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Spin-fluctuation exchange study of superconductivity in two- and three-dimensional single-band
Hubbard models
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In order to identify the most favorable situation for superconductivity in the repulsive single-band Hubbard
model, we have studied instabilities ford-wave pairing mediated by antiferromagnetic spin fluctuations and
p-wave pairing mediated by ferromagnetic fluctuations with the fluctuation exchange approximation in both
two dimensions and three dimensions. By systematically varying the band filling and band structure we have
shown that~i! d pairing is stronger in two dimensions than in three dimensions and~ii ! p pairing is much
weaker thand pairing. @S0163-1829~99!04446-X#
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The discovery of high-temperature superconductivity
copper oxides by Bednorz and Mu¨ller1 has kicked off inten-
sive studies for electron mechanisms of superconductiv
Specifically, it is becoming increasingly clear that superc
ductivity can arise from repulsive electron-electron inter
tions. A persuasive scenario is that the superconducti
comes from a pairing interaction mediated by antiferrom
netic ~AF! spin fluctuations. A phenomenologica
calculation2–5 along this line has succeeded in reproduc
anisotropicd-wave superconductivity as well as anomalo
normal-state properties. Analytic calculations on a mic
scopic level with the fluctuation exchange~FLEX! approxi-
mation, developed by Bickerset al.,6 has also been applie
to the Hubbard model on the two-dimensional~2D! square
lattice7,8 to show the occurrence of superconductivity. N
merically, a quantum Monte Carlo study has indicated p
ing instability.9

These results indicate that the superconductivity near
AF instability in 2D has a ‘‘lowTC’’ ;O(0.01t) (t is the
transfer integral!, i.e., two orders of magnitude smaller tha
the original electronic energy, but still ‘‘highTC’’
;O(100 K) for t;O(1 eV). Then the next fundamenta
questions, which we address in this paper, are the follow
~i! Is the 2D system more favorable for spin-fluctuatio
mediated superconductivity than in three dimensions~3D!?
~ii ! Can other pairing, such as a tripletp pairing in the pres-
ence of ferromagneticspin fluctuations, become compet
tive? We take the single-band, repulsive Hubbard mode
the simplest possible model, and look into the pairing w
the FLEX method both in 2D and 3D. The FLEX method h
the advantage that systems having large spin fluctuations
be handled.

Let us touch a little more upon the background to t
above two questions. The possibility of triplet pairing me
ated by ferromagnetic fluctuations has been investigated
superfluid3He,10 the heavy fermion system UPt3,

11 and most
recently, the oxide Sr2RuO4.

12 It was shown that ferromag
netic fluctuations favor triplet pairing by Layzer and Fay14

before the experimental observation ofp-wave pairing in
3He. For the electron gas model, Fay and Layzer15 or later
Chubukov13 has extended the Kohn-Luttinger theorem16 to p
pairing for 2D and 3D electron gas in the dilute lim
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Takada17 discussed the possibility ofp-wave superconductiv-
ity in the dilute electron gas with the Kukkonen-Overhaus
model.18 As for lattice systems, the 2D Hubbard model wi
large enough next-nearest-neighbor hopping (t8) has been
shown to exhibit p pairing for small band fillings.19

Hlubina20 reached a similar conclusion by evaluating the s
perconducting vertex in a perturbative way.21 However, the
energy scale of thep pairing in the Hubbard model, i.e.,TC ,
has not been evaluated so far.

As for 3D systems, Scalapinoet al.22 showed for the Hub-
bard model that paramagnon exchange near a spin-den
wave instability gives rise to a strong singletd-wave pairing
interaction, but TC was not discussed there. Nakamu
et al.23 extended Moriya’s spin fluctuation theory o
superconductivity3 to 3D systems, and concluded thatTC is
similar between the 2D and 3D cases provided that comm
parameter values~scaled by the bandwidth! are taken. How-
ever, the parameters there are phenomenological ones, s
wish to see whether the result remains valid for microsco
models.

Here we shall show that~i! d-wave instability mediated
by AF spin fluctuations in a 2D square lattice is much stro
ger than those in 3D, while~ii ! p-wave instability mediated
by ferromagnetic spin fluctuations in 2D are much wea
than thed instability. These results, which cannot be pr
dicted a priori, suggest that for the Hubbard model th
‘‘best’’ situation for the pairing instability is the 2D cas
with dominant AF fluctuations.

We consider the single-band Hubbard model with trans
energyt i j 5t ~51 hereafter! for nearest neighbors along wit
t i j 5t8 for second-nearest neighbors, which is included
incorporate the band structure dependence. The FLEX
proximation starts from a set of skeleton diagrams for
Luttinger-Ward functional to generate a (k-dependent! self-
energy based on the idea of Baym and Kadanoff.24 Hence the
FLEX approximation is a self-consistent perturbation a
proximation with respect to on-site interactionU.

To obtain TC , we solve, with the power method,6 the
eigenvalue~Éliashberg! equation

lS (2)~k!5
T

N (
k8

S (2)~k8!uG~k8!u2V(2)~k2k8!, ~1!
14 585 ©1999 The American Physical Society
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where

V(2)~q!5
1

2 F U2x0~q!

11Ux0~q!G2
3

2 F U2x0~q!

12Ux0~q!G ~2!

for spin singlet pairing and

V(2)~q!5
1

2 F U2x0~q!

11Ux0~q!G1
1

2 F U2x0~q!

12Ux0~q!G ~3!

for spin triplet pairing, wherex0(q)[2T/N(kG(k)G(k
1q) is the irreducible susceptibility,G(k) the dressed
Green’s function, andS (2)(k) the anomalous self-energy. A
T5TC , the maximum eigenvaluelMax reaches unity. We
takeN5642 sites withnc52048 Matsubara frequencies fo
2D, or N5323 with nc51024 for 3D.

Let us start with the 2D case having strong AF fluctu
tions. In Fig. 1, we plotxRPA(q)5x0 /(12Ux0) as a func-
tion of momentum for the 2D Hubbard model witht850,
n50.85~nearly half-filled! with U54 andT50.03. A domi-
nant AF spin fluctuation is seen fromxRPA peaked near
(p,p).

We can then solve the E´ liashberg equation~1! to plot in
Fig. 2~a! lMax as a function of temperatureT ~normalized by
t ). The behavior ofuG(k,ipkBT)u2 that appears in the
Éliashberg equation is indicated in Fig. 1. HowlMax is close
to unity measures the pairing, andlMax tends to unity atT
;0.02, in accordance with previous results.7,25 We also plot
the reciprocal of the peak value ofxRPA(k,0), where 1/x
→0 indicates the magnetic ordering. While we cannot co
parelMax andxRPA on an equal footing, since pairing fluc
tuations are neglected in the E´ liashberg equation while the
susceptibility is treated beyond the mean field, we can
cuss the behavior oflMax when the situation is varied.

Keeping the above result in mind as a reference, we m
on to the case with ferromagnetic spin fluctuations, wh
triplet pairing is expected. This situation can be realized
relatively larget8 (;0.5) and electron density away from
half-filling in the 2D Hubbard model. Physically, the va
Hove singularity shifts toward the band bottom witht8, and
the large density of states at the Fermi level for the dil
case favors ferromagnetism. It has in fact been shown fro
quantum Monte Carlo study that the ground state is fu
spin polarized att850.47, n;0.4.26,20

We have calculatedlMax for the density varied over 0.2
<n<0.6 andt8 varied over 0.3<t8<0.6 for U54,6 with

FIG. 1. The squared absolute value of the Green’s function
the smallest Matsubara frequency,ivn5 ipkBT ~left!, and the ran-
dom phase approximation~RPA! spin susceptibility~right! against
the wave number for the 2D Hubbard model witht850, n50.85,
andU54.
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T50.03, and have found thatlMax becomes largest forn
50.3, t850.5, so we concentrate on this parameter set h
after. If we look at in Fig. 3 the momentum dependence
uG(k,ipkBT)u2 and xRPA for this case withU54, xRPA is
indeed peaked atG @k5(0,0)#. The question then is the be

r

FIG. 2. The maximum eigenvalue of the E´ liashberg equation
~solid lines! and the reciprocal of the peak ofxRPA ~either ferro-
magnetic or antiferromagnetic, dashed lines! against temperature
for the Hubbard model in~a! 2D with t850, n50.85, andU54,
~b! 2D with t850.5, n50.3, andU54, and ~c! 3D with t85
20.2,20.3, n50.8, andU58. The inset in~c! is the results for a
larger number of Matsubara frequencies~52048! for t8520.3.

FIG. 3. A similar plot as in Fig. 1 for the 2D Hubbard model fo
a finite t850.5 with a smallern50.3 with U54.
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havior oflMax as a function ofT, Fig. 2~b!, which shows that
lMax is much smaller than that in the AF case, Fig. 2~a!.

A low TC for the ferromagnetic case contrasts with a n
ive expectation from the BCS picture, in which the Fer
level located around a peak in the density of states fav
superconductivity. We may trace back twofold reasons w
this does not apply. First, if we look at the domina
„}1/@12Ux0(q)#… term of the pairing potentialV(2) itself in
Eqs. ~2! and ~3!, the triplet pairing interaction is only one
third of that for singlet pairing. Second, the factoruGu2 for
the ferromagnetic case~Fig. 3! is smaller than that in the AF
case~Fig. 1!, which implies that the self-energy correction
larger in the former. A larger self-energy correction~smaller
uGu2) leads to smaller eigenvalues of the E´ liashberg equation
~1!. Even when we take a larger repulsionU to increase the
triplet pairing attraction~susceptibility!, this makes the self-
energy correction even stronger, resulting in only a sm
change inl.

Let us now move on to the case ofd-wave pairing in the
3D Hubbard model. In this case, we find that theG3

1 repre-
sentation of theOh group27 has the largestlMax , so we look
at this pairing symmetry hereafter. We have calculatedlMax
for the density varied over 0.75<n<0.9 andt8 varied over
20.5<t8<10.4 for U54,6,8,10,12 withT50.03. Among
these parameter sets, we have found thatlMax becomes larg-
est forn50.8, t8520.2 to20.3, andU58 –10, so hereaf-
ter we concentrate on this parameter set.

In Fig. 2~c!, we again plotlMax along with the reciproca
of the peak value ofxRPA(k,0) as a function ofT for t85
20.2,20.3, U58, andn50.8. We can immediately see th
the pairing tendency in 3D is muchweakerthan that in 2D.
Technically, for the sample sizeN5323 and the number of

FIG. 4. A plot for the Green’s function againstkx andky with
kz50,p/2,p for the 3D Hubbard model witht8520.2, n50.8,
U58, andT50.03.
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Matsubara frequenciesnc51024 there are some finite-siz
effects forT,0.02. As the inset for a largernc52048 ex-
emplifies, however,lMax tends to increase withN and nc ,
and we believe that a finiteTC (,0.01) may be obtained a
least fort8520.3, U58, andn50.8 in the limit of largeN
andnc , but this is still significantly smaller than in 2D.

Having confirmed this, the question now is, why is thed
superconductivity much stronger in 2D than in 3D? We c
pinpoint the origin by looking at the various factors involve
in the Éliashberg equation. Namely, we question the hei
of V(2) and uGu2 along with the width of the region, both in
the momentum sector and in the frequency sector, o
which V(2)(k) contributes to the summation overk
[(k,ivn).

We first plotuGu2 for kz50,p/2,p as a function ofkx and
ky in the 3D Hubbard model fort8520.2, n50.8 with U
58 in Fig. 4. We can see that the maximum ofuGu2 in 3D,
if multiplied by U2 arising in the E´ liashberg equation, is in
fact larger than in 2D. Were this factor the origin, a larg
lMax would result in 3D.

We can then question how the peak inxRPA spreads in the
frequency axis. Figure 5~a! displays ImxRPA(kMax ,v) @kMax
is the momentum for whichx(k,0) is maximum# as a func-
tion of v ~obtained by an analytic continuation with Pad´
approximation28!. The figure compares the ‘‘best 3D’’ cas
(t8520.2,n50.8,U58) with a typical 2D case witht8
50, n50.85, andU54 having a similar magnitude ofx.
We can see that Imx(v), when this quantity is normalized
by its maximum value whilev by t, exhibits surprisingly
similar behaviors for 2D and 3D. So we can exclude t
frequency width from the reason for the 2D-3D differenc
Note that if the frequency spread of the susceptibility sca

FIG. 5. ~a! Im xRPA(kMax ,v) ~normalized by its maximum
value! as a function ofv/t for the 3D Hubbard model witht85
20.2, n50.8, U58, andT50.03,0.04~dashed line! and for the
2D Hubbard model witht850, n50.85, U54, andT50.03,0.04
~solid line!. For T50.03 2D and 3D results almost overlap wit
each other.~b! RPA spin susceptibilityxRPA(k,0) as a function of
the wave number for the 3D Hubbard model witht8520.2, n
50.8, T50.03, andU58.
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not with t but with theband width, as Nakamuraet al.23 have
assumed,lMax would have become larger. So this is o
reason why we stress that the present result, that 2D is
best, is by no means readily predictable.

If we turn to the momentum sector, Fig. 5~b! for
xRPA(k,0) shows that the widtha of the xRPA(k,0) peak in
each momentum direction is similar to those in 2D~Fig. 1!.
Since the right-hand side of the E´ liashberg equation~1! is
normalized byN}LD with L being the linear dimension o
the system,l}(a/L)D is smaller in 3D than that in 2D whe
the main contribution ofV(2) to l is confined around (p,p)
or (p,p,p). So we can conclude that this is the main reas
why 2D differs from 3D.

We have also obtained results~not shown here! in 3D for
the body-centered-cubic lattice near half-filling~where
strong AF fluctuations are expected!, but the d pairing is
again weak. Thep pairing in the face-centered-cubic lattic
with low band filling ~where ferromagnetic fluctuations a
expected! is found to be even weaker. These results will
published elsewhere.

To summarize,d pairing in 2D is the best situation for th
repulsion-originated~i.e., spin-fluctuation-mediated! super-
conductivity in the Hubbard model. In this sense, the lay
type cuprates do seem to hit upon the right situation. Ho
et
s.

ys
he

n

-
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ever, our conclusion has been obtained for the simplest p
sible single-band Hubbard model, while the detailed beh
ior of TC may depend on the model. Indeed, if we turn
other 3D superconductors, the heavy fermion system
which the pairing is thought to be meditated by spin fluctu
tions, the TC , when normalized by the bandwidthW, is
known to be of the order of 0.001W. Since the present resu
indicates thatTC , normalized byW, is ;0.0001W at best in
the 3D Hubbard model, we may envisage that the he
fermion system is an instance in which larger frequen
and/or momentum spreads inx(k,v) are utilized than in the
Hubbard model.

After completion of this study, we came to know the wo
by Monthoux and Lonzarich.29 Using a phenomenologica
approach, they conclude for 2D systems that thed-wave pair-
ing is much stronger thanp-wave pairing, which is consisten
with the present result.
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