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Susceptibility behavior of CuGeO3: Comparison between experiment
and the quantum transfer-matrix approach
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Thermodynamical properties of the one-dimensionalS51/2 Heisenberg model with dimerized nearest and
uniform next-nearest neighbor interactions are studied by the numerically exact quantum transfer-matrix
method and the results are applied to CuGeO3. The Suzuki-Trotter formula is used to obtain a classical system
with spins53/2 and effective interactions between nearest neighbors only. The magnetic susceptibility curve
is calculated and compared with experimental results in a wide temperature range, revealing the presence of
frustration in the model proposed for CuGeO3. Temperature dependence of the dimerization parameter below
the spin-Peierls transition point is also estimated.@S0163-1829~99!12941-2#
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INTRODUCTION

Both experimental and theoretical interest in quasi o
dimensional frustrated quantum spin systems has b
strongly forced since 1993, when it was shown1 that the
magnetic susceptibility of CuGeO3 measured in all crysta
directions drastically drops belowTSP514.3 K. It was at-
tributed to the spin-Peierls~SP! phase transition, which
manifests itself when a system of quasi-one-dimensio
quantum spin chains undergoes dimerization due to lat
distortion. Below the SP transition pointTSP, a finite energy
gap D opens between the nonmagnetic singlet ground s
and the first excited triplet state and reaches the maxim
valueD.2.1 meV atT50 K. Since then, a wide range o
experimental measurements have been performed to inv
gate the nature of the SP transition in the CuGeO3 com-
pound. Among them, as an example, we mention neutro2,3

and x-ray4 scattering studies together with nuclear magne
resonance~NMR! ~Ref. 5! and electron spin resonance6

works. Thermodynamical properties of pure and dop
CuGeO3 have been examined in many experiments includ
specific heat7,8 and magnetic susceptibility9–11 measure-
ments.

To describe these properties, aS51/2 one-dimensiona
antiferromagnetic Heisenberg model of CuGeO3 with nearest
neighbor~NN! and next-nearest neighbor~NNN! interactions
was proposed,12,13 with the Hamiltonian in the form

H52J(
i 51

N

~SiSi 111aSiSi 12!1(
i 51

N

~21! idSiSi 11 ,

~1!

whereN denotes the size of the chain,J(,0) anda(.0)
are the NN exchange integral and the ratio of the NNN
change integral to the NN one, respectively. The parametd
describes dimerization. BelowTSP, the value ofd is nonzero
and the alternation ofJ has to be taken into account.

So far, in order to estimate theoretically theJ anda val-
ues, full diagonalization has been applied12–14 to rings with
PRB 600163-1829/99/60~21!/14521~4!/$15.00
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N<18 ~i.e., 9 spin pairs at most!. The finite-size data have
been extrapolated to the thermodynamic limit and compa
to the susceptibility measurement results above the SP t
sition point. Also, a newly developed density matrix reno
malization group~DMRG! technique has been used to es
mate the temperature dependence of the dimeriza
parameterd in the region belowTSP.15 In addition, the exact
diagonalization technique combined with the recurs
method16 was recently applied to chains withN<26 to in-
vestigate the dynamical structure factorS(v,q) and to com-
pare the results with the complete spectrum of the inela
neutron scattering. Some estimates based onab initio calcu-
lations of the electronic structure17,18 have been also re
ported.

Generally, from the direct calculations and the fitting
the experimental data, the estimates of the coupling spr
over the interval2180 K<J<2135 K, whereas the in-
elastic neutron scattering measurement2 gives J.2120 K.
The value ofa varies from 0.24 up to 0.45.

In this paper we report new experimental susceptibi
measurements and the application of the quantum trans
matrix ~QTM! technique to calculate the thermodynamic
properties of CuGeO3 and to evaluate the best-fit values ofJ
anda. This technique is not subject to statistical errors a
yields the estimates of the thermodynamical functions in
macroscopic limit, if the transfer matrix is defined in the str
geometry.

QTM TECHNIQUE

In order to perform calculations for the macroscopic ch
~infinite N value!, we need to reverse the transfer from t
chain to the Trotter direction. Although the standard QT
algorithm based on the Trotter formula fails foraÞ0, we
can accomplish this in the following way.

First, we divide the Hamiltonian~1! into two partsH
5HA1HB ,

HA5H1,41H5,81H9,121•••,
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HB5H3,61H7,101H11,141•••, ~2!

in which Hi ,i 13 describes the interactions inside the fou
spin block beginning at thei th site of the quantum chain
Then we use the Trotter expansion to obtain themth classical
approximationZm of the partition functionZ,

Zm5 (
$Sr ,i %

)
r 51

m

)
i 51

N/4

L2r 21,4i 23~S!L2r ,4i 21~S!, ~3!

where

Lr ,i~S!5^Sr ,i . . . r ,i 13ue2b/mHi ,i 13uSr 11,i . . . Sr 11,i 13&.
~4!

Zm is now the partition function of the classical system
2m3N spins, with effective interactions grouped into eigh
spin blocks. For this system, we define a global transfer
trix between ther th and (r 11)th rows and expand it into th
product of four-spin local transfer matricesLr ,i(S).

Second, we introduce an effective classical spins53/2
and, as shown in Fig. 1, we replace each pair ofS51/2 spins,
distributed along a given rowr, by the spins

~Sr ,i ,Sr ,i 11!→s r , j , where j 51 . . .N/2. ~5!

At the same time, the local transfer matrixLr ,i(S) can be
expressed asLr , j (s), i.e., can be rewritten in the basis ofs.
Now, we can reverse the transfer direction by defining
new local transfer matrixVr ,r 11

^s r , js r 11,j uVr ,r 11us r , j 11s r 11,j 11&

5^s r , js r , j 11ue2b/mHj , j 11us r 11,js r 11,j 11&.

The global transfer matricesW1 and W2 ~for odd and even
columns of spins, respectively! can be expressed by the co
responding products ofVr ,r 11

19. Finally, the mth classical
approximant to the partition function of Eq.~1! can be writ-
ten in the form

Zm5Tr@W1W2#N/4. ~6!

For an infinite system~i.e., whenN→`) the free energy pe
spin f m is simply given by the maximum eigenvalu
lmax(m) of the transfer matrixW1W2. For this reason, we
have calculatedlmax(m) using the iteration method.

Thermodynamical values of the initial quantum syste
were found by numerical differentiation of each approxima
f m and extrapolations of the results to infinite Trotter numb
m. The asymptotic behavior of a given thermodynami
valueAm asm→` can be written in the form

Am5 (
n51

`
an

m2n
1A` . ~7!

FIG. 1. The replacement of theS51/2 spin pair by the effective
s53/2 spin.
f
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Whenm values are large enough, the linear behavior ofAm
with respect to 1/m2 is often revealed.20,21

The examples of our numerical susceptibility data conv
gence at different temperatures are presented in Fig
Above TSP, the linear extrapolations in 1/m2 can be per-
formed so that we reach an accuracy higher than 2%. In
region below the critical point, the convergence is deter
rated due to the nonlinear behavior of the approximants
the uncertainties in the extrapolations increase to about 1
at T59 K.

RESULTS

In order to estimate theJ anda values we calculated the
magnetic susceptibility approximantsxm along thec crystal
direction form<6 and compared the extrapolated~the limit
m→`) values to the very well calibrated experimental r
sults performed on a single crystal of pure CuGeO3, similar
to those of Grenieret al.10 We chose thegc factor equal to
2.07, i.e., the value found from the NMR experiment.5 The
experimental values fora and b crystal directions can be
revealed from our results by the simple rescaling accord
to the lawxx /xc5(gx /gc)

2, wherex5a,b.
To estimate theJ anda values, we performed the calcu

lation in the nondimerized phase. The best fit was obtai
for the following set of parameters:

J52166 K62 K and a50.3660.01. ~8!

The extrapolated data are given in Fig. 3 by full circles. O
results for the parameters~8! fit very well the experimental

FIG. 2. The convergence of our numerical data at different te
peratures. The Trotter number is in the range fromm52 to m
56. Our best estimates form5` are also plotted.
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data, drawn by the full line, down to the low-temperatu
region. The QTM data calculated for the parameters give
the legend are also plotted.

Our estimate ofa proposed for CuGeO3 is significantly
greater than the critical valueac50.2411~Ref. 13! and con-
firms the existence of frustration in the spin model propo
for CuGeO3.

Parameters~8! are fully consistent with those comin
from other numerical approaches. Especially, we would l
to refer to the exact diagonalization performed above 20
by Fabriciuset al.14 and the latest DMRG results of Klu¨mper
et al.15 Results of both mentioned approaches were co
pared to experimental data similar to our measuremen22

The results obtained for different crystal axes and with
slightly smaller Lande´ factor are in excellent agreement. O
values are also consistent with the parameters of Riera
Dobry12 obtained on a basis of a comparision with the fi
experimental results of Haseet al.1

Subsequently, using the parameters~8!, we have fitted the
experimental susceptibility curve belowTSP ~see Fig. 3! im-
posing the temperature dependence of the dimerization
rameterd. The estimates ofd are presented in Fig. 4 togethe
with the error bars. They show a sharp increase in the reg
close toTSP and saturation asT tends to zero. This behavio
is in good agreement with the power law for the gapD
;d2/34. In the zero-temperature limit we receivedd(0)
50.02260.002 ~in units of J). The values ofd obtained
earlier from the exact diagonalization technique for cha
with a fixed size up toN516 ~Refs. 12 and 13! are slightly
different: 0.014 (J52160 K) and 0.030 (J52150 K),
respectively. However, we would like to emphasize that
fitting was performed for a much wider temperature ran
including the SP phase and no errors occurred due to
finite-size effect. In fact, our estimate of the displacem
d(0) compares well with the DMRG result of Klu¨mperet al.
d(0)50.026. The latter was found assuming an extra ela
term in the Hamiltonian~1!.

According to the mean-field theoryd(T)5D(T)/pJ,
where p51.637.23 Substitutingd(0)50.022, we obtained

FIG. 3. Temperature behavior of the experimental and theo
cal magnetic susceptibility for CuGeO3. Solid and open circles
mark the QTM estimates for the previous parameters. Our best
plotted with diamonds. Solid line corresponds to present exp
mental measurements along thec direction.
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D(0).0.5 meV, the value four times smaller in comparis
to those coming from experimental measurements. A sim
discrepancy is common for the results based on calculat
of thermodynamical properties, but may be treated as an
dependent suggestion that the spin frustration plays an
portant role in formation ofD.

Quantitatively, our result does not follow the estimates
Yokoyama and Saija16 (J52180 K, a50.45, d(0)
50.001) based on a spin dynamics investigation. This d
crepancy may stem from the fact that both evaluations
made at different temperatures and the results describe
ferent physical properties. Also, it is understandable that
unexpectedly strong frustration value obtained by Yokoya
has to reduce the dimerization parameterd in order to keep a
reasonable value of the spin gapD.

CONCLUSIONS

We have performed the single-crystal susceptibility m
surements for pure CuGeO3 and have shown that the mod
fied QTM technique can be successfully used for charac
ization of frustrated S51/2 antiferromagnetic quantum
chains. The application to the SP compound CuGeO3 gives
numerical results fully consistent with the experimental s
ceptibility data within 2% in the nondimerized phase and
best-fit values of the exchange integrals very close to th
of Klümperet al.

Finally, we would like to point out the important advan
tage of the QTM technique that is that it can be adopted
the doped systems.
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FIG. 4. The temperature dependence of the dimerization par
eterd in units of J.
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