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Stochastic treatment of charge states for ion stopping in solids
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We describe the evolution of the charge state of a fast atomic projectile under the equilibrium conditions as
a stationary continuous-time Markov process with discrete values. The time scale of the charge-state autocor-
relation function is governed by the rate of charge-changing collisions in the target. Describing the collective
electron excitations in the target by a linear-response formalism, we show that the finite response time of the
electron gas makes the mean stopping power and the mean self-energy of the projectile sensitive to the
charge-state correlation effects. We evaluate these effects for light projectiles by using a two-level model for
the Markov process and simple models for the dielectric function of the electron gas.
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Interrelation between the charge states and the energy
of atomic particles, moving through the solid targets, is
much-studied problem, which has been extensively review
recently.1–3 Significant progress has been reported on
evaluation of the electron capture and loss cross sectionssc
and sL , for atomic projectiles in solids.1,4,5 Equilibrium
charge fractions, resulting from those cross sections, h
been used to evaluate the mean stopping power of a pro
tile as a weighted~incoherent! superposition of the stoppin
powers associated with each charge state, as well as the
ping powers associated with charge-changing events.6 A
more complete statistical theory of charged-particle stopp
in the presence of charge exchange has been developed
differential energy loss rates that allow for transitions with
an arbitrary number of projectile states.2,7 Such a theory
yields the mean energy loss as a weighted average ove
instantaneous charge-state distribution of the projectile
both the preequilibrium and equilibrium regimes. Inherent
these approaches is the assumption that the eleme
energy-loss events depend on the instantaneous charge
of the projectile, and the assumption of the statistical in
pendence of different charge-changing events. It should
noted that the charge-state problem is further complicated
fast heavy ions,8 where the screening of the ion by the bou
electrons leads to a nontrivial dependence of the stopp
powerSon the~fixed! ion chargeZ, even though the scaling
S}Z2 is implied by the perturbation theory at high io
velocities.3 Consequently, it may be difficult to relate th
concept of the effective chargeZe f f to the charge-state dis
tribution for heavy ions, based on assumption that the a
age ion stopping power scales as}Ze f f

2 .9

In the present paper, we focus on the energy loss of
light ions, such as H1 and He1, due to the electron excita
tions of the solid, in the presence of the charge-chang
collisions with the target atoms. For high projectile spee
the energy loss is dominated by the collective electron e
tations, which are well described by the linear-respo
formalism.1 We model the projectile as a structured, poin
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charge perturber, moving with a constant velocityv through
an electron gas. Charge-changing collisions may be con
ered as instantaneous events on the time scale of
electron-gas response. The stopping powerS of a projectile
with a fixed chargeZ1 scales asS}Z1

2 and represents the
drag force due to the polarization of the medium in a form
a stationary wake pattern in the frame of reference attac
to the projectile. If the projectile charge is suddenly switch
to the valueZ2, there will be a temporal response in th
polarization of the medium, which propagates on the ti
scale of 1/vp , wherevp is the electron plasma frequenc
The drag force on the projectile will not instantaneously f
low the change of the charge fromZ1 to Z2, but rather will
retain some memory of the preceding chargeZ1. We con-
sider the equilibrium conditions, where the charge state
the projectile is usually assumed to frequently oscillate ab
the mean valueZeq , obtained as a balance of the electr
capture and loss processes. In fact, the charge statez(t) of
the projectile is a stationary continuous-time Mark
process,10 which takes discrete valuesZj . Each realization of
the processz(t) is a staircase function of time, with jumps a
discrete points in timetn , which are distributed in such a
way that the past has no influence on the future if the pres
value of z(t) is defined. With this picture in mind, the su
vival time of a given charge valueZj is given by 1/G j ,
whereG j5Natvs j , Nat being the atomic density of the tar
get ands j the total cross section for the transitions leadi
out of the charge stateZj . That time may be long enoug
compared to the response time of the electron gas, 1/vp , that
a significant correlation between various charge-state va
may arise in the stopping power. We examine below the r
of this correlation in the stopping power and the self-ene
of the projectile, using atomic units.

To be more specific, we adopt a two-level model of t
Markov process, which may be quite appropriate for fas
and He projectiles. Namely, we haveZ151 for He1 and
Z252 for He21, or Z150 for H andZ251 for H1. Defining
14 478 ©1999 The American Physical Society
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Pj (t) as the probability that the charge statez(t) has the
valueZj at time t, one has the familiar rate equations4,8

Ṗ1~ t !52GLP1~ t !1GCP2~ t !,
~1!

Ṗ2~ t !52GCP2~ t !1GLP1~ t !,

where the transition ratesGC,L5NatvsC,L are defined in
terms of the electron capture and loss cross sections,sC and
sL . In the stationary regime, the state probabilities areP̄1

5GC /G and P̄25GL /G, where G5GC1GL . The mean
value of the charge state in equilibrium iŝz(t)&[Zeq

5Z1P̄11Z2P̄2, while the autocorrelation function for th
charge states at timest and t8 is given by10

^z~ t !z~ t8!&5Zeq
2 1Q e2Gut2t8u, ~2!

whereQ[(Z22Z1)2P̄1P̄25(Z22Zeq)(Zeq2Z1). We may
call the two terms on the right-hand side of Eq.~2! the un-
correlated and the correlated part of^z(t)z(t8)&, with the
correlation time in the latter part defined by 1/G.

We now study the polarization of the electron gas by
point-charge perturber, with the densityr(r ,t)5z(t)d(r
2vt), by using the linear-response formalism.1 The corre-
sponding current density isJ(r ,t)5vr(r ,t), and the rate of
the energy dissipation in the electron gas is given by

Ẇ~ t !5E dr J ~r ,t !•Eind~r ,t !, ~3!

where the induced electric field is given in terms of the
duced potential,Eind(r ,t)52¹f ind(r ,t). The solution of
the Poisson’s equation in the medium, described by a die
tric function e(k,v), gives for the space-time Fourier tran
form of the induced potential

f ind~k,v!5
4p

k2
r~k,v!F 1

e~k,v!
21G , ~4!

where the same transform of the perturber density is given
r(k,v)5z(v2k•v), z(v) being the time Fourier transform
of the processz(t). Going to the space Fourier transform
Eq. ~3!, we obtain

Ẇ~ t !52 i E dk

~2p!3

4p

k2
k•vE

2`

` dv

2p F 1

e~k,v1k•v!
21G

3E
2`

`

dt8e2 iv(t2t8)z~ t !z~ t8!. ~5!

The mean value of the energy dissipation rate,^Ẇ(t)&, is
obtained as an ensemble average over all possible rea
tions of the processz(t) in terms of the autocorrelation func
tion ~2!. Based on the decomposition of the autocorrelat
function ~2! into the uncorrelated and the correlated part,
can write the mean value of the stopping power asS[

2^Ẇ(t)&/v5Zeq
2 S01QSc . Here,Zeq

2 andQ are the statisti-
cal weighting factors of the uncorrelated and correlated pa
while the stopping factorsS0 andSc describe the dynamic
of the corresponding interactions with the electron gas.
a
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ing the causal properties of the dielectric function, we obt
for the correlated stopping factor

Sc5
1

p2v
E dk

k•v

k2 E
0

`

dv C~v2k•v!ImF 21

e~k,v!G , ~6!

with C(v)5(G/p)/(v21G2). The uncorrelated stopping
factor S0 is given by the right-hand side of Eq.~6!, with the
functionC(v2k•v) replaced byd(v2k•v), corresponding
to the limit G→0 in C. Note thatS0 is then the standard
expression for the stopping power of a fixed-unit-po
charge.1

In the high-speed regime, one may use for the stopp
power calculations the plasmon-pole approximation1 for the
dielectric function, Im@21/e(k,v)#5(pvp

2/2vk)@d(v
2vk)2d(v1vk)#, where the plasmon dispersion is give
by vk

25vp
213vF

2k2/51k4/4, with vF the Fermi velocity of
the electron gas. Then,S05(vp /v)2 ln(k2 /k1), wherek1 , k2

are the positive roots of the equationvk
25k2v2 with k1

,k2, while the expression~6! for the correlated stopping
factor Sc is reduced to a single integration. Note that t
cross sectionssC,L generally depend on the projectile spe
v, as do the ratesGC,L and the statistical factorsZeq

2 andQ in
the stopping powerS. In order to single out the velocity
dependence of the charge correlation effect on the dynam
of the interaction with the electron gas, we choose to eva
ate the ratioSC /S0, which may also be a useful factor i
attempting to derive the effective chargeZe f f in the form
Ze f f

2 [S/S05Zeq
2 1Q(Sc /S0), in an analogy to the procedur

outlined in Ref. 9. Using parameters for an Al target, w
have evaluated the ratioSC /S0 for the velocity range 2,v
,10 and the values of the total charge-exchange rateG
,1. The results, shown on Fig. 1, indicate substantial
pendence of the charge correlation effect on both the
speed and the rateG. In particular, one finds1 for the He
projectile in the Al target, thatG remains close to about 0.1
in the velocity range 2,v,5, giving the ratioSc /S0 of
about 0.9. However, the values of the ratio of the statisti
weighting factors,Q/Zeq

2 , are found1 to decrease from abou
0.12 to about 0.03 in the same velocity range, which rend
the correlation part of the stopping power relatively sma
but noticeable, for He in Al.

Let us now derive the expression for the projectile se
energy due to the collective electron excitations in the tar
in the presence of charge-changing collisions. We start w
the general definition,

S~ t !5
1

2E d r r~r ,t !f ind~r ,t !, ~7!

and proceed along the same lines as in the derivation of
~5!. The mean value of the self-energy is again decompo
into an uncorrelated and correlated part,E[^S(t)&5Zeq

2 E0

1QEc , with

Ec5
1

2p2E dk

k2 E0

`

dv C~v2k•v!ReF 1

e~k,v!
21G , ~8!

and E0 being obtained by replacingC(v2k•v)→d(v
2k•v). In the high-speed limit, one may use the classi
dispersionless frequency-dependent dielectric funct
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e(k,v)512vp
2/v(v1 ig), with the damping constantg

→01,
to obtain E052(p/4)(vp /v)1 and Ec /E0512(2/p)
arctan(G/vp). Thus, this simple analytical result clear
shows that the dominant parameter in estimating the rol
the charge-state correlation in the plasmon excitations of
electron gas is the ratioG/vp , which compares the fre
quency of the charge-changing collision events to the pla
frequency. Moreover, this ratio may be cast in the fo
l w /l, where l w5v/vp is the characteristic length scale
the wake pattern in the electron-gas polarization, andl
51/(Nats) is the total mean free path for the charg
changing collisions, with the cross sections5sC1sL .

Let us examine the two important extreme cases of
charge-state correlation effects on the stopping power

FIG. 1. Dependence of the ratio of the correlated to the unc
related stopping,SC /S0, on the ion speedv ~in a.u.! and the total
rate of charge-changing collisionsG ~in a.u.!. ~a! SC /S0 versusv
for G50.2, 0.4, and 0.8.~b! SC /S0 versusG for v52, 4, and 10.
d
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the self-energy. If the charge-state collisions are very f
quent,G@vp , the electron gas will not respond to the flu
tuations inz(t), so that the charge states appear unco
lated, ^z(t)z(t8)&.Zeq

2 , and, consequently,S.Zeq
2 S0 and

E.Zeq
2 E0. In the opposite extreme of the infrequent col

sions,G!vp , the charge-state correlations are substantia
Eq. ~2!, and the electron gas will respond efficiently to th
fluctuations inz(t). SinceSc.S0 and Ec.E0 in the limit
G→0, we have an entirely different scaling with the equ
librium charge state, which may be expressed asS.Ze f f

2 S0

andE.Ze f f
2 E0, whereZe f f

2 [Zeq
2 1Q5(Z11Z2)Zeq2Z1Z2.

In conclusion, we have described the projectile char
state evolution in equilibrium as a stationary continuous-ti
Markov process and showed that the time scale of
charge-state autocorrelation function is governed by
cross sections of charge-changing collisions. Because of
finite response time of the electron gas to a fast pertur
undergoing random sudden changes in its charge level, t
are significant interference effects in the excitation pattern
the target. Using the two-state model of the Markov proce
we have described the collective electron excitations of
target by the linear-response formalism, and rederived
expressions for the mean stopping power and the mean
energy of the projectile. The charge-state correlation effe
on these quantities appear through statistical weighting
tors, as well as through the modifications of the dynami
interaction with the electron gas, compared to the case
fixed-charge projectile. Stopping power and the self-ene
have been evaluated for simple models of the dielectric fu
tion, showing that the charge correlation effects on the in
action with the electron gas are primarily governed by
ratio of the total rate for the charge-changing collisions in
target to the electron plasma frequency. Interesting con
sions about the scaling with the equilibrium projectile char
may be drawn for the stopping power and the self-energy
the limits of fast and slow charge-changing events.

It is possible to extend the present theory to the case
fast heavy ions by using a general, multiple-state, Mark
process10 description of the projectile charge states. In th
case, the projectile must be described by a charge-st
dependent density distribution, taking into account the
screening by the bound electrons.3 Finally, a further effort is
required to obtain a complete energy-loss spectrum of
projectile, with the charge state described by a Markov p
cess, using approach similar to that in Ref. 11.

The work reported here was supported by the Natural S
ences and Engineering Research Council of Canada.

r-
d

o-

d

1P.M. Echenique, F. Flores, and R.H. Ritchie, Solid State Phys.43,
229 ~1990!.

2P. Sigmund, Nucl. Instrum. Methods Phys. Res. B69, 113
~1992!; Phys. Rev. A50, 3197~1994!.

3P. Sigmund, Phys. Rev. A56, 3781~1997!.
4Y. Ohtsuki, Charged Beam Interaction with Solids~Taylor &

Francis, London, 1983!.
5G. Schiwietz, inInteraction of Charged Particles with Solids an

Surfaces, Vol. 271 of NATO Advanced Study Institute Series
Physics, edited by A. Gras-Marti, H. M. Urbassek, N. R. Arist
and F. Flores~Plenum, New York, 1991!, p. 517; P.L. Grande
and G. Schiwietz, Phys. Rev. A47, 1119~1993!.
6F. Flores, inInteraction of Charged Particles with Solids an

Surfaces~Ref. 5!, p 3.
7A. Narmann and P. Sigmund, Phys. Rev. A49, 4709~1994!.
8H.-D. Betz, Rev. Mod. Phys.44, 465 ~1972!.
9W. Brandt and M. Kitagawa, Phys. Rev. B25, 5631~1982!.

10A. Papoulis,Probability, Random Variables, and Stochastic Pr
cesses~McGraw-Hill, New York, 1991!.

11A. Bilic, B. Gumhalter, W. Mix, A. Golichowski, S. Tzanev, an
K.J. Snowdon, Surf. Sci.307-309, 165 ~1994!.


