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Susceptibility behavior of CuGeQ;: Comparison between experiment
and the quantum transfer-matrix approach
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Thermodynamical properties of the one-dimensid®all/2 Heisenberg model with dimerized nearest and
uniform next-nearest neighbor interactions are studied by the numerically exact quantum transfer-matrix
method and the results are applied to Cugethe Suzuki-Trotter formula is used to obtain a classical system
with spin o= 3/2 and effective interactions between nearest neighbors only. The magnetic susceptibility curve
is calculated and compared with experimental results in a wide temperature range, revealing the presence of
frustration in the model proposed for CuGgQ emperature dependence of the dimerization parameter below
the spin-Peierls transition point is also estima{&0163-182@09)12941-3

INTRODUCTION N=<18 (i.e., 9 spin pairs at mostThe finite-size data have
been extrapolated to the thermodynamic limit and compared
Both experimental and theoretical interest in quasi oneto the susceptibility measurement results above the SP tran-
dimensional frustrated quantum spin systems has beesition point. Also, a newly developed density matrix renor-
strongly forced since 1993, when it was shdwhat the malization group(DMRG) technique has been used to esti-
magnetic susceptibility of CuGeQOmeasured in all crystal mate the temperature dependence of the dimerization
directions drastically drops beloWsz=14.3 K. It was at- paramete® in the region belov sp.*° In addition, the exact
tributed to the spin-Peierl$SP phase transition, which diagonalization techniqgue combined with the recursion
manifests itself when a system of quasi-one—dimensionzztlnethor}G was recently applied to chains witk<26 to in-
guantum spin chains undergoes dimerization due to latticeestigate the dynamical structure fac&{w,q) and to com-
distortion. Below the SP transition poiftp, a finite energy pare the results with the complete spectrum of the inelastic
gap A opens between the nonmagnetic singlet ground stateeutron scattering. Some estimates basedtinitio calcu-
and the first excited triplet state and reaches the maximurtations of the electronic structure® have been also re-
valueA=2.1 meV atT=0 K. Since then, a wide range of ported.
experimental measurements have been performed to investi- Generally, from the direct calculations and the fitting to
gate the nature of the SP transition in the Cuga®@m- the experimental data, the estimates of the coupling spread
pound. Among them, as an example, we mention netifron over the interval—180 K<J<-135 K, whereas the in-
and x-ray scattering studies together with nuclear magneticelastic neutron scattering measureragives J=—120 K.
resonance(NMR) (Ref. 5 and electron spin resonarfice The value ofa varies from 0.24 up to 0.45.
works. Thermodynamical properties of pure and doped In this paper we report new experimental susceptibility
CuGeQ have been examined in many experiments includingneasurements and the application of the quantum transfer-
specific hedt® and magnetic susceptibility! measure- matrix (QTM) technique to calculate the thermodynamical
ments. properties of CuGeQand to evaluate the best-fit valuesJof
To describe these properties,S&1/2 one-dimensional andea. This technique is not subject to statistical errors and
antiferromagnetic Heisenberg model of CuGe@th nearest  yields the estimates of the thermodynamical functions in the
neighbor(NN) and next-nearest neighb@INN) interactions  macroscopic limit, if the transfer matrix is defined in the strip
was proposed®*3with the Hamiltonian in the form geometry.

N N
H= —J; (sia+1+asisi+2)+i§1 (—1)'65S .4, QTM TECHNIQUE

(1) In order to perform calculations for the macroscopic chain
(infinite N value), we need to reverse the transfer from the
where N denotes the size of the chaif(<0) and a(>0) chain to the Trotter direction. Although the standard QTM
are the NN exchange integral and the ratio of the NNN ex-algorithm based on the Trotter formula fails far= 0, we
change integral to the NN one, respectively. The paranieter can accomplish this in the following way.

describes dimerization. BeloWgp, the value ofs is nonzero First, we divide the Hamiltoniar{l) into two partsH
and the alternation aJ has to be taken into account. =H,+Hg,

So far, in order to estimate theoretically thand « val-
ues, full diagonalization has been appfied* to rings with Ha=Hy s+ HsgtHoist -,
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FIG. 1. The replacement of tt&&= 1/2 spin pair by the effective
o=3/2 spin.
Hg=Hgzet H710t Higaat -+,

)

in which H; ;3 describes the interactions inside the four-
spin block beginning at théth site of the quantum chain.
Then we use the Trotter expansion to obtainrtitk classical
approximationZ,,, of the partition functiornz,

m

Zm:{E H

N/4
2 11 I Lo a(SLara-1(9),
Jgr =L 0=

where

L i(S)=(S,i .-

crisal€ AMHIIIS L S a).
(4)

Zn is now the partition function of the classical system of

2mXx N spins, with effective interactions grouped into eight-
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spin blocks. For this system, we define a global transfer ma-

trix between theth and ¢ + 1)th rows and expand it into the
product of four-spin local transfer matrices ;(S).

Second, we introduce an effective classical spin3/2
and, as shown in Fig. 1, we replace each paBefl/2 spins,
distributed along a given row, by the spino

(S Siv1)—0or s 5

At the same time, the local transfer matiix ;(S) can be
expressed as, j(o), i.e., can be rewritten in the basis of

where j=1...N/2.

Now, we can reverse the transfer direction by defining the

new local transfer matri¥%/, ,, ;

<a-r,jo'r+1,j|vr,r+1|0'r,j+10'r+1,j+1>

BImH

:<0'r,j0'r,j+1|e_ j’Hl|0'r+1,j"'r+1,j+1>-

The global transfer matriced/; and W, (for odd and even
columns of spins, respectivglgan be expressed by the cor-
responding products o¥, ,,*°. Finally, the mth classical
approximant to the partition function of E¢L) can be writ-
ten in the form

Zy= T"[W1W2]N/4- (6)

For an infinite systenfi.e., whenN— «) the free energy per

spin f,, is simply given by the maximum eigenvalue
Amax(M) of the transfer matrixV,W,. For this reason, we

have calculated ,,{m) using the iteration method.

FIG. 2. The convergence of our numerical data at different tem-
peratures. The Trotter number is in the range fromx2 to m
=6. Our best estimates fan=« are also plotted.

Whenm values are large enough, the linear behavioAgf
with respect to Ih? is often revealed®?!

The examples of our numerical susceptibility data conver-
gence at different temperatures are presented in Fig. 2.
Above Tsp, the linear extrapolations in m? can be per-
formed so that we reach an accuracy higher than 2%. In the
region below the critical point, the convergence is deterio-
rated due to the nonlinear behavior of the approximants and
the uncertainties in the extrapolations increase to about 10%
atT=9 K.

RESULTS

In order to estimate thd and a values we calculated the
magnetic susceptibility approximangs, along thec crystal
direction form=6 and compared the extrapolatéte limit
m— o) values to the very well calibrated experimental re-
sults performed on a single crystal of pure CuGe€milar
to those of Grenieet all® We chose they, factor equal to
2.07, i.e., the value found from the NMR experimerithe
experimental values foa and b crystal directions can be
revealed from our results by the simple rescaling according
to the lawxy/x.=(0x/9c)% wherex=a,b.

Thermodynamical values of the initial quantum system To estimate the) and « values, we performed the calcu-
were found by numerical differentiation of each approximantlation in the nondimerized phase. The best fit was obtained
f., and extrapolations of the results to infinite Trotter numberfor the following set of parameters:

m. The asymptotic behavior of a given thermodynamical

valueA,, asm—o can be written in the form

()

J=-166 K=2 K and «=0.36=0.01.

tS)

The extrapolated data are given in Fig. 3 by full circles. Our
results for the paramete(8) fit very well the experimental
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FIG. 3. Temperature behavior of the experimental and theoreti- FIG. 4. The temperature dependence of the dimerization param-
cal magnetic susceptibility for CuGgOSolid and open circles eter§ in units of J.
mark the QTM estimates for the previous parameters. Our best fit is

plotted with diamonds. Solid line corresponds to present experi- ) ) )
mental measurements along thelirection. A(0)=0.5 meV, the value four times smaller in comparison

to those coming from experimental measurements. A similar
data, drawn by the full line, down to the low-temperaturediscrepancy is common for the results based on calculations
region. The QTM data calculated for the parameters given i®f thermodynamical properties, but may be treated as an in-

the legend are also plotted. dependent suggestion that the spin frustration plays an im-
Our estimate ofe proposed for CuGegQis significantly  portant role in formation ofA.

greater than the critical value.=0.2411(Ref. 13 and con- Quantitatively, our result does not follow the estimates of

firms the existence of frustration in the spin model proposedrokoyama and Saiff (J=-180 K, «=0.45, &(0)

for CuGeQ. =0.001) based on a spin dynamics investigation. This dis-

Parameterd8) are fully consistent with those coming crepancy may stem from the fact that both evaluations are
from other numerical approaches. Especially, we would likemade at different temperatures and the results describe dif-
to refer to the exact diagonalization performed above 20 Kgrent physical properties. Also, it is understandable that the
by Fabriciuset al.™" and the latest DMRG results of Kiiwper  nexpectedly strong frustration value obtained by Yokoyama

etal.”® Results of both mentioned approaches were Compag i reduce the dimerization parametén order to keep a
pared to experimental data similar to our measurerr?énts.reason‘,ibIe value of the spin gap

The results obtained for different crystal axes and with a
slightly smaller Landdactor are in excellent agreement. Our
values are also consistent with the parameters of Riera and
Dobry!? obtained on a basis of a comparision with the first
experimental results of Has al!

Subsequently, using the parametés we have fitted the We have performed the single-crystal susceptibility mea-
experimental susceptibility curve belolip (see Fig. 3im-  surements for pure CuGg@nd have shown that the modi-
posing the temperature dependence of the dimerization pdied QTM technique can be successfully used for character-
rameters. The estimates of are presented in Fig. 4 together ization of frustrated S=1/2 antiferromagnetic quantum
with the error bars. They show a sharp increase in the regioghains. The application to the SP compound Cugges
close toTgpand saturation a$ tends to zero. This behavior numerical results fully consistent with the experimental sus-
is in good agreement with the power law for the gap ceptibility data within 2% in the nondimerized phase and the
~ 5?34 In the zero-temperature limit we receives{0) best-fit values of the exchange integrals very close to those
=0.022+0.002 (in units of J). The values ofs obtained Of Klumperet al.
earlier from the exact diagonalization technique for chains Finally, we would like to point out the important advan-
with a fixed size up tdN=16 (Refs. 12 and 1Bare slightly ~ tage of the QTM technique that is that it can be adopted for
different: 0.014 (=—160 K) and 0.030 J=—150 K), the doped systems.
respectively. However, we would like to emphasize that our
fitting was performed for a much wider temperature range
including the SP phase and no errors occurred due to the ACKNOWLEDGMENTS
finite-size effect. In fact, our estimate of the displacement
8(0) compares well with the DMRG result of Kiperet al. Thanks are due to Dr. B. Grenier and Dr. M. Dudsn
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CONCLUSIONS
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