In the following, we will use the notati
that fq denotes the angle of the sound propagation mom
tum q.

WhenT!Tc , we find approximately~see Ref. 9!

as

an
.2 ln 2

T

eF
g

u]h1~f,fq!/]fuf5f0

ud f~f!/dfuf5fc

3H h2
2~fc,fq!

@h1
2~fc,fq!1g2h2

2~fc,fq!#3/2
1~fc→2fc!J ,

~12!

whereg[D(0)/eF ,

h1~f,fq![
v•q

qvF
5

cosf cosfq

A11a
1

sinf sinfq

A12a
, ~13!

and

h2~f,fq![
u•q

2qD~0!/kF

5F sin 2f~12a2!

~11a cos 2f!2G
3S sinf cosfq

A11a
2

cosf sinfq

A12a
D . ~14!

As shown clearly in Eq.~12! and as is the case for man
properties of an unconventional superconductor, the lo
temperature ultrasonic attenuation is mainly determined
their behavior around the nodes (f'fc). Moreover in Eq.
~12!, f0 is the angle of the electronic velocityv perpendicu-
lar to q. One can easily find that

f05cot21F2A11a

12a
tanfqG ~15!

in the range (p/2,p). In Fig. 1, we sketch the diagram o
Fermi velocitiesv and momentum transferq of ultrasonic
attenuation in the case of an elliptical Fermi surface. T
highlight is that whilev is perpendicular toq, the angle
(f02fq) between the momentum definingv and the vector
q is not in generalp/2, except for a circular Fermi surface

FIG. 1. Schematic diagram of Fermi velocitiesv and momentum
transferq of ultrasound in the case of an elliptical Fermi surface
n-

-
y

e

Figure 2 shows the low-temperature value of (as /an)/T
@using Eq.~12!# as a function of the angle of sound mome
tum transfer. We choose two different values ofD(0)/eF and
fix a50.4 ands520.2. These values ofa ands were cho-
sen previously6 to fit the observed zero-temperature value
the penetration depth in thea andb direction and observed
low-temperature slopes.18–20 The peaks deviate fromfq
5p/4 due to the presence ofa and s anisotropies. In the
vicinity of slope maxima, the larger the ratioD(0)/eF , the
smaller the slope magnitude. In contrast, near the antino
(fq'0 or p/2), the larger the value ofD(0)/eF , the larger
the slope magnitude.9 In the following, we focus on how we
might extract values fora ands components separately from
ultrasound attenuation measurements.

A. Maximum ratio slopes

The measured critical anglefq
c ~see Fig. 2! where the

slope of attenuation ratio (as /an)/T is maximum corre-
sponds toh1(6fc,fq

c)50 in Eq. ~12!. Substitutingfc in
Eq. ~9! into Eq. ~13!, we find

fq
c5tan21F12a

11a
A12s

11sG ~16!

in the range of (0,p/2). Therefore finding of angles at whic
the slope of the ultrasonic attenuation ratio is maximum c
lead to information on the gap and the band-structure ani
ropy. At this stage,a and s cannot be extracted separatel
but we will show in the next section that this can be don

On the other hand, the magnitude of the maximum ra
slope atfq

c at low temperatures is calculated to be

~as /an!

T U
fq5f

q
c
5

ln 2

D~0! F eF

D~0!G 12a2

~12s2!~11as!2 . ~17!

As indicated in Eq.~17!, in principle one can obtain the rati
of D(0)/eF from the magnitude of maximum slopes whe
D(0), a, ands are known. In Fig. 3 we study the effect o

FIG. 2. Low-temperature slopes ofas /an with respect to tem-
perature@see Eq.~12!# vs the angle of momentum transfer for ad1
s-wave superconductor with an elliptical Fermi surface. Two diffe
ent D(0)/eF ratios are chosen and we have seta50.4 ands5
20.2.
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band-structure orthorhombicity~we sets50 and varya) on
the ratio slopes (as /an)/T. One finds that the value ofa
affects not only the angular positions of ratio maxima, b
also the magnitude. The fourfold symmetry in case ofa
50 is broken and reduced to a twofold symmetry whena
Þ0. In the case of extremely largea value, the two maxi-
mum slope peaks can combine into a single peak atfq5p.

B. Antinode

As seen in Figs. 2 or 3, the curve is asymmetric on
two sides of the critical angle,fq

c . The low-temperature ratio
of the attenuation ratios at the two antinodes (fq50,p/2) is
found to be

as /an~fq50!

as /an~fq5p/2!
5F ~11a!~11s!

~12a!~12s!G
5/2

. ~18!

Equation~18! provides another way to test both the gap sy
metry and band-structure anisotropy. The two measurem
of fq

c @using Eq.~16!# and the ratio at antinodes@using Eq.
~18!# allow one to extract the values ofa and s separately.
When a and s are known, the ratio ofD(0)/eF can be ex-
tracted from Eq.~17!.

To end this section, it is noted that the anglefnode, which
corresponds to the real gap nodes in the originalk frame, is
given by

fnode5tan21FA11s

12sG ~19!

in the region of (0,p/2). Clearlyfnodeis independent ofa as
expected. Extraction of thes component of the gap using th
method mentioned above will allow identification of the a
gular position of gap nodes in the original frame.

IV. CASE OF D„0…/eF˜0

In this section, we consider the limit whenD(0)/eF is
negligibly small. In this case, the second term in thed func-
tion of Eq. ~2! is dropped and, consequently, the ratio

FIG. 3. The dependence ofa ~band structure orthorhombicity!
on the low-temperature slopes, (as /an)/T. We have taken
D(0)/eF50.1 ands50. Solid, dotted, dashed, and dot-dashed lin
are fora50, 0.3, 0.6, and 0.9, respectively.
t

e

-
ts

f

attenuation coefficients is reduced to15

as

an
5

^2d~v•q! f ~ uDk8u!&
^d~v•q!&

. ~20!

Clearly in Eq.~20!, for bothas andan , only two points on
the Fermi surface satisfyv•q50 and contribute for a two-
dimensional superconductor~see Fig. 1!. Thus, one simply
obtains

as

an
52 f ~ uD~fq!u!5

2

euD(f0)u/T11
, ~21!

wheref0 is a function offq and is governed by Eq.~15!.
The key difference between Eq.~21! and Eq.~12! is that the
latter was linear inT, while the former is exponential inT.
One cannot obtain Eq.~21! by simply taking the asymptotic
limit in Eq. ~12!. This is because the former is an exa
result, while the latter is approximate.

The form of Eq.~21! is familiar for a conventionals-wave
superconductor. The difference in the present case is tha
gapD(fq) exhibits an angular dependence, which in turn
reflected in the angular dependence of the attenuation. In
4, we plot Eq.~21! vs fq at different temperatures with fixe
a50.4 ands520.2 ~same values as used in Fig. 2!. The
temperature dependence ofD(T) was assumed to be give
by the BCS value with 2D(0)/Tc53.52. In fact, in the
present smallD(0)/eF limit, the temperature dependence
D(T) can be measured directly by ultrasound attenuation
periment~see later!.

Comparing Fig. 2 with Fig. 4, the peaks appear at
same critical anglefq

c @see Eq.~16!#. Thus, the second term
of Eq. ~2! has no effect on the peak positions of ultrasou
attenuation. In Eq.~21!, the maximum attenuation ratio
as /an ~unity! corresponds toD(f0)50 ~gap nodes! to
which f05p2fc @by using Eqs.~9!, ~15!, and ~16!#. Sec-
ond, we found that the absolute value of the angular slop
the critical angle~same for two sides! is given by

s

FIG. 4. The ratio of ultrasonic attenuation in superconducting
normal state as a function of the angle of momentum transfer@using
Eq. ~21!#. Herea50.4 ands520.2.
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]~as /an!

]fq
ufq5f

q
c5

D~T!

T

A12s2~11a212as!

12a2
. ~22!

Therefore, in the case when the ratioD(0)/eF is small, the
angular slope ofas /an at the critical value can be used
measure the temperature dependence of the supercondu
gap provided thata and s are known. Finally, while the
slopes vanish at the two antinodesfq50 andp/2, the ratio
of the values at these angles are

as /an~fq50!

as /an~fq5p/2!
5

11expFD~T!

T
~11s!G

11expFD~T!

T
~12s!G , ~23!

which is independent ofa, the band-structure anisotropy p
rameter.

In summary in the case whenD(0)/eF is small, a mea-
surement of the attenuation ratios at the two antinodes
give direct information on thes-wave admixture, assumin
that the temperature dependence of the gap magnitud
found from the measurements of slopes at the critical an
With a knowledge of thes-component in the gap, the nod
angle of the gap can be determined via Eq.~19! and the value
of a can be determined from the measurement offq

c using
Eq. ~16!.

V. CONCLUSION

In this paper, we have studied the low-temperatureT
!Tc) ultrasound attenuation in a cleand1s-wave supercon-
s

, J
J
tt

r,

ki,
.B

h

ting

ill

is
e.

ductor with an orthorhombic band structure. The critic
angle defining the direction of the momentum of the prop
gating sound wave at which the attenuation ratio of sup
conducting to normal state ratioas /an is maximum depends
strongly on the gap symmetry anisotropy and band-struc
anisotropy. Moreover, the magnitude of these critical atte
ation ratios are also strongly dependent on these anisotro
We have shown that by making an angular sweep of
attenuated sound wave momentum, the angular positio
gap node, the ratio of the maximum gap to the Fermi ene
and separately the band-structure and gap-symmetry an
ropy parameters can be extracted. Contrary to the expe
tion for a tetragonald-wave superconductor, such an angu
sweep possesses only a twofold instead of a fourfold s
metry and the angle at which the maximum in attenuat
occurs is not equal to the nodal directions. Instead it is wh
the direction of the sound wave is perpendicular to the dir
tion of the electron Fermi velocity at the nodes.
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