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Nonstationary Josephson effect for superconductors with spin-density waves
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The nonstationary JosephsonI 1, interferenceI 2, and quasiparticleJ current amplitudes through symmetrical
and nonsymmetrical~ns! tunnel junctions involving partially dielectrized~partially gapped! superconductors
with spin-density waves~SDW’s! and described by the dielectric order parameterS were calculated. Riedel-
type singularities and jumps for all currents are determined by superconducting order parameterD, as well as
S. It was shown that each current for symmetrical junctions, made up ofthermodynamicallyidentical SDW
superconductors~with uS leftu5uS rightu), can exhibit three possible current-voltage characteristics~CVC’s! de-
pending on the relationship between the electrodes’S signs in the course of experiment:~i! one symmetrical
CVC for genuinely symmetrical configuration~s! when the dielectric order parametersS left andS right have the
same sign for both electrodes and~ii ! two nonsymmetrical ones for symmetrical junction in the state of broken
symmetry~bs! when S left and S right are opposite in sign. The actual setup choice is at random. Thus, the
symmetrical junctions can serve as phase-sensitive indicators for the SDW’s. The ns junctions which include
SDW and ordinary BCS superconductors are also studied. The current amplitudesI ns

1,2 andJns are asymmetrical
functions of the voltageV and depend on the sign ofS. Our calculations reveal main features appropriate to
CVC’s of tunnel junctions involving the heavy-fermion SDW superconductor URu2Si2.
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I. INTRODUCTION

Soon after the discovery of the Bardeen-Coop
Schrieffer ~BCS! superconductivity mechanism, which wa
originally applied to thes-wave spin-singlet Cooper pairing1

the problem of the possible compatibility between some k
of magnetic ordering and superconductivity came in
being.2,3

Conditions for the coexistence between superconducti
and antiferromagnetism are much more favorable than in
ferromagnetic case.3–5 Really, on the scale of the Coope
pair radius, i.e., the correlation length, the average magn
induction~the acting magnetic field! is zero in antiferromag-
netics. That is whys-wave superconductivity can surviv
here. Moreover, it has been long ago suggested that the
fluctuation exchange in antiferromagnetics may constit
the genuine pairing mechanism in this case~see, e.g., Ref. 4!.
The antiferromagnetic rare-earth-based superconductors
quite numerous and seem to be spin-singlet ones of
s-wave type:RMo6S8 (R5Gd, Tb, Dy, Er!, RRh4B4 (R
5Nd, Sm, Tm!, R(Rh12xIrx)4B4 (R5Ho, Tb!,
ErMo6Se8,3,4 RNi2B2C (R5Sc, Y, Th, Lu, Tm, Ho, Dy,
Er!.6 But in the ternary familiesRMo6S8 , RMo6Se8 ,
RRh4B4 and their pseudoternary derivatives, or in boroc
bides, magnetic properties are determined by the interac
rare-earth ions with partially filledf levels, whereas super
conductivity takes its origin from the joint itinerant electro
system of all atoms.

On the other hand, there are metals with an antiferrom
netism of the spin-density wave~SDW! type, i.e., generated
by the spin susceptibility divergence at the definite wa
vectorQ below the Ne´el temperature,TN .5,7–9This logarith-
mic divergence is the consequence of the Fermi surface~FS!
nesting. So, the SDW state is a close relative to the cha
density-wave~CDW! state. The latter is also a result of th
PRB 600163-1829/99/60~21!/14897~10!/$15.00
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FS nesting below the structural phase transition tempera
Td . Two types of the low temperature phase are possi
namely, the excitonic phase induced by electron-hole C
lomb interaction, or the Peierls insulator~for electron-
phonon interaction!.10–12

In SDW metals superconductivity emerges, if at all, in t
same electron system modulated by SDW’s. Cooper and
tiferromagnetic dielectric pairings compete here for the FS
is precisely in this manner that magnetic correlations try
destroy superconductivity, as opposed to the ferromagn
case discussed above. The result of the competition ma
disastrous for superconductivity if the electron spectrum
electrization~gapping! becomes complete. As an examp
one should mention the majority of Bechgaard sa
(TMTSF)2X, where X5ReO4, PF6 , AsF6 , TaF6 , SbF6 ,
SO3, NO3, at the ambient pressure,7,13,14 organic supercon-
ductors (DMET)2Au(CN)2 , (MDT-TTF)2Au(CN)2,7 and
oxide families with high critical temperatures,Tc ,
La22x@Ca(Ba,Sr)#xCuO42y and YBa2Cu3O72y for nonopti-
mal doping concentrationsx andy ~‘‘parent’’ SDW state!.15

Subtle relationships between relevant and not yet fu
recognized parameters can lead to the partial SDW diele
zation. Then a substance remains metallic down toT50 and
thes-type superconducting order parameter develops both
the dielecrtization-free nonnested~nd! and dielectrized~d!
FS sections.16–25The phases with coexisting superconduct
ity and SDW’s are observed in (TMTSF)2ClO4 at ambient
pressure,14 in the related organic superconduct
(TMTSF)2PF6 at pressure 6 kbar,26 Cr12xRex (x.0.18)
alloys,8,27 the compoundsRRh2Si2 (R5La, Y!,28 the
heavy-fermion superconductors URu2Si2,29,30 UR2Al3 (R
5Ni, Pd!,31,32 Laves-phase compound CeRu2,33 in alloys
RNi2B2C (R5Ho12xDyx , Lu12xDyx , Er!,34 and possibly
in compound YbBiPt.35

There is no evidence thus far that the SDW supercond
14 897 ©1999 The American Physical Society
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14 898 PRB 60ALEXANDER M. GABOVICH AND ALEXANDER I. VOITENKO
ing state with the complete FS dielectrization occurs in
substances mentioned above or any other objects. Neve
less, much effort has been put forth to describe such a s
theoretically.36,37The authors often claim that one can eas
extend the corresponding results to the partial dielectriza
case.36 But it is not true because in the fully dielectrize
~perfectly nested! system there are no free carriers left f
superconducting transition to happen. The only way out is
introduce the intrinsic doping shiftdm of the chemical po-
tential into the primordial electron spectrum.11 After such a
modification the Fermi level is no longer within the dielectr
gap but lies in the conduction or valence band depending
the dm sign. In our opinion, the experimental data are mo
adequately described by the partial dielectrizat
picture16–25 originally brought into being by Bilbro and
McMillan38 for CDW superconductors or normal metals.

In the CDW case a great body of information supports
concept of a metal which loses belowTd the nested FS sec
tions as a free carrier source~see details in Refs. 16,19,39!.
Much less experimental data are available for itinerant SD
superconductors. But the same idea seems to remain
here too.29,30

In this paper we carry on an investigation of the partia
dielectrized SDWs-wave superconductors on the basis of t
Bilbro-McMillan model,38 i.e., accepting the spin-triplet di
electric gapping to make an adverse effect on Cooper pai
by the FS distortion. The heavy-fermion compou
URu2Si2 serves as the reference object because the rele
model parameters have been measured for it~although the
available results scatter quantitatively29,30!.

As was mentioned above, the theory of thermodynam
and electrodynamic properties of SDW superconductor
well elaborated.16–21On the other hand, in order to reveal th
specific features of these materials the powerful method
tunnel current-voltage characteristic~CVC! measurements40

would be of fundamental importance. Unfortunately, th
theoretical background for SDW superconductors has not
been established. The only exceptions are calculations o
quasiparticle CVCJ(V) and conductivityGdiff(V)5dJ/dV
in the complete dielectrization scheme37 and the temperature
dependences of the critical stationary Josephson current20

Here we consider the more general case of the nonsta
ary Josephson effect in tunnel junctions with one or b
electrodes being partially dielectrized SDW superconduct
The amplitudes of the JosephsonI 1, interference pair quasi
particle I 2, and quasiparticleJ currents through tunnel junc
tions as the functions of the bias voltageV are calculated.
The analysis is similar to that for CDW superconductor39

~hereafter Ref. 39 will be denoted as paper I!. In the absence
of superconductivity the results forJ(V) are identical with
CVC’s analyzed in Ref. 41. We should note that CVC’s f
antiferromagnetic superconductors are much more invol
than their counterparts for CDW superconductors due to
more complicated character of the former substances’ qu
particle spectrum.

The plan of the article is the following. In Sec. II w
formulate the problem of superconductivity in a partially d
electrized metal with SDW’s. In Sec. III the general depe
dences of the tunnel currentsI 1,2 andJ between SDW super
conductors on the bias voltageV are discussed. In Sec. IV
this treatment is applied to the most important special ca
e
he-
te

n

o

n
e

e

lid

g

nt

ic
is

of

r
et
he

n-
h
s.

d
e

si-

-

es

of symmetrical (SS-I -SS) and nonsymmetrical (SS-I -SBCS)
junctions~ns!. HereSS denotes SDW superconductor,SBCS
is an ordinary BCS superconductor, andI is an insulator.
Section V is devoted to the detailed analysis of the CV
feature points fors, bs, and ns junctions and contains t
illustrative calculations. The discussion of the available e
perimental data can be found in Sec. VI. Since the appro
is similar to that of paper I, we give references to pape
where needed.

II. PARTIALLY DIELECTRIZED SDW
SUPERCONDUCTORS

The model Hamiltonian of the partially gapped~partially
dielectrized! SDW superconductor has the form23,24,38,39,41

H5H01HMF . ~1!

Here

H05(
i 51

3

(
pa

j i~p!aipa
† aipa ~2!

is the free-electron Hamiltonian. The operatoraipa
† (aipa) is

the creation~annihilation! operator of a quasiparticle with
quasimomentump and spin projectiona56 1

2 from the i th
FS section. Namely,i 51 and 2 for the nested sections whe
the electron spectrum is degenerate

j1~p!52j2~p1Q!, ~3!

Q being the SDW vector, whilei 53 for the rest of the FS
where the dispersion relation for elementary excitations
described by the different functionj3(p).

The mean-field termHMF of the Hamiltonian~1!

HMF5HBCS1HSDW ~4!

is the sum of the BCS term

HBCS52D(
i 51

3

(
p

aip↑
† ai ,2p,↓

† 1H.c., ~5!

which leads to superconductivity, and the SDW term

HSDW522S(
i 51

2

(
pa

aaipa
† ai ,p1Q,a1H.c. ~6!

describing the electron-hole spin-triplet excitonic pairing~cf.
with HCDW term in paper I!. The dielectric order paramete
S emerges on the nested FS sections, so the summatio
Eq. ~6! is carried out over them only. On the other hand, t
single superconducting order parameterD appears on the
whole FS. As was explained in paper I, the quantityS can be
taken as independent ofD phenomenological function ofT.
Hereafter we assume the pinning of SDW’s~see Sec. III!, so
the order parameterS is real and can be of either sign.41,42A
possible imaginary component of the spin-triplet dielect
order parameter would mean the emergence of spin-cur
density waves.10 We do not know any indications for such
phenomenon to exist, so this interesting opportunity is
beyond the scope of the article.

In all SDW superconductors that are discussed here
inequality TN.Tc ~or evenTN@Tc) holds. Therefore, the
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exact form of the functionS(T) is not crucial for the deter-
mination ofD(T) dependence. Moreover, the calculations
Machida23 showed that belowTc the existence of the supe
conducting gapD stabilizes the magnitude ofS at a certain
constant level in much the same fashion as for CD
superconductors.38 Taking into account the above-mentione
circumstances we did not make the self-consistent calc
tions ofD(T) andS(T) in this paper. Instead, we suggest
for S(T) two possibilities. According to the first one,S is a
trivial constant. The second functionS(T) chosen here is the
BCS dependence1 inherent, e.g., to the SDW spin-triplet ex
citonic insulator.9,11 As for the experiment, muon spin rota
tion data7,43 show that in (TMTSF)2PF6 theT dependence o
the normalized dielectric order parameter deviates from
BCS curve, being much steeper. The other metal URu2Si2,
which undergoes a transition into the SDW state, dem
strates an almost BCS shape ofS(T), that was revealed by
the point-contact measurements,44–47 although the results o
Ref. 47 seem to be closer to those for (TMTSF)2PF6.43 But
we should note that due to the nonsymmetrical characte
the CVC’s for URu2Si2 and the anisotropy ofS(T), its ex-
traction from the data is rather ambiguous.

As might be expected, these two possibilities appeare
be almost indistinguishable for CVC’s in the voltage ran
ueVu<D, e being the elementary charge, although detecta
for voltages of the order ofuSu. Given these facts, we per
formed most calculations using the BCS curve forS(T) be-
cause the specific choice is not important from the conc
tual point of view.

BeyondD andS, there is another essential characteris
of the partially dielectrized superconductor. LetN(0) be the
total electron density of states on the FS. It is the sum of
densities of states for dielectrized and nondielectrized p
of the FS,

N~0!5Nd~0!1Nnd~0!. ~7!

The ratio

n5
Nnd~0!

Nd~0!
~8!

was introduced38 to characterize the gapping degree of t
metal. It may vary from 0~the case of complete dielectriza
tion! to infinity when the FS gapping is absent.

The T dependence of the superconducting gapD for par-
tially dielectrized SDW superconductor can be easily fou
from our theory developed earlier,17,18,20,21using the function
S(T) discussed above and appropriate values of the con
parametern.

The normalGi j
ab(p;vn) and anomalousFi j

ab(p;vn) Mat-
subara Green’s functions corresponding to the Hamilton
~1! can be found from the Dyson-Gor’kov equations o
tained earlier.16,18–21,42They are matrices in the space whic
is the direct product of the spin space and the isotopic sp
of the FS sections.16,18,19 The explicit expressions forGi j

ab

andFi j
ab will be given elsewhere.

For CDW superconductors the Green’s functionFis[0,
whereas for SDW ones it is no more true, resulting in
increase of the component numbers for tunnel curre
against the CDW case. Both these circumstances lea
f
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much more complex structure of CVC’s for tunnel junctio
including SDW superconductors.

To calculate the tunnel currents we need temporal Gree
functionsF(v) andG(v) rather than the temperature one
They are obtained in the conventional manner.48,49

III. TOTAL CURRENT THROUGH THE TUNNEL
JUNCTIONS

To calculate the total tunnel currentI through the junction
we use the conventional tunnel Hamiltonian approach,40,48

according to which the Hamiltonian has the form

Htun5H1H81T. ~9!

The left- and right-hand-side electrodes of the junction
described in Eq.~9! by the termsH and H8, respectively,
which coincide with the Hamiltonian~1! with an accuracy of
notations. Hereafter primed entities including subscripts a
superscripts correspond to the right-hand side of the junct
The tunnel termT is of the form

T5 (
i ,i 851

3

(
pq8a

Tpq8
i i 8 aipa

† ai 8q8a1H.c., ~10!

whereTpq8
i i 8 are the tunnel matrix elements. The general e

pression forI (T) obtained in the lowest order of the pertu
bation theory inT is a sum of functionals depending on tem
poral Green’s functionsF(p,t) and G(p,t), where t
denotes time~see paper I!. The Green’s functionsF(p,t)
and G(p,t), integrated overp variable, are connected t
F(v) and G(v) by Fourier transformation. Making the as
sumptions~see discussion in paper I! that ~i! all matrix ele-

mentsTpq8
i i 8 are equal and not influenced by the existence

D andS, in the spirit of the standard Ambegaokar-Barato
approach,40 and ~ii ! the currentI is independent of the rela
tive spatial orientation of the junction plane and the SD
vectorQ, we introduce the universal tunnel resistanceR:

R2154pe2N~0!N8~0!^uTu2&FS. ~11!

Here angular bracketŝ•••&FS imply averaging over the FS
Then, on the basis of the Green’s function set and using
adiabatic approximationV21dV/dt!Tc for the ac bias volt-
ageV(t)[Vright(t)2Vleft(t) across the Josephson junctio
we obtain the nine-term expression for the total currenI
through the junction made up of the SDW superconducto
which is a generalization of that for the BCS-superconduc
case48

I @V~t!#5(
i 51

9

@ I i
1~V!sin 2f1I i

2~V!cos 2f1Ji~V!#,

~12!

wheref5*teV(t)dt, I 15( i 51
9 I i

1 is the Josephson curren
I 25( i 51

9 I i
2 is the interference pair-quasiparticle current, a

J5( i 51
9 Ji is the quasiparticle current. The explicit expre

sions forI i
1,2 andJi are cumbersome and will be given els

where.
The phasesf and f8 of the superconducting order pa

rameters are, as usual,40 considered free, with their differ-
encefdiff5f82f obeying the above-given Josephson re



ry
g
e
e
e
rd

na
ne
e

la
ts

c

on
e

F
s

rd
n

te
-
s

, t
ve

l
in

f
u

2
en
re

n

f

or
ry
ts
o
n

dy-
con-

ant
r

l
re-

,
y, a

al-
ch
l

e
of

of
rre-
u-
a

r

tal

lar-

are
f

etry

ody-
sign
d

eak-
a
le

14 900 PRB 60ALEXANDER M. GABOVICH AND ALEXANDER I. VOITENKO
tionship connecting it to the bias voltage. On the contra
when obtaining Eq.~12!, we made a suggestion of the stron
SDW pinning by lattice defects or impurities, so their phas
x and x8 on either side of the junction are fixed. In th
absence of pinning, it is known from the fundamental g
neric models of the dielectric pairing, e.g., the Hubba
model describing the electron-electron interactions,7,9 that
the phase of the SDW~and consequently the phasex of the
order parameterS[uSueix) is arbitrary.

Pinning prevents SDW sliding in quasi-one-dimensio
compounds for small electric fields, whereas for large o
various coherent phenomena of the Josephson type,
Shapiro steps on CVC’s, become possible.7 For excitonic
insulators the behavior is more complicated. In particu
the phasex is fixed by Coulomb interband matrix elemen
~linking FS sections 1 and 2! corresponding to two-particle
transitionsV2, and by the interband electron-phonon intera
tion described by the constantlel-ph.10,11,50 Moreover, the
excitonic transitions due to the finite values ofV2 andlel-ph
are always of the first order although close to the sec
order transitions.50 The contribution from the single-particl
Coulomb interband matrix elementsV3, which connect three
particles from, say, FS section 1 and one particle from
section 2, or vice versa, results in even more radical con
quences. Namely, the self-consistency equation for the o
parameterS becomes nonhomogeneous, with the right-ha
side proportional toV3. This leads to the fixation of the
phasex.51

With due regard of all these factors, we have calcula
the quasiparticle currentJ(V) between two partially dielec
trized normal metals~here the results for SDW’s and CDW’
are identical, as was mentioned before!.41 The expressions
obtained comprise the particular case of Eq.~12!. On the
other hand, if the phase fixation causes are neglected
quasiparticle current between two Peierls insulators invol
the term proportional to cos(x82x).52,53 We note that for the
case of full gapping (n5n850) our results for symmetrica
junctions agree with those of Ref. 52 when the oscillat
term is averaged out. On the contrary, the expressions
tunnel conductances from Ref. 53 cannot be reduced to o

The equivalence of the dielectrized FS sections 1 and
the SDW superconductor reduces the number of Gre
functions for each electrode. Namely, they a
Fd(v),Fnd(v),Fis(v),Gd(v),Gnd(v), and Gis(v). All
other Green’s functions vanish. Thus, to obtain each tun
current amplitudeI 1,2 or J between two different partially
gapped superconductors only three Green’s functions
each electrode are needed, namely,Fd(v),Fnd(v), and
Fis(v) to calculateI 1,2 and Gd(v),Gnd(v), andGis(v) to
calculateJ.

IV. CURRENT-VOLTAGE CHARACTERISTICS

Below we shall confine ourselves to symmetrical~i.e.,
when both electrodes are identical SDW superconduct!
and nonsymmetrical~i.e., when one electrode is an ordina
BCS superconductor! junctions. At the same time, our resul
obtained for CDW superconductors and normal metals sh
that a junction commonly assumed as symmetrical may
always reveal the corresponding behavior.54
,
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A. s junctions SS-I -SS

The symmetricalSS-I -SS junction is the ideal limiting
case when the difference between the relevant thermo
namic parameters characterizing both electrodes can be
sidered negligible. For suchs junctions n5n8, S5S8, D
5D8, and

Fd5Fd8 , Fnd5Fnd8 , Fis5Fis8 ,

Gd5Gd8 , Gnd5Gnd8 , Gis5Gis8 . ~13!

Then the total current~12! through the junction may be
decomposed into four different components. The relev
current amplitudesI si

1,2 and Jsi can be deduced easily. Fo
them the usual symmetry relations hold. Fors-junctions
CVC’s of all three currents do not depend on the sign ofS.

B. bs junctions SS-I -S2S

For formally symmetrical junctions involving identica
SDW superconductors an alternative opportunity may be
alized. Namely, thesymmetry breakingcan take place, i.e.
the left-hand partially gapped electrode possessing, sa
positive dielectric order parameterS.0 and the right-hand
one having a negative parameterS852S,0, or vice versa.
In both cases the junction is nonsymmetrical in reality,
though uSu5uS8u and all macroscopical properties of ea
separated electrode areidenticaldue to the thermodynamica
equivalence of SDW superconductors with equalD ’s and
uSu ’s.18,23However, if the junction concerned is a part of th
electric circuit, it will serve as a phase-sensitive indicator
the symmetry breaking between the electrodes.54 Such a phe-
nomenon comprises a new macroscopical manifestation
the symmetry breaking in many-body systems. The co
sponding CVC’s are substantially different from their gen
inely symmetrical counterparts. Really, for this state of
junction n5n8, D5D8, S52S8,

Fd5Fd8 , Fnd5Fnd8 , Gd5Gd8 , Gnd5Gnd8 , ~14!

but

Fis52Fis8 , Gis52Gis8 . ~15!

Then the total currentI bs consists of six different terms. Fo
two of them~which are absent in thes case! the dependence
on the voltage polarity is inverse. It affects crucially the to
current amplitudesI bs

1,2(V) andJbs(V), making them neither
symmetrical nor antisymmetrical inV. Therefore, the CVC’s
for total currents in the bs case depend on the voltage po
ity. Furthermore, with changingS sign, the different
V-polarity branches are interchanged. These phenomena
analogous to the polarity and theS-sign dependences o
CVC’s for the ns junction.

One should bear in mind that a spontaneous symm
breaking in isolated bulk SDW superconductors~or normal
metals! has no observable consequences since therm
namical properties of such objects are the same for any
of S.16,18,19,21The existence of two electrically connecte
pieces of SDW superconductors makes the symmetry br
ing macroscopically observable.Fluctuations act here as
driving force promoting selection between four possib
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states:SS-I -SS,S2S-I -S2S ,SS-I -S2S , and S2S-I -SS . The
first two equivalent possibilities correspond to the genuin
symmetrical case (s), whereas the last two potentialities re
resent different alternatives of the broken-symmetry c
~bs!. Thus, we obtain for a symmetrical junction a discre
set of states corresponding to various possible combinat
of the dielectric order parameter signs in the electrodes.
statistical weight of thes-state is twice that for each of the b
ones.

The frustrated junction between SDW~CDW! supercon-
ductors above or belowTc , but of necessity belowTN (Td),
can be treated as a discrete analog, with respect to the
tive phase difference, of the Josephson junction. It is ra
cally different, however, from the SDW counterpart of t
phase-coherent weak link between two Peierls insula
with sliding CDW’s considered by Artemenko and Volkov.52

Unlike these authors, we assume the pinning of theS andS8
phases, therefore ruling out coherent effects. Neverthe
the junction concerned feels the difference or coincide
between the dielectric order parameter signs. Thus, the s
metry breaking in the symmetrical junction serves as a
tector of the order-parameter phase multiplicity in electrod
This is also common to nonsymmetrical junction.

C. ns junctions SS-I -SBCS

In the nonsymmetrical caseNd8(0)50, so, according to
Eq. ~8!, n85`. Then, only the following Green’s function
are inherent to this junction:Fd , Fnd, Fis , Gd , Gnd, Gis ,
F85FBCS, and G85GBCS, whereFBCS and GBCS are the
Green’s functions of the BCS superconductor. Then o
three terms for each current amplitudeI nsi

1,2 andJnsi survive.
The main difference between SDW and CDW superc

ductors~cf. with paper I! is the loss of CVC symmetry no
only for quasiparticle but also for Josephson and interfere
currents. That is, all three relevant CVC’s in ns junctio
including SDW superconductors depend on the voltage
larity, contrary to the well-known polarity independence f
nonsymmetrical junctions involving different BC
superconductors.40

V. RESULTS OF CALCULATIONS

For ordinary BCS superconductors the CVC’sI 1,2(V) and
J(V) possess logarithmic singularities~the so-called Riede
peaks! and discontinuities at certain gap-determin
biases.40,48,55 The character and magnitudes of peculiarit
for different kinds of currents are correlated according to
Kramers-Kronig relations between them.40,55 The CVC’s for
CDW superconductors are much more involved~see paper I!
due to the presence of two gaps, superconducting and die
tric, in the quasiparticle spectrum. Nevertheless, the cas
SDW superconductors is even more complicated. First, th
aretwo ‘‘effective combined gaps’’uD6u5D6S of the qua-
siparticle spectrum. It results in the doubling of a
S-governed peculiarity points in comparison with the CD
case. Second, for thes and bs junctions, taking into accoun
the linear dependence ofD6 on D, the possibility of various
combinations ofuD6u andD for current components involv
ing dissimilar FS sections leads to the superposition of
gularities of different types~jumps and logarithmic peaks! at
y
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the same biases, the situation never occurring for juncti
involving CDW superconductors, not to say about BCS on
Although originating from different terms, they jointly pro
duce the as yet unfamiliar CVC features for each curre
The characteristic features can be evaluated for arbit
temperatures. In all figures below we mark logarithm
peaks, which are hardly seen at the chosen scale, by s
arrows. Double arrows mark the positions of tiny jumps.

A. s junctions SS-I -SS

For this kind of junction CVC’s do not depend on the sig
of S. The locations and types of all possible peculiarities
current components are listed in Table I in the caseS.0.
Type 1 corresponds to logarithmic singularities proportio
to Y1(D1 ,D2 ,eV) for Josephson current components a
jumps dI (eV)[I (eV10)2I (eV20) proportional to
Z1(D1 ,D2) for interference and quasiparticle current com
ponents. Type 2 corresponds to jumps proportional
Z2(D1 ,D2) for Josephson current components and logar
mic singularities proportional toY2(D1 ,D2 ,eV) for inter-
ference and quasiparticle current components. Here

Z6~D1 ,D2!5AD1D2Utanh
D1

2T
6tanh

D2

2TU, ~16!

Y6~D1 ,D2 ,eV!5Z6~D1 ,D2!ln
~D11D2!

zeV2uD16D2uz ,

~17!

with parametersD1,2 being specific for each peculiarity. Th
explicit expressions will be published elsewhere. Below
confine our analysis to the positive voltage branch.

It should be noted that forTÞ0 the form of the main
characteristic features appropriate to currents atT50 are
distorted by thermally excited quasiparticles in two ways:~i!

TABLE I. Types and positions of CVC peculiarities inherent
components of currents throughs and bs junctions.a

ueVu Typeb Positionc Componentsd

2D 1 2D 4
2uD6u 1 2(S6D) 1,2,5
H15uuD1u1uD2uu 1 2S 1,2
H25uuD1u2uD2uu e 2 2D 1,2,5
M 15uD1u1D 1 2D1S 3,6
M 25uD2u1D 1 S 3,6
N15uuD1u2Du e 2 S 3,6
N25uuD2u2Du e 2 u2D2Su 3,6

aIn the s case the choiceS.0 is made. In the bs caseS.0 in the
lhs electrode andS,0 in the rhs one. See details in the text.

bType 1 corresponds to logarithmic singularities for Josephson
rent components and jumps for interference and quasiparticle
rent components. Type 2 corresponds to jumps for Josephson
rent components and logarithmic singularities for interference
quasiparticle current components. See details in the text.

cFor D,S.
dComponents 5 and 6 are inherent in currents through bs junct
only.

eFor TÞ0.
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by deformation of the existing CVC peciliarities and~ii ! by
appearance of new ones. At the same time, for substanc
which we have restricted ourselves, the inequalityuSu.D
holds good, so thatH252D andN15M 25uSu. Then, for
finite temperaturesthe positions of some new logarithm
singularities coincide with those of certain jumps and v
versa, due to the mixing of contributions from different sp
split states and various FS sections. For instance, w
studying CVC’s of symmetrical junctions for voltages in th
neighborhood of thesuperconductivity-determinedfeature
point eV52D, one should bear in mind a possible influen
of the electron-hole correlations, although the respective
uSu is usually much larger thanD.

The CVC’s depend on two dimensionless paramet
specific for each substance:n ands(T)[uSu/D0, whereD0
is the superconducting gap atT50 in the absence of the
dielectrization (n→`). Similar to paper I, the dependenc
S(T) is chosen to be of the BCS type, the choice being
crucial becauseTN@Tc in the objects concerned. So, th
values ofS(T) at any givenT are determined by the param
eters0[S0 /D0, whereS0[uS(T50)u.

In Fig. 1~a! the normalized total Josephson currenti s
1

[Is
1eR/D0 ~below all current amplitudes and their comp

nents normalized in the same manner are denoted by
same letters in the lower case with the same indices! is
shown versus dimensionless biasx[eV/D0 for s051.5 and
n51, and for two values of normalized temperaturet
[T/Tc050 ~dashed curve! and 0.2~solid curve!. HereTc0
5gD0 /p is the critical temperature of the SDW superco
ductor in the absence of the dielectrization andg
51.7810 . . . is theEuler constant. The ratiost* [T/Tc of T
to the actual critical temperature are 0 (t50) and 0.816 (t
50.2). The procedure of calculating the quantitiesTc(n,s0)
and D(n,s0 ,t), which is used throughout the paper, w
described elsewhere.16,18,20,21As one can see, there are fo
positive ~at eV52uD6u, 2D, andM 1) and two negative~at
eV5H1 and M 2) logarithmic singularities ofi s

1(x). For t
Þ0 a positive jump ateV5N1 and a negative one ateV
5N2 emerge. However, the former, inherent to the termi s3

1 ,
cannot be traced against the background of the singularit
eV5M 1 ~numerically equal toN1), stemming from the
same current term. Thus, here the peculiar interference
tween different kinds of features is taking place due to
spin splitting in the SDW state. One should also bear in m
that the steps inI s1

1 and I s2
1 at eV5H2 completely compen-

sate each other.
The dimensionless quasiparticle currentj s[JseR/D0 is

shown in Fig. 1~b!. The jumps of Js1 and Js2 at eV
52uD6u andH1 compensate each other, so that only th
positive steps ateV5M 6,2D remain. There are also tw
detectable positive logarithmic singularites ateV5N6 for
TÞ0, whereas finite-T singularities ateV5H2 are too tiny
to be observed.

The quasiparticle conductancesgs
diff[d js /dx are dis-

played in Fig. 1~c!.56 The linear divergences clearly seen
the voltages corresponding to the logarithmic singula
points of j s , in reality have to be reduced to smooth featu
due to the averaging over the spread ofD and/orS. On the
other hand, a rich variety of jumps found here should rev
themselves in experiment. A finite-T zero-bias logarithmic
to
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singularity predicted for BCS superconductors48 is readily
visible. It is driven by the density of states peaks near
edges of the gapsD and uD6u.

B. ns junctions SS-I -SBCS

The locations and types of the ns junction CVC’s pec
liarities are listed in Table II. For the sake of definiteness
assume thatS.0. If S,0 the different polarity CVC
branches change places.

FIG. 1. CVC’s of dimensionless nonstationary Josephsoni s
1

[I s
1eR/D0 ~a! and quasiparticlej s[JseR/D0 ~b! current ampli-

tudes and quasiparticle conductancegs
diff[d js /dx ~c! through the

symmetricalSS-I -SS tunnel junction between SDW superconduc
ors for various dimensionless temperaturest5T/Tc0. Heree is the
elementary charge,R is the junction resistance in the normal sta
D0 is the superconducting gap atT50 in the absence of the dielec
trization, Tc05gD0 /p, g51.7810 . . . is the Euler constant,x
5eV/D0 , V is the applied voltage,s0 is the value ofs5S/D0 at
T50, S(T) is the dielectric order parameter,n5Nnd(0)/Nd(0),
Nnd(d)(0) is the electron density of states at the nondielectriz
~dielectrized! Fermi surface section. The peculiarity positions f
the curve corresponding tot50.2 are marked on the top axes. Th
inset shows the scaled-up details of the relevant curves.
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In Fig. 2 the bias dependences of the normalized to
currents i ns

1 [I ns
1 eR/D0 and j ns[JnseR/D0 are shown for

various values of the ratioe0[DBCS(T50)/D0. One can
clearly see the main Riedel-like logarithmic singularities a
jumps, and the absence of definite symmetry for all curre

C. bs junctions SS-I -S2S

For this kind of junction CVC peculiarities are located
the same voltages as in thes case~see Table I!.

The interplay between singularities and jumps in jun
tions with broken symmetry is more interesting than in ge
inely symmetrical ones. Together with the bias polarity d
pendence, it makes the resulting picture rather intricate.

FIG. 2. CVC’s of dimensionless nonstationary Josephsoni ns
1

[I ns
1 eR/D0 ~a! and quasiparticlej ns[JnseR/D0 ~b! current ampli-

tudes through nonsymmetricalSS-I -SBCS junctions, whereSBCS is
an ordinary BCS superconductor with the gapDBCS, for different
e0[DBCS(T50)/D0. Single arrows indicate the positions of log
rithmic singularities and double arrows indicate the positions
discontinuities which are hardly seen on a scale selected. The in
show the scaled-up details of the relevant curves.

TABLE II. Types and positions of CVC peculiarities inherent
components of currents through ns junctions.

ueVu Typea Components

K65uD6u1DBCS 1 1,2
K5D1DBCS 1 3
L65uuD6u2DBCSub 2 1,2
L5uD2DBCSu b 2 3

aType 1 corresponds to logarithmic singularities for Josephson
rent components and jumps for interference and quasiparticle
rent components. Type 2 corresponds to jumps for Josephson
rent components and logarithmic singularities for interference
quasiparticle current components. See details in the text.

bFor TÞ0.
al

d
s.

-
-
-

For definiteness, we shall consider below the broken sy
metry state withS52S8.0. Such a state will be denote
as the bs1 state. The CVC’s for the other possible sta
(bs2) with S52S8,0 can be easily obtained from th
symmetry relations.

In Fig. 3~a! the CVC for the dimensionless Josephs
current i bs

1 [I bs
1 eR/D0 is shown for differentt. One can see

that the singularities atueVu52uD6u andH1 exist although
they are compensated for the sum of ‘‘conventional’’ co
ponentsI bs1

1 and I bs2
1 . However, the corresponding patte

fragment has an unusual antisymmetrical dependence on
voltage polarity. The singularities ateV5M 6 are amplified
by the broken symmetry componentI bs5

1 , whereas they are

f
ets

FIG. 3. CVC’s of dimensionless nonstationary Josephsoni bs
1

[I bs
1 eR/D0 ~a! and quasiparticlej bs[JbseR/D0 ~b! current ampli-

tudes and quasiparticle conductancegbs
diff[d jbs/dx ~c! through the

formally symmetrical tunnel junction with broken symmet
(SS-I -S2S) between SDW superconductors for varioust. The pe-
culiarity positions for the curve corresponding tot50.2 are marked
on the top axes. The insets show the scaled-up details of the
evant curves.
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fully compensated foreV52M 6 . As for the Riedel singu-
larity of the BCS-like termI bs4

1 , it remains the same as in th
s case.

The finite temperature jumps atueVu5H2 are almost
fully determined by the ‘‘conventional’’ componentsI bs1,2

1

because for the chosen parameter values the jumpdI bs5
1

;D/uSu is much smaller. However, sinceH252D, these
features are unobservable against the background gene
by the BCS term. The negative step ateV5N2 , resulting
both fromdI bs3

1 anddI bs6
1 , is seen in the figure. At the sam

time, for eV52N2 these terms compensate each other. T
same is true for the feature pointseV56N1 . Yet, the over-
all positive jump ateV5N15S occurs at the same bia
eV5M 25S as the negative logarithmic singularity, an
therefore becomes unobservable.

The dimensionless quasiparticle currentj bs[JbseR/D0
shown in Fig. 3~b! is especially nonsymmetrical. The contr
butions ateV5uD6u,H1 ,M 6 are combined to make jumps
while they are mutually compensated for correspond
negative biases. Also a small superconductivity-driven ju
is present forueVu52D.

The finite-T singularities atueVu5H2 are too tiny to be
noticed in the figure against the jumpdJbs4. On the contrary,
the singularities ateV5N6 are pronounced. At the sam
time, for negative biaseseV52N6 their contributions can-
cel out.

All the compensations discussed for the quasiparticle c
rent do not concern its derivatives, so the conductance ve
voltage curves can be a valuable source of information
the case of broken symmetry. The curvesgbs

diff(x)[d jbs/dx
for the same set of parameters are shown in Fig. 3~c!. The
curves remain nonsymmetrical, however, some structure
be seen also for negative voltages and the logarithmic sin
larity at zero bias, appropriate to symmetrical junctions48

manifests itself clearly in the bs case too.
For a specific symmetrical tunnel junctionSS-I -SS8 with

uSu5uS8u any of the three above-mentioned possibilitiess,
bs1, and bs2) can be realized, in principle. In reality, on
can imagine a number of accessory factors to make a ce
state preferable. Thus, a choice of the actual experime
CVC would be made for given external conditions and
electrical or thermal prehistory of the junction. Far belowTN
~and belowTc for antiferromagnetic superconductors! the
fluctuation-induced switching between states with differ
S signs is impossible because it would require large ene
connected with the SDW rearrangement. Of course, hea
aboveTN and subsequent cooling may result in another C
if the possible states are almost degenerate energeticall

VI. DISCUSSION

The heavy-fermion compounds are the most probable
jects to be described by the presented theory. For insta
CVC’s areasymmetricalfor break junctions~symmetrical in
essence! made of superconducting UNi2Al3.32 It is recon-
ciled with our theory. However, in order to propose a
quantitative comparison with experiment, one should kn
the superconducting and dielectric gaps as well as the co
parametern.

The most studied now partially dielectrized SDW sup
ted
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conductor is the heavy-fermion compound URu2Si2. Here
the actualTc'1.3– 1.5 K andTN'17– 17.5 K, according
to different sources.29,30,57 There are, however, substanti
discrepancies for the parametersS andn inferred from spe-
cific heat measurements, namely,S'115 K andn'0.4, ac-
cording to Ref. 29, orS'129 K andn'1.5, according to
Ref. 30. Another investigation of thermal properties a
leads toS'115 K .57

Tunnel and point-contact measurements of URu2Si2 con-
ductivity both in the symmetrical and nonsymmetrical set
have been carried out recently.45–47,58The respective CVC’s
clearly demonstrated gaplike peculiarities disappear
aboveTN , thus being the manifestation of the SDW-relat
partial dielectric gapping. BelowTc superconducting gap
features were also seen at voltages associated withTc’s by
the BCS relationship. Usually, such experiments give an
portunity to obtain 2S value directly as a voltage differenc
between two humps~tunnel method!, or valleys ~point-
contact technique! of the curvesGdiff(V). However, in this
case the CVC’s for junctions URu2Si2-I -M or
URu2Si2-C-M , where C denotes constriction, are highl
nonsymmetrical. It agrees qualitatively with our theory b
the quantitative comparison is hampered. Direct tunnel
point-contact studies lead to strikingly different values ofS
as compared to those cited above, e.g.,S'68 K .46 At the
same time, these experiments may be regarded as an
dence of the electron spectrum partial gapping in URu2Si2.
That is why our theory is actual, but the input paramet
should be taken from the bulk measurements of electron c
ductivity, magnetic susceptibility, heat capacity, or therm
expansion.

It also turned out that the broken symmetry scenario
already been realized for URu2Si2 point homocontacts.47 In
agreement with our theory, the CVC asymmetry is sma
for homocontacts than for heterocontacts. Moreover,
gether with symmetrical CVC’s, it often happens that t
S-determined peculiarities of the experimentaldV/dJ curves
are more pronounced either on the positive or negativV
branches. It correlates well with our classification of fo
mally symmetrical junctions as ofs, bs1, or bs2 types.

We should note that the cited tunnel and point-cont
measurements for junctions involving URu2Si2 were carried
out for single crystals, whereas our summation procedure
all possible tunnel currents between different FS sections
plies a certain direction averaging. However, the gap featu
and the general appearance, e.g., of thedV/dJ versusV
dependences47 are very similar for directions along thec axis
or normal to it. It is so because some kind of averaging
inevitably present in such experiments. In this manner,
approach is reconciled with the experimental data.

The dimensionless conductancesgns
diff(V) are shown in

Fig. 4 for a nonsymmetrical tunnel junctio
URu2Si2-I -Pb (Tc'7.2 K of Pb is larger thanTc of
URu2Si2). One can see that the CVC’s are highly asy
metrical with fine structures of logarithmic singularities a
jumps.59 All possible sample inhomogeneities or directio
averaging would wipe out most of the information leavin
the major features. The asymmetrical character of CV
seems, however, insensitive to such modifications. And
ally, the observed tunnel spectra of URu2Si2-Al2O3-Al
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junctions46 and point-contact spectra for contac
URu2Si2-Ag,45 URu2Si2-Au,46 URu2Si2-M (M5Zn,
NbTi!,58 and URu2Si2-M (M5Fe, Ag, Cu!,47 reveal sub-
stantial dependence on voltage polarity.

As for the direct confirmation of our theory by exper
ment, unfortunately, the most intriguing majority of availab
data are obtained by point-contact spectroscopy for wh
only the location of the feature points can be compared w
our predictions. The only tunnel measurements are made
nonsymmetrical junction URu2Si2-Al2O3-Al. 46 But the CVC
presented there was obtained forT54 K, i.e., well above
Tc’s both for URu2Si2 and Al ~1.19 K!. So, both electrodes
were in the normal state. Figure 5 shows the relevant exp
mental data together with our calculations. The general tr
is reproduced indeed. Note that the much larger fitting val
of n are required in comparison with those from therm
measurements.29,30,57 Smearing of the peculiarities may b
attributed to the averaging inherent in such kind of expe
ments.

One sees that the relationship betweenTN and Tc in
URu2Si2 is not favorable to observe many characteristic fe
tures of CVC’s. Thus, a quest of a proper SDW superc
ductor remains on agenda. It would be interesting also
measure the nonstationary Josephson CVC’s which have

FIG. 4. Conductancesgns
diff(V) of the URu2Si2-I -Pb junction for

the sets of parameters from Ref. 29~solid curve! and Ref. 30
~dashed curve!.
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been measured so far for the objects concerned. In this
nection we call attention to related experiments for high-Tc
cuprates.60 There due to large values of the superconduct
gap the nonstationary Josephson current generates non
librium phonons with the energy 2D corresponding to the
Riedel singularity. They are revealed in the quasiparticle c
rent and observed as peaks ofGdiff(V). Such a possibility
can be realized for URu2Si2 with its unexpectedly largeS or
any other suitable SDW~or CDW! superconductor. The fa
vorable circumstance here is the existence of coherent
rent components with combined ‘‘gaps’’ determined both
D andS, as is shown in this paper.
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