
02

02

02

PHYSICAL REVIEW B 1 DECEMBER 1999-IVOLUME 60, NUMBER 21
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A simple model has been proposed and evaluated to predict the nature of capillary condensation in a slab
geometry. We present a study of adsorption of fluids3He and 4He that test this model. These calculations
employ the density-functional method applicable at zero temperature. Overall, the simple model works well in
comparison with microscopic calculations.@S0163-1829~99!01945-1#
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I. INTRODUCTION

The phenomenon of capillary condensation~CC! has been
the subject of extensive experimental and theoretical stu
extending over many decades.1–12Nevertheless, there remai
important questions about the validity of alternative interp
tations of the various phenomena. For example, some mo
assume that the hysteresis observed experimentally o
nates in the kinetics of fluid transport, which is certain
constrained by the constrictions present in most porous
dia. Other models assume that the hysteresis is inherent
first-order transition and is explicable in equilibrium terms
a result of the competition of locally stable states. In eith
case, regular geometries~e.g., slab or cylindrical geometry!
have often been assumed in theoretical treatments. M
models rely on simplifying assumptions about the adsorp
potentials and/or use macroscopic arguments, such as t
that appear in the derivation of the venerable Kelvin eq
tion.

Particular sources of current interest in this problem
the appearance of experimental data available for adsorp
within well-characterized nanomaterials such as car
nanotubes and zeolites. In such circumstances of extr
capillarity one should realize that macroscopic models
particularly fallible. Nevertheless, such models may prov
reliable qualitative guides if used judiciously.

Recently@in a paper called GCC henceforth~where GCC
is Gatica, Calbi, and Cole!#, we have explored such a ma
roscopic model.3 The virtue of such a simple model is obv
ous but it is essential to check whether the system of inte
really exhibits the predicted behavior. That is a motivati
for the present study. Our ‘‘simple model’’ analyzes the th
modynamics of adsorption in a slab geometry~separationL)
in terms of bulk properties~surface tensions and number
PRB 600163-1829/99/60~21!/14935~8!/$15.00
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densityn) and the adsorption potential presented by the s
strate. This model yields a kind of universal ‘‘phase d
gram’’ of CC behavior. The specific equilibrium phase
found to depend in a simple way on the well depth of t
adsorption potentialD* , the reduced differenceD between
the chemical potential and its value at saturation (m2m0),
and the reduced separationL* of the solid bodies confining
the adsorbed fluid. These reduced quantities are define
the following relations:

L* 5L/zm , ~1!

D5~m02m!nzm /s, ~2!

D* 52nDzm /s. ~3!

Here we are considering the case of a 3–9 potential aris
from each of the neighboring surfaces,

V~z!5@4C3/~27D2!#z292Cz23. ~4!

This form ~used in much previous work on wetting13! cap-
tures the key aspects of the potential and includes param
that are relatively well known in many cases:D is the well
depth andC is the strength of the van der Waals asympto
interaction.14,15 For this potential the equilibrium distance

zm5@2C/~3D !#1/3. ~5!

The net potential in the slab geometry is taken to be the s
of the respective contributions of the two surfaces

Vslab~z!5V~z!1V~L2z!. ~6!

This assumption of additivity of the two contributions omi
many-body effects that would reduce the overall attraction16
14 935 ©1999 The American Physical Society
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14 936 PRB 60CALBI, TOIGO, GATICA, AND COLE
As with the functional form assumed forV(z), we oversim-
plify the description in order to derive qualitative predi
tions.

The adsorption behavior is to be predicted by evaluat
the equilibrium number of atoms adsorbed per unit areaN as
a function of the chemical potentialm, the value ofN and
other thermodynamic properties may be determined by m
mizing ~as a function of the variableN) the grand potentia
energy per unit area

V~N!5F~N!2mN, ~7!

where F is the Helmholtz free energy per unit area. T
value of the temperature is implicitly present in bothV and
F.

In this paper we explore density-functional~DF! models
of quantum fluids at temperatureT50.17–22The DF method
allows a detailed and reliable study of the film structure a
energetic. Typically, the uncertainty in the predicted energ
arising from inadequate knowledge of the adsorption pot
tial. In fact, this model has been used successfully to pre
wetting behavior of quantum fluids on various surfaces.18–20

II. 3He CALCULATIONS

The DF method employed here is that used by Calbi
Hernández to treat3He adsorption on graphite.18 The total
energy of the system is expressed in terms of the den
r(rW) as follows,

E@r#5E0@r#1E d3rVslab~z!r~rW !. ~8!

The functionalE0@r# is the putative energy of a hypothetic
nonuniform fluid in the absence of an external potential fie
This functional is constructed phenomenologically so as
be both plausible and consistent with known properties of
bulk system~i.e., equilibrium density, energy, and compres
ibility !. Its properties and justification are discussed by Ca
and Herna´ndez.18 The density functionr(rW) is

r~rW !52(
i

uf i~rW !u2, ~9!

wheref i are the single particle~sp! states that comprise th
ground state, taken as a Slater determinant. We consider
these sp states have the form

fkin
~r i ,z!5

1

AA
eik i .r i f kin

~z!, ~10!

whereki andr i are the projections of the wave vectorkW and
the positionrW in the plane parallel to the substrate. The fun
tions f kin

(z) are the self-consistent solutions of a mean-fi

equation derived from the minimization of the energyE@r#.
In our calculations we have exposed the He fluid to va

ous adsorbing surfaces separated by variable distanceL. It is
important to realize how large is the difference inV(z) pro-
vided by different adsorption surfaces. Here we restrict
attention to three surfaces that vary between weakly att
tive to moderately attractive. Figure 1 displays the three d
tinct potentials we consider, in the caseL512 Å . The pa-
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rameters used in these calculations are reported in GCC
are based on the most recentab initio potential
calculations.14,15 They vary between the weakly attractiv
case of Cs~the most inert adsorption surface known for He!,
the somewhat more attractive Li case, and the more typ
case of a Au surface. Note also that the hard-core regio
exchange repulsion is much more extended in the alk
metal cases than for Au. Specifically,zm is 4.55 Å for 3He
on Cs, but only 2.66 Å on Au.3 Hence the available adsorp
tion volume~for given value ofL) is smaller in the former
than in the latter cases. This can yield dramatic conseque
whenL is small.

The first system to be discussed is3He confinement be-
tween Cs surfaces. These results are of particular inte
because3He exhibits a prewetting transition at lowT on
Cs.23 The present functional succeeds well in describing t
transition on a single surface,24 so we are optimistic about its
accuracy here. Figure 2 exhibits the dependence ofm on total
densityN ~number per unit area! for various separationsL.
The caseL510 Å reveals a monotonic very rapid variatio
The reason is that the He is narrowly confined by the nea
hard walls of Cs, forming a compressed quasimonolay
Fig. 3 compares this layer’s density with that obtained fo
monolayer of a single surface of graphite. The latter is som
what more localized due to the very deep adsorption po
tial on that surface. Indeed, the graphite case yields the m
localized 3He of any single surface because it provides
deepest potential.15

As L increases, the calculated behavior changes qua
tively. For L515 Å , the dependence ofm on N is seen in
Fig. 2 to be nonmonotonic. This indicates the presence
transition, requiring a Maxwell construction to find the equ
librium behavior. The results are shown in Fig. 4. For t
cases 20 Å>L.10 Å the coverage jumps from zero to
multilayer capillary condensed fluid, which fills the availab
space. Figure 5 shows the evolution of the density profi
including the metastable~or unstable! solutions for which the

FIG. 1. Adsorption potentials of3He on various surfaces for th
case of separationL512 Å . The potentials parameters and sourc
are discussed in the text.
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PRB 60 14 937CAPILLARY CONDENSATION FOR QUANTUM FLUIDS
density grows continuously and relatively smoothly throug
out the available space. The layering structure manifeste
the highest density seen in Fig. 5 is very sensitive to
value ofL. This dependence, which we have not explored
detail, implies that there exists an oscillatory force betwe
the Cs surfaces, as would be manifested in an atomic fo
microscopy~AFM! experiment. We have not computed th
behavior because the use of such lowT AFM’s is unlikely in
the near future. We hope that this pessimism is not justifi

For very largeL (L.40 Å ), although there is a transitio
to a CC phase, the adsorption at low coverages resemble
single-surface prewetting, as is seen in Figs. 6 and 7 foL
545 Å : the fluid behaves as a film at low coverages a
eventually ‘‘sees’’ the other surface as the chemical poten
approaches its value at saturation.

FIG. 2. Chemical potential of3He as a function of coverage, fo
various separationsL between Cs surfaces.

FIG. 3. Comparison between density profiles of3He between Cs
surfaces (L510 Å , full curves at densities 0.02, 0.04, and 0.
Å 22) and of a monolayer on a single surface of graphite~dashed
curve, from Ref. 18!.
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Figures 8–10 present analogous results for adsorption
therms on Li, beginning withL515 Å . At 15 Å , the cov-
erage jumps from zero to about one layer of3He. At L
520 and 24 Å , instead, a film forms prior to this transitio
The key difference relative to Cs is thus the presence of
thin-film regime. The density profiles of the film and C
phases forL520 Å are shown in Fig. 10, where the dotte
lines are metastable solutions.

Finally, we turn to the much more attractive case of A
that we illustrate in Figs. 11 and 12 . A low-density phase
found forL<8 Å , while for L59 Å there is a transition to
a bilayer phase, the density evolution of which is shown
Fig. 12. This regime disappears as soon asL is sufficiently
large,L>10 Å , where we find a continuously growing film
It is important to mention that due to the strong attraction

FIG. 4. Coverage as a function ofm for variousL values; as
discussed in the text these are derived from data in Fig. 2 by M
well constructions.

FIG. 5. 3He densities for Cs,L520 Å and coverages 0.02
0.06, 0.1, 0.14, 0.18, and 0.24 Å22. Dotted curves are metastab
solutions.
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14 938 PRB 60CALBI, TOIGO, GATICA, AND COLE
the substrate, when the coverage is high enough the for
layers become very dense. In this situation the den
reaches values that are beyond the range of validity of
DF. We think that it is very likely that the first layer solid
fies below saturation~like the case of3He on a single surface
of graphite! and that the film-to-CC transition involves th
atoms situated in a second layer. This behavior canno
described with this DF.

The transitions predicted by the DF theory are in go
agreement with the GCC model. For the case of Cs, the
results are summarized in Table I, where we show the va
of the chemical potentialm at which the transitions occur fo
the different separationsL. To facilitate the comparison with
the predictions of the GCC model, we have also shown
reduced quantitiesD andL*. Comparing the values ofD and
L* in this table and Fig. 3 from Ref. 3 we can see that t
CC prediction of the simple model is consistent with t

FIG. 6. Chemical potential of3He between Cs surfaces sep
ratedL545 Å as a function of coverage. Dotted and dashed li
are derived by Maxwell constructions for the unstable prewett
and empty-to-CC transitions, respectively.

FIG. 7. Density profiles of 3He between Cs surfaces (L
545 Å ) at densities 0.06, 0.18, 0.28, 0.37, 0.42, 0.49, and
Å 22. Dashed curves are metastable solutions.
ed
ty
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present calculations in several respects. For smallL* the
transition occurs at values ofm that agree well with the
predictions of the model. This is remarkable and perh
fortuitous in view of the fact that the available volume
essentially that of a bilayer film, for which the macroscop
description should be ill suited.

For 3He in Li, again the comparison with the simp
model is rather favorable~see Fig. 4, Ref. 3!. Note that the
range ofL* values that exhibit no film is much narrowe
than the preceding case of Cs. Remarkably, the transi
behavior corresponds to the prediction insofar as theL
515 Å jump occurs close to the predicted value ofm. Fur-
ther, the points corresponding to film and/or CC transitio
agree with them values predicted by the simple model.

Finally, for the case of3He on Au the results are dis
played in Table II. The simple model’s prediction of th
empty-to-film transition is consistent with DF results~see the
Table and Fig. 5, Ref. 3!. The CC phase is replaced in the D

s
g

.6

FIG. 8. Chemical potential as a function of coverage between
surfaces at various separations.

FIG. 9. Adsorption isotherms on Li, derived from Fig. 8.
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PRB 60 14 939CAPILLARY CONDENSATION FOR QUANTUM FLUIDS
calculations by a very inhomogeneous configuration with
empty space in the middle of the slab~see Fig. 12!, that we
call the ‘‘bilayer phase.’’ This takes place in a narrow d
main of L (8 Å ,L,10 Å ), as expected for the CC phas
in the simple-model description. The low-density pha
found for L57 Å (L* 52.6), corresponds to the transitio
to the empty phase predicted atL* 52 by the simple model.
The same can be stated in the case of the Cs surfaces
rated byL510 Å , (L* 52.2). The film-to-CC transition is
not described by this method because that appears very
to saturation, at coverage values beyond the domain of
DF.

III. 4He CALCULATIONS

To treat 4He, again in the DF scheme of Eq.~8!, we
choose for the phenomenological energy functionalE0(r)
the form originally proposed by Dupont-Rocet al.,17 which

FIG. 10. Density as a function of distance forL520 Å on Li.
Dotted curves are not stable.

FIG. 11. Adsorption isotherms for3He between Au surface
separated by various distances. Only forL59 Å is discontinuous
behavior found.
n

e

pa-

se
he

has been extensively used to study static and dynam
properties of inhomogeneous phases of liquid4He ~surfaces,
droplets, films, etc.!.

The functional of Ref. 17 is known to give a good d
scription of theT50 equation of state, of the static densit
density response function of the bulk liquid, and of the pro
erties of the free surface of liquid4He. It has been used in
variety of calculations, ranging from the study o
impurities25 and electrons26 in bulk 4He, to alkali atom ad-
sorption on the surface of liquid4He ~Ref. 27! and wetting
phenomena on alkali-covered substrates.20 For a detailed de-
scription of this functional we refer the reader to Ref. 17.

This functional has been slightly revised19 and supple-
mented by an extra term depending on the gradient of
liquid density so to correctly reproduce also the static str
ture factor and the bulk dispersion relations of sound exc
tions in liquid 4He. This extended functional has been a
plied to the study of density oscillations in4He clusters,29 of
surface excitations in4He films 19,30 and of other related
dynamical phenomena.28 The phase diagram of4He between
two Li surfaces has been calculated using both function
to check the differences. Since for a givenL* the values of
D at the phase boundaries in the diagram reported in Fig
do not differ by more than 5% but the computer time r
quired to minimize the new functional increases by almost
order of magnitude when using the new functional, we ha

FIG. 12. Density profiles for3He within Au at L59 Å . The
curves shown correspond to coverages 0.02, 0.06, 0.1, 0.16,
0.22 Å22.

TABLE I. Values of the chemical potentialm at which the tran-
sitions occur for each separationL, for 3He in a slab of Cs. Also
shown are the reduced quantitiesD andL*, defined in the text.

m ~K! L ~Å! D L*

27.5 10 3.2 2.2
26.4 13 2.5 1.9
25.7 15 2.1 3.3
24.8 20 1.5 4.4
23.3 45 0.5 9.9
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decided to perform extensive calculations on several s
strates with the old functional.

To evaluate Vslab(z) we have used the most rece
4He/alkali potentials given in Ref. 14

In the case of interest here, of a slab geometry with pla
surfaces, the minimization of Eq.~8! leads to the equation

S 2
\2

2M
¹21U@r~z!# DAr~z!5mAr~z!, ~11!

where the effective potentialU is defined asU@r(z)#
[dE0@r(z)#/dr(z)1Vslab(z), and m is a Lagrange multi-
plier, which may be identified with the chemical potenti
and whose value is fixed by the normalization condition

E
0

L

r~z!dz5N/A. ~12!

FIG. 13. Predictions for4He in Cs (D* 55.4, zm54.55 Å )
obtained with the simple GCC model of transitions empty-to-film
filled pore~CC! ~full curves! compared with transition results foun
from DF theory, present work~full diamonds!.

TABLE II. Same as Table I, for3He in a slab of Au.

m ~K! L ~Å! D L*

2134 7 50.2 2.6
2106 8 39.6 3.0
292.3 9 34.3 3.3
285.1 10 31.6 3.7
280.0 12 29.6 4.4
277.5 14 28.7 5.2
276.6 17 28.3 6.3
276.0 20 28.1 7.4
b-

ar

Imposing the boundary conditions:r(0)5r(L)50, this
equation may easily be solved numerically thus provid
the ground-state eigenvaluem corresponding to a givenN/A.

Figures 13 to 16 show the comparison of the DF calcu
tion and the GCC model’s results. In Fig. 13 we show t
situation of4He on Cs. As predicted there is no film phase

r

FIG. 14. Same as Fig. 13 for4He in Na (D* 58.9, zm

54.13 Å ).

FIG. 15. Same as Fig. 13 for4He in Li (D* 512, zm

53.95 Å ).
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PRB 60 14 941CAPILLARY CONDENSATION FOR QUANTUM FLUIDS
this case, and as we can see the empty-to-CC phase tran
obtained with the DF agree well with the phase diagra
obtained with the simple model.

Figure 14 displays the phase diagram for4He on Na,
notice that it is very similar to3He on Cs since the values o
D* are 8.79 and 9.42, respectively. The DF method yie
the empty-to-film, film-to-CC, and empty-to-CC transition
that are in good agreement with the predictions as indica
in the figure.

FIG. 16. Same as Fig. 13 for4He in Au (D* 542, zm

52.7 Å ).
o

.

ition
m

ds
s
ted

The case of4He on Li is shown in Fig. 15, where we ca
see that the comparison is satisfactory, even though acc
ing to the DF the empty-to-film transition occurs at a high
D. The same situation is found for4He on Au, which is
shown in Fig. 16.

IV. SUMMARY

The present calculations indicate that the simple mo
presented by GCC is generally in good agreement with
tailed microscopic calculations for the He isotopes. T
agreement, although not universal, occurs even in some
stances where it might not be expected to succeed, suc
the case of small separationsL. What remains to be seen i
whether experimental data for these cases and calcula
and measurements for more classical systems also c
spond to the model’s predictions. Of course, the calculati
are more readily achieved than experiments insofar as
greatest interest arises in those instances of smallL where the
parallel surface assumption is hard to realize experimenta

Laboratory experiments with porous media are typica
done with heterogeneous surfaces. A future direction for
research is an attempt to generalize the GCC model to s
very important cases. Another direction is the study of c
bon nanotubes, for which heterogeneity seems not to b
critical problem; instead one needs to explore the validity
the model for a nearly cylindrical environment having a n
nometer scale diameter.
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