
PHYSICAL REVIEW B 15 NOVEMBER 1999-IIVOLUME 60, NUMBER 20
Deconvolution of activated and variable-range-hopping conduction for barely insulating
arsenic-doped silicon
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~Received 19 March 1999!

An explanation, using the logarithmic derivative method, is given for some previously unexplained features
of the temperature dependence of the conductivity for barely insulating Si:As for 10 K,T,78 K. The results
and analysis suggest an important high-temperature correction to the prefactor of Mott variable range hopping,
and also give more reliable values of the activation energy and the temperature-dependent prefactors of the
activated conduction. The two samples closest tonc provide evidence for temperature-dependent activation
energies. The activated contribution allows the determination of the mobilitym(n,T) for itinerant electrons
above the mobility edge. This mobility is consistent with ionized impurity scattering in the impurity band. The
logarithmic derivative method also provides a method for determining the fractionf a(n,T) of donor electrons
thermally excited above the mobility edge. The activated conductivity results are compared with Manfield’s
expression for impurity scattering as adapted to the impurity band case.@S0163-1829~99!06039-7#
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I. INTRODUCTION

In the early period of semiconductor transport stud
Fritzsche,1 with resistivity measurements versus temperatu
documented the activation energiese1 , e2 , ande3 from the
slopes of lnr(T) versus 1/T plots. Forn-type materiale1 was
the activation energy~from a donor or donor band! to the
conduction band,e2 was the activation energy to the upp
Hubbard band, whilee3 was the activation energy fo
nearest-neighbor hopping when compensation was sig
cant. The theory for the latter was provided by Miller a
Abrahams2 ~MA !. Then Mott3 put forward the notion of vari-
able range hopping~VRH! with a temperature-dependent a
tivation energy. Allen and Adkins4 first documented Mott
VRH for Ge:Sb. The Mott formulation neglected the effe
of electron-electron interactions, but Efros and Shklovs5

~ES! introduced VRH in the presence of interactions and
soft Coulomb gap in the density of states~DOS!. There fol-
lowed many experimental studies showing either Mott or
VRH behavior and some studies showing a crossover
tween Mott VRH and ES VRH by varying magnetic field6

decreasing temperature,7–9 and dopant density. Several the
retical formulations10,11 have been given to describe th
crossover. An early discussion of the crossover frome3 hop-
ping to Mott VRH in the dilute limit has been given b
Shklovskii.12 Very close to the metal-insulator transitio
~MIT ! on the insulating side, Shafarman, Koon, a
Castner13 ~SKC! studied the critical behavior of Mott VRH
for weakly compensated Si:As and found the Mott charac
istic temperatureT0 $T0}@1/N(EF)j3#% scaling to zero as
ND→nc2 . A logarithmic derivative~LD! technique, first
discussed by Hill,14 was employed by SKC for the temper
ture range 0.6,T,78 K. The results showed Mott VRH fo
T,8 K, activated hopping forT.40 K, and a broad nega
tive slope region between the two that was not understoo
the time. The present paper gives a detailed quantitative
planation for this intermediate regime where both activa
and Mott VRH conduction are important. There have be
PRB 600163-1829/99/60~20!/14182~15!/$15.00
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few detailed studies of the crossover between Mott VRH a
activated conduction, however, resistivity and Hall coe
cient data15 for insulatingn-type CdSe have been obtained
the same temperature range. Zabrodskii and co-worke16

have studied the crossover betweene3 hopping and ES VRH
in transmutation doped Ge:Ga with a compensationK50.3
and have used the logarithmic derivative~LD! approach to
obtain theT dependence of the activation energy. The resu
within illustrate how incorrect activation energies can be o
tained from the slope of a lnr(T) versus 1/T plot. In addition,
the LD approach can yield information on theT dependence
of the prefactors of both activated and VRH conduction.

Derivative spectroscopy has been valuable in magn
resonance in resolving partially overlapping resonance lin
while in tunneling studies17 the derivative technique has bee
useful in yielding the density of states and features in
latter such as the (E2EF)2 dependence of the DOS withi
the Coulomb gap. It is not practical to modulate the tempe
ture T by a constant amount because of specific heat va
tions withT and thermal time constants. However, even w
the limitation of point-to-point data collection the LD tech
nique, as pioneered by Moebius18 and Moebiuset al.,19 has
been valuable in MIT studies in determining whether
sample is metallic or insulating. They note for a metal
sample the LDd(T) must approach zero asT→0, while for
an insulating sampled(T) must continually increase asT
→0. Frequently, one cannot decide whether a sample is
sulating or metallic on the basis of just thes(T) data. The
application discussed here gives a more accurate way of
termining activation energies, in addition to providing i
sight on VRH conduction at much higher temperatures th
is possible with just thes(T) data. Simple theoretical no
tions suggest an important correction to the prefactor
Mott VRH and this correction factor also allows a dire
determination of the mobility of activated itinerant electro
in the impurity band.

II. BACKGROUND

For barely insulating samples the Fermi levelEF is lo-
cated in a region of localized states. The density of states
14 182 ©1999 The American Physical Society
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Si:As based on both the conventional Hubbard model and
many-valley case characteristic ofn-type Si is shown in Fig.
1. It shows the lower Hubbard band~LHB, 1s-A1-singly
occupied!, the upper Hubbard band~UHB, 1s-A1-doubly oc-
cupied!, the 1s-T2 band~threefold orbital degeneracy!, and
the 1s-E band ~twofold orbital degeneracy!. Gaussian
shaped impurity bands have been employed, as utilized
Stern20 in considering the screening length asT→0, as a
reasonable approximation for impurity band shapes for a
dom distribution of donors. The positions of these han
relative to the conduction-band edgeECB, are based on spec
troscopic data21 and a self-consistent calculation22 of
E1s-A1(n,T50) asn approachesnc . For the specific case in
Fig. 1 the maxima in the DOS for the individual bands a
ELHB5225.0 meV,EUHB522.0 meV, E1s-T2523.9 meV,
and E1s-E522.5 meV. The valley-orbit splittings betwee
the 1s-A1 and the 1s-T2 and 1s-E states, which result from
the very short-range, donor-dependent central cell poten
are not significantly affected by screening frome-e interac-
tions at higher donor densities nearnc and are assumed th
same as in the dilute limit. The band widths in Fig. 1 a
DLHB56.0 meV, D1s-T25D1s-E58.0 meV, and DUHB
512.0 meV and reflect the larger Bohr radii of th
1s-T2, 1s-E, and UHB states that are much less tigh
bound ~with respect toECB) than the LHB. The energy
E1s-A1(n);225 meV, which corresponds to that expect
for n50.86nc based on results in Ref. 22. Reliable expe
mental values ofECB2E1s-A1(n) for Si:As for n just below
nc are not available. In Stern’s case the width of the Gau
ian band at lowT arose solely from compensation and d
pended on the ionized acceptors (NA

2) and ionized donors
(ND

1). For ND;831018/cm3 and K;1024 Stern’s expres-

FIG. 1. The DOSN(E) of the impurity bands for Gaussia
bands for the LHB, the UHB, the 1s-T2 bands and the 1s-E bands
for Nd51018/cm3. The Gaussian widths are, respectively, 6, 12,
and 8 meV, while the peak positions are, respectively, at225, 22,
23.9, and22.5 meV based on the constancy of the valley-or
matrix elements with donor density. The minimum in the to
N(E) of all four bands is at217.6 meV while EF5m(0)5
218.1 meV. If one removes the 1s-T2 and 1s-E bands and con-
siders the single-valley Hubbard band modelEmin5214.7 meV and
EF5217.3 meV.
e

by

n-
,

l,

-

s-
-

sion yields a widthD;1 meV. The widths in Fig. 1 are
much larger and result from the width of an impurity ba
for a regular array of neutral donors, plus some additio
broadening from the randomness of the donor distributio

The Fermi energyEF(T50) is determined for the two-
band case~LHB and UHB only! from the condition
*EF

`NLHB(E)dE5*2`
EFNUHB(E)dE, namely, that the

number of holes in the LHB equals the number of electro
in the UHB. This yieldsEF5217.3 meV and the minimum
(Emin) in the DOStotal ~lower dashed line! for this two-band
case is at214.7 meV. Adding the 1s-T2 and 1s-E bands the
RHS of the condition involves NUHB(E)1N1s-T2(E)
1N1s-E(E) andEF is lowered to218.1 meV, a decrease o
0.8 meV. The minimum in the DOStotal ~upper dashed line!
for the many-valley case is at217.6 meV, a decrease of 2.
meV. In both casesEF,Emin because the LHB width is
smaller than that of the higher energy bands. In the relev
many-valley, four-band caseEmin2EF;0.5 meV, This value,
compared with the larger experimental activation energ
Ea5Ec2EF obtained for the four Si:As samples discuss
herein, suggests thatEc.Emin so thatEc andEF may lie on
opposite sides ofEmin . Sincee25Ea(n) scales toward zero
asn→nc2 , bothEc andEF are close to the minimum in the
DOSt(E), but EF is much closer toEmin than Ec . For
broader bandsEF can be aboveEmin .

A weak random potential introduces localized states in
tails of an isolated band and produces two mobility edges
this band. However, for a sufficiently strong random pote
tial all the states in this isolated band can be localized. In
case of strongly overlapping bands, as in Fig. 1, effectiv
there will be only a single mobility edgeEc , as indicated in
Fig. 1 at an energy aboveEmin . The position ofEc(n,T
→0) depends on the magnitude of the screened random
tential~weak just belownc) and is not accurately determine
from calculations. While one might associateEc with the
lower mobility edge of the UHB, in the multivalley case wit
the 1s-T2 and 1s-E bands strongly overlapping the UHBEc

should be identified with this complex of band states rat
than with a single band. One should not expect differentEc’s
for the UHB, 1s-T2 , and 1s-E bands because this woul
lead to the coexistence of localized and itinerant states a
same energy. This is not expected to happen in single ph
random systems except in unusual circumstances. Bec
the upper mobility edge associated with the LHB must
well belowEF in energy, it will play no role inT-dependent
transport at relatively lowT.

The fact that bothEF andEc are relatively close toEmin
for the total DOS has important implications for the tran
port, namely, for the activated conduction and for the VR
conduction of the Mott form. It is the total DOS of the LHB
the UHB, and the 1s-T2 and 1s-E bands that is importan
for the VRH. This can be seen because the LHB consist
singly occupied donor states while the UHB consists of d
bly occupied states. An electron in the LHB can be excited
a state in the UHB, or to the 1s-T2 or 1s-E bands, or to a
empty state~hole! in the LHB. The same is true of the exc
tation of occupied states in the UHB or the 1s-T2 and 1s-E
bands. Thus, it is not the single Hubbard band DOS tha
important for the Mott VRH, but it is the total DOS from a
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14 184 PRB 60T. G. CASTNER AND W. N. SHAFARMAN
the overlapping bands that enters Mott’s formulation
VRH.

The minimum in DOStotal is shallower than for the simple
Hubbard band case with just LHB and UHB and this h
implications for theT dependence of the chemical potent
m(T). Finally, the shape of DOStotal(E) in Fig. 1 can be
significantly altered for the many-valley case by chang
the widths of the 1s-T2 and 1s-E bands. If these bands ar
broadened by 25% relative to those shown in Fig. 1 the m
mum in DOStotal(E) will disappear and be replaced by a
inflection point. However, even in this case the total DOS
slowly varying in the immediate vicinity of the inflectio
point.

For barely insulating samples the temperature-depen
conductivity s(T) consists of two types of contributions
namely, a hopping contributionsh(T) for transitions be-
tween localized states and an activated contributionsa(T)
resulting from thermal excitation of electrons into extend
states with energies above the mobility edgeEc . For the
latter the thermal activation is to states withEc,E,ECB in
the impurity conduction band. The impurity band conducti
is characterized by an activation energye25Ec2m(T)
5Ea . Thermal activation to states withE.ECB @with acti-
vation energye1(n)# can also occur, but will represent
negligibly small fraction ofsa(T) becausee1(n) is consid-
erably larger thane2(n) as n approachesnc . sa(T) results
from itinerant electrons in extended states aboveEc in the
impurity band. These itinerant electrons have a mobility t
is similar to itinerant electrons in the host Si CB. The ac
vation energye3(n) from Ref. 1 is associated with neares
neighbor hopping between localized states and results f
compensation. This contribution is negligible forn just be-
low nc for weakly compensated samples (NA /ND!1, where
ND andNA are the donor and acceptor concentrations!. The
hopping considered below is Mott VRH because the hopp
energyDh(T) is greater than the Coulomb gap width asso
ated with ES VRH. This is the case for Si:As and Si:P
1-n/nc,0.1.

For the data analysis the VRH contribution is taken
ln sh(T)5ln@A(n)(1/T)s#2(T0 /T)m where m;1/4 for Mott
VRH, A(n) is a density-dependent constant, ands(n) is the
exponent for the prefactorT dependence. The activated ter
is of the formsa5Ss0,i(T)p,ie2Ei(T)/kT whereEi is the ac-
tivation energy for thei th activation process andpi is the
power-law exponent of the prefactor. Below only a sing
component of activated conduction will be considered in
data analysis, but the analysis is readily generalized to m
tiple components with differentEi . Defining the logarithmic
derivative (LD)d52d ln s(T)/d ln(1/T) one obtains

da52d ln sa /d ln~1/T!5p1Ea~T!/kT2dEa /dkT,
~1a!

dh52d ln sh /d ln~1/T!52s1m~To /T!m. ~1b!

The third term on the right of Eq.~1a! results from a
temperature-dependent activation energy and is related to
changes in the chemical potentialdm(T) and Ec(T). With
Ea(T)5Ec2m(T), where the Fermi energy atT50 is
m(0)5EF , dEa /dT5dEc /dT2dm/dT and da5p
1Ea(0)/T1(T/)@d(m/T)/dT#, where we have setk51 and
f
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measureT in energy units. The temperature dependence
m(T) is discussed in Sec. III. The second term indh in Eq.
~1b! can also be written asDh /T, whereDh51/4(T3T0)1/4 is
the mean hopping energy. Qualitatively, bothda anddh in-
crease with increasing values of 1/T, although the latter in-
creases at a slower rate sincem51/4 for Mott VRH. The
total conductivitys t(T)5sa(T)1sh(T) yields a total LD
d t given by

d t5~sa /s t!da1~sh /s t!dh . ~2!

The Mott VRH expression lnsh5ln@A(1/T)s#
2(T0 /T)1/4 is established by the data at sufficiently lo
temperatures wheresa!sh ands t;sh . At higher tempera-
tures wheresa is comparable tosh an increasingly larger
fraction f a(n,T) of electrons are thermally excited above t
mobility edge atEc . This in turn implies only (1-f a)n of the
electrons will be available for VRH conduction and sugge
an important high-temperature correction to the prefacto
Mott VRH. One can calculatef a using nh(T)1na(T)5n,
f a5na /n, and the standard result

na5E
Ec

`

N~E! f ~E,T!dE, ~3!

whereN(E) is the DOS andf (E,T) is the Fermi function
f 5@e(E2m(T))/T11#21 with m(T) the chemical potential.
The activated contribution sa5na(T)ema(T)
5ne fa(T)ma(T) wherema(T) is the mobility of activated
carriers in extended states in the impurity conduction ba
ma(T) is analogous to to the classical mobility of carriers
the CB @E.ECB# and will be determined by ionized impu
rity scattering in then andT range of relevance.

For a constant N(E) for E.Ec one obtains na

5N(Ec)T ln@11e2Ea(n,T)/T#. If the DOS is expanded abou
Ec@N(E)5N(Ec)1(dN/dE)Ec(E2Ec)1¯# the next term
in the expansion forna will be given approximately by
(dN/dE)EcT

2 ln@11e2Ea/T#. Adding this term na
5N(Ec)T@11aT# ln@11y# where a(T)5d ln N(E)/dEuEc(T)
and y5e2Ea/T. The experimental results and the DOS
Fig. 1 both suggest that (dN/dE)EcT!N(Ec) in the low-T
region. Based on the values ofEa(n,T) and them(T) results
in Fig. 2 it appears the DOS itself depends onT for T
.15 K. However, it is difficult to incorporate the effects of
T-dependent DOS onf a and an empirical formf a,emp(n,T)
5BTq ln@11e2(Ec2m(T))/T# has been employed in the da
analysis.B and q, which are coupled, are determined fro
the data near 77 K using the expressionf a5sa /nema(T).
With sh,c5sh(12 f a) andsa,c5s t2sh,c the corrected LD
valuesdh,c andda,c become

dh,c5dh2@ f a /~12 f a!#d ln f a /d ln T, ~4a!

da,c5~1/sa,c!@s td t2sh~12 f a!~dh,c!#. ~4b!

Using the result da,c[d ln sa,c /d ln T5d ln fa /d ln T
1d ln ma,c /d ln T to eliminated ln fa /d ln T from Eq.~4a! and
substituting Eq.~4a! into Eq. ~4b! one obtains the importan
result

da,c5da1@ f ash /~s t2sh!#@dh2d ln ma,c /d ln T#. ~5!
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This exact result is useful since it allows a determination
da,c if f a(T) is known sincef a determinessa,c , ma,c , and
d ln ma,c /d ln T. However, this expression can also be used
an iterative manner to calculatef a(T) usingda,c values de-
termined initially from f a,emp. The expression forf a(n,T)
from Eq. ~5! does not depend on the magnitude
ma,c(n,T). Arbitrary forms of f a(T) won’t satisfy Eq.~5!
and the requirement 0, f a,1. For example, iff a}Tn and
sa,c}Tm(m,n) one finds from Eq. ~5! f a5@(s t
2sh)/sh] @(m2da)/(dh1n2m)#. f a changes sign form
,3 – 5 sinceda(T) increases with 1/T as shown in Fig. 6.
Only a form f a}Tqe2Ea/T @d ln fa /d ln T5q1Ea /T
2dEa /dT# gives a result that can explain the data. The c
dition 0, f a,1 and the data also restricts the values
d ln ma,c /d ln T. For sample 8.41@n50.98nc#
2d ln ma,c /d ln T.0.4 for T.60 K to keepf a,1 because of
the small values ofdh . Theq in the empirical expression ca
depend onT and the series expansion approach sugg
q(T)511h(T) whereh(T)5 ln(11aT)/ ln(T/Tk) whereTk
is a constant such thatTk!T. This expression forh(T) ne-
glects higher terms in the expansion. In the intermediatT
regime the quantitiess t andd t are measured,sh anddh are
extrapolated from the lower-T region where Mott VRH
dominates, andd ln ma,c /d ln T is inferred from the data. Us
ing the expression f a(n,T)5N(Ec ,T)kT(T/Tk)

h@ ln(1
1e2Ea(n,T)/T)# one finds

d ln f a /d ln T5@11~Ea /T!f~y!#2f~y!dEa /dT

1d ln N~Ec~T!,T!/d ln T

1 ln~T/Tk!dh/d ln T. ~6!

Ea(n,T) is determined from the data~Fig. 5! and it also
determinesf(y)5y/$(11y)ln(11y)#. The experimental re-
sults suggestq>1. The second and third terms are harder
characterize, but withdEa /dT5dEc /dT2dm/dT this sug-
gests a coupling between these two terms. The last ter
positive and of order aT/(11aT) where a(T)
5d ln N(E)/dEuEc(T) . This term is very small at lowT com-
pared to the first term, but might be important at higherT.
Using d ln N(Ec)/d ln T5T/N(Ec)udN(E)/dEuEc(dEc /dT)
5aT(dEc /dT), and dEc /dT5dEa /dT1dm/dT, da,c be-
comes

da,c511Ea /T2dEa /dT

1aT@dEa /dT1dm/dT1~11aT!21#

1d ln N~Ec ,T!/d ln T1d ln ma,c /d ln T. ~7!

Thef(y) term is dropped in Eq.~7! when the data is fit to
sa,c}e2Ea/T rather than to ln@11e2Ea/T#. For a T indepen-
dent N(E) if dm/dT,0 andm(T) decreases more rapidl
than the increase inEa(T) thenEc(T) will decrease causing
N(Ec) @and alsoa(T)# to decrease sinceEc(0) is well above
Emin . On the other hand, ifm(T) increases~unlikely for T
.20 K) @or m(T);const# while Ea(T) increases withT then
Ec(T) increases andd ln N(Ec)/d ln T.0. For aT dependent
N(E,T) likely at higherT the situation is more complex, bu
leads to a nonzerod ln N(Ec)/d ln T. The parametera(T),
which is the fractional slope ofN(E) at Ec plays a key role
in the higher order corrections forda,c . For the DOS in Fig.
f

n

f

-
f

ts

o

is

1 one findsa50.25/meV forEa;4 meV. Thus,aT might
be of order unity in the middle of ourT range suggesting the
corrections might be important. However, foraT near unity
the dEa /dT terms will nearly cancel. In addition,dm/dT
and (11aT)21 are of opposite sign above 20 K. Furthe
more, if Ec(T) approachesEmin at higherT,a(T) becomes
small and these corrections become small. At lowerT the
fourth term in Eq.~7! will decrease asT leaving the third
term as the correction. It is only the first three terms and
last term that are known from the experimental resu
Hence,da,c is calculated asd ln sa,c /d ln T and then one at-
tempts to infer the magnitude of the corrections.

III. TEMPERATURE DEPENDENCE OF THE CHEMICAL
POTENTIAL µ„T…

Of importance for determining the activation energyEc
2m(T) appearing inf a(T) is the temperature dependence
m(T). The classical semiconductor result23 for the weak
compensation, valid forCeT

3/2@NA@Ce52(2pm*k/h2)3/2

5631015/cm32K3/2 for Si#, is given by

m~T!5~ECB1ED!/21T/2 ln@~ND2NA!/2CeT
3/2#. ~8!

Equation~8! is based on discrete donor levels and theref
ignores impurity banding. It also neglects the contributio
from the 1s-T2 and 1s-E states. It yields a positive correc
tion for 2CeT

3/2,(ND2NA) and a negative correction fo
2CeT

3/2.(ND2NA). For Si:As withND;831018/cm3 and
NA!ND the crossover occurs atT;76 K while at 40 K the
correction isdm511.6 meV. The classical result is not re
evant for the band situation shown in Fig. 1. Usingna(T)
from Eq. ~3! and the density of localized electronsnh

5*2`
Ec N(E) f (E,T)dE involved in hopping, and the conse

vation conditiond/dT@na(T)1nh(T)#50 it is straightfor-
ward to obtain

Tdm/dT52E
2`

`

~E2m!N~E! f ~12 f !dEY
E

2`

`

N~E! f ~12 f !dE. ~9!

Using f (12 f )52(] f /]E)T and that ] f /E) is sharply
peaked aboutm(T), Eq. ~9! can be evaluated by the Som
merfeld expansion approach~Appendix A!. Alternatively, a
direct numerical integration of the integrals in Eq.~9! can be
performed at a series of equally spacedT.

Figure 2 shows the results form(T) for the total DOS
N(E) shown in Fig. 1 using parameters appropriate for Si:
for ND just below nc . Also shown is the classical depen
dence ofm(T) based on Eq.~8!. This result, which neglects
the 1s-T2 and 1s-E states, shows a large positive increa
that peaks forT;30 K and then steadily decreases. The c
rectiondm(T) does not become negative untilT.80 K. The
negative decrease results from the conduction-band s
with E.ECB50. The band case~d!, calculated with Eq.~9!
using the integrals, exhibits a very shallow maximum a
Dm(T) turns negative forT;19 K. For T.50 K m(T) is
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14 186 PRB 60T. G. CASTNER AND W. N. SHAFARMAN
falling almost asT2. The curve~s! shows the same calcu
lation using the Sommerfeld expansion technique using
derivatives ofN(E) up tod6N/dE6 obtained directly by nu-
merical differentiation ofN(E) in Fig. 1. Another case~L!
for larger band widths and a shallower minimum withEF
2Emin51.05 meV exhibits a small negative slope forT
,20 K and an overall changeDm525.1 meV between 0
and 78 K. For the same band parameters, but including o
the LHB and UHB (Emin5213.0 meV! m(T) increases
from 214.7 meV at 0 K to 213.0 meV at 78 K, but with a
substantial decrease indm(T)/dT asm(T) approachesEmin .

For the impurity band cases in Fig. 2 the contributi
from the conduction-band~CB! states aboveECB50 is very
small. At T575 K the CB contribution to the numerato
*N(E)„E2m(T)…f (12 f )dE is 2.4% for m5222.3 meV
and 4.75% form5218.1 meV. ThenCB correction for the
denominator is in the same range. AtT575 K and m5
218.7 meV,nCB51.731017/cm3, or only 2% ofND for the
8.41 sample. The maximum inN(E) at E;24 meV of
3.2831018/cm3-meV is large compared toNCB(E)}(E
2ECB)1/2 for E just aboveECB. NCB(E) only becomes com-
parable to max@N(E)# for E;1200 meV. The large decreas
in m(T) for the Si:As impurity band case results direct
from the 1s-T2 and 1s-E bands. For the Hubbard band ca
~single valley! m(T) would remain abovem~0! for T up to 75
K.

A second crucial point about the results in Fig. 2 for t
impurity band case is thatN(E) was assumed rigid and in

FIG. 2. The chemical potentialm(T) versusT for the discrete
level case~D! from Eq.~8! and for several impurity band case usin
Eq. ~9!. The discrete level case neglects excited 1s bands. It shows
that CB states do not pushm(T) negative untilT.80 K. For the
impurity band case the curves@s, Sommerfeld expansion,d nu-
merical integration# are based on the DOS in Fig. 1.m(T) is pushed
negative by the larger DOS well abovem(T) from the 1s-T2 ,
1s-E, and UHB states. The slight rise inm(T) for T,15 K results
becauseEF5m(0) lies belowEmin in N(E). A second case~L!
with slightly broader bands andEF2Emin51.05 meV shows a smal
negative slope forT,15 K and a slightly greater changeDm at 78
K. When N(E,T) becomes smaller~between the arrows! below
ECB at higher T,m(T) drops less rapidly~!! and could flatten for
40,T,80 K.
e

ly

dependent ofT. Experimental data show big increases in t
low-frequency dielectric responsee8(ND ,v,T) at relatively
low T resulting from hopping. ForT.25 K many electrons
are excited aboveEc ande8(ND ,q,v,T) is not well charac-
terized experimentally. However, for largef a e(T)5eh

2(vpt)2 exhibits a plasma contribution wherevp
2

54pe2na /m* . With a significant increase in
e8(ND ,q,v,T) at intermediateT for q;p/d @d5ND

21/3# the
enhanced screening may push the 1s-T2 , 1s-E, and UHB
up in energy and these bands may no longer be bound be
ECB. QualitativelyN(E,T) for E just belowECB would de-
crease, thus reducing the negative decrease inm(T). A suf-
ficiently large decrease inN(E,T) betweenEmin andECB can
causem(T) to flatten to a new asymptotic valuem(T* ) for
T.T* . An example is shown in Fig. 2 where the 1s-T2 and
1s-E N(E) are reduced at 33 K and again at 66 K, th
leading to a nearly lineardm/dT;20.5.

IV. EXPERIMENTAL RESULTS

For the data taken between 4.2 and 77 K the samples w
mounted in thermal contact with a Cu block thermal res
voir encased in a vacumn can containing4He exchange gas
A noninductive heater coil of manganin wire was used
heat the Cu block above 4.2 to 77 K. The sample leads
the thermometer leads were heat sunk to both the exte
liquid He reservoir and to the Cu block. The calibrat
(1.4,T,100 K) Ge resistance thermometer was mounted
a hole in the Cu block. The absolute accuracy of the
thermometer was60.2%. The LD d t was calculated from
the expression d52(1/s(T2)T2)@s(T3)2s(T1)#/@1/T3
21/T1#. For s(T) changing slowly withT this expression
gives reliable values ofd t(T). For the data taken below 4.
K a specific effort was made to take points equally space
1/T. For the data forT.10 K the data was taken in equa
intervals ofDT. As an example, forDT5T32T151.0 K at
T;20 K the maximum uncertainty inD(1/T) is of order
7.7% assuming thermal equilibrium and sufficiently lo
power dissipation to ensure Ohmic conduction.

Thed t vs 1/T data for 1/T,0.1 taken from Fig. 6 in SKC
for four insulating Si:As samples, which has been smooth
and replotted in Fig. 3, shows the high and intermediate te
perature regions. The latter region is of particular inter
becaused t is decreasing with increasing 1/T, whereas at high
Td t}1/T and at lowT@T,5 K#d t}(1/T)m with m;1/4. The
intermediate region was not satisfactorily explained in SK
but can be readily explained with Eq.~2!. In this regionda
@dh , but sa /s t is dropping rapidly with 1/T, thus causing
d t;(sa /s t)da to decrease with 1/T until (sa /s t)da
;(sh /s t)dh , below whichd t reaches a minimum and the
rises slowly withd t;dh . In the intermediate regionsa /s t is
falling exponentially with 1/T while da /dh is only increasing
as (1/T)12m. Because thed t vs 1/T data can be satisfactorily
explained with only the two componentssa(T) and sh(T)
this provides the justification for the deconvolution ofsa(T)
andsh(T) and a direct determination ofda(T) andda,c(T).

Two features of the original SKC data should be me
tioned. First, theDs5sn512sn shows and even-odd varia
tion of about 10% that accounts for the bimodal feature
the SKC data in Fig. 6 for the 7.57 and 7.90 samples
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0.05,1/T,0.10 that could result from an even-odd variati
in the temperature intervalDT5Tn112Tn . This is removed
by the smoothing ofd t . Second, the 7.57 sample exhibits
s-like ‘‘resonance’’ feature for 0.055,1/T,0.066 that is be-
lieved to be an experimental artifact resulting from a no
Ohmic effect from excessive applied current for eights(T)
points that show a bump for 0.055,1/T,0.070. Most of this
‘‘resonance’’ is removed by removing the bump. Th
smoothing procedure actually broadens the width of
‘‘resonance.’’ Despite these experimental difficulties, whi
only become obvious in the LD plots, the overall trends
d t(T) are well established.

Figure 6 in SKC~Ref. 13! shows a minimum ind t vs 1/T
at a temperatureT* (n) with T* ;10 K for n57.39
31018/cc andT* ;3 K for the 8.4131018/cc sample. The
minimum shifts to smallerT asn→nc2 because of the rapid
decrease inT0 as n→nc2 . An important consideration a
higher temperatures is whether the weighting factorsh /s t
becomes small enough at highT (T.50 K! so that one ob-
tainsd t;da at highT. The data and analysis show this is n
the case if the low temperature form of Mott VRH is a
sumed to hold at higherT well above 10 K. The magnitude
of the activation energies obtained suggests an increasi
large fractionf a of electrons will be excited above the mo
bility edge at energyEc with increasingT. Ea will be ob-
tained from the lower temperature data@1/T.0.05# where
m(T) is nearly constant~see Fig. 2! and thereforeEa(n) is
Ec2EF . In the empirical expression forf a(n,T) B and q,
which are coupled, will be determined from the data at l
enough T that f a is small using sa,c5naema,c(T)
5ne fama,c(T). B is directly related to the DOSN(Ec).
Based on the possibility of an increasing DOS aboveEc , an
intermediate valueq51.25 was initially assumed and th
yieldedB50.0938 meV21 for Tk51 K. The strongestn de-
pendence off a(n,T) results from the activation energ
Ea(n), which is experimentally determined. One also e
pects somen dependence ofN(Ec), but this information is

FIG. 3. The smoothed LDd t versus 1/T for the four samples in
the high and intermediateT regions. Larger data scatter occurs f
smaller intervals ofDT. Thes-like ‘‘resonance’’ on the 7.57 curve
is believed to result from an experimental artifact and is partia
removed by removing the bump ins t(T) @more obvioussa(T)# for
0.05,1/T,0.062 K.
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not known and assumptions aboutN(Ec ,n) are speculative.
N(EF ,n) can be obtained from low-T specific heat results
but that is not possible forN(Ec). The Si:As data shown
below yieldsda values measurably larger thand t , thus lead-
ing to significant increases in the activation energyea using
the LD technique and Eq.~2!.

Values ofsa , sa,c , sh , and sh,c for the four samples
@7.39, 7.57, 7.90, and 8.4131018/cc# shown in Figs. 2 and 6
in SKC have been calculated usingsa5s t2sh , sa,c5s t
2sh,c , and sh,c5sh(12 f a) above and the parametersA
andT0 for the Mott VRH contribution@for s50 case# deter-
mined from the data for 0.5,T,5.0 K in SKC. The results
for ln s(T) versus 1/T are shown in Fig. 4 for two sample
@7.57 and 7.90#. For the more dilute 7.57 samplesa shows a
reasonable fit to activated behavior with a single value
Ea , although small deviations from a pure exponential fit a
observed. Howeversa,c(D) shows some upward correctio
which the LD analysis will attribute to a prefactor depe
dence. The 7.90 sample~m! and also the 8.41 sample@data
not shown# exhibit significant deviations from a pure expo
nential fit, which might be caused by more than one acti
tion energy or by the temperature dependence ofEa(T)
throughEc(T) and/orm(T), but further discussion will fol-
low the presentation of the LD data.s t(T) data for the 7.57
and 7.90 samples is also shown in Fig. 4. The results sug
there is still a significant contribution fromsh(T) for T
.40 K. The slopes of lnst and lnsa or lnsa,c vs 1/T are
quite different, suggesting problems with obtaining activ
tion energies from the slopes of the lnst vs 1/T curve. For
the 7.90 sample at 77.4 K the analysis showssa;0.6s t ,
however,sa,c;0.93s t . The behavior ofsh,c(T) shows a
broad maximum located atTmax;50, 38, 24, and 12 K for
the 7.39, 7.57, 7.90, and 8.41 samples, respectively. T
shift in Tmax with density is explained by the rapidly decrea
ing Mott VRH T0 ~see Table I!. The crossing of the curve
for both sh and sh,c for the two samples in Fig. 4 result
from the density dependence of the Mott VRH prefac
A(n), which increases with decreasingn. The rapid drop in

y

FIG. 4. The conductivity contributions versus 1/T for the 7.57
and 7.90 samples. Shown ares t ~stars!, sh,c ~d,s!, sa,c ~m,n!, sh

~solid lines!, andsa ~solid lines!. The Mott VRH parametersA and
T0 for sh were determined from the data fit in SKC fors50.
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sh,c is determined by the factorf a(n,T) with the most rapid
drop occurring for the smallest activation energy. The ra
drop insh,c(T) for T.2Tmax depends critically on the mag
nitude of 12 f a(n,T) and is very sensitive to the corre
value of Ea(n). Nevertheless, this high-temperature corre
tion to Mott VRH is essential and is far more important th
other prefactorT dependences forn just belownc . It is only
the fractionnh /n512 f a of the donor electrons that can b
involved in hopping because the fractionf a above the mo-
bility edgeEc are involved in itinerant electron transport
the impurity band.

It will be shown from the LD plot ofda,c versus 1/T that
the exponentp of the prefactor ofsa,c is close to 0.5. This
result agrees with the prefactor dependence off a(n,T)@ f a
}T# andma,c}T21/2 ~see Fig. 7!. Thus, a more reliable de
termination of the activation energyEa(n) associated with
sa,c can be obtained from a plot ofsa,c /T1/2 versus 1/T as
shown in Fig. 5 for the four samples. The 7.39 and 7
samples are well characterized by a single activation ene
On the other hand, the 7.90 and 8.41 samples exhib
T-dependentEa(n,T). The inset in Fig. 5 demonstrates the
samples can be fit by a high-T Ea(T) that is slowly varying
for T.50 K and a low-T Ea(T)2Ea(0)}T for T,25 K.
These activation energies are listed in Table I. The 7.90
8.41 samples showma,c;constant in the low-T range. This
suggests plottingsa,c /T versus 1/T for the low-T range. It is
unlikely that dEa /dT;constant continues toT50 K. The
results in Fig. 5 also illustrate the difficulties in accurate
determiningEa asn→nc2 .

V. DISCUSSION

Using the experimental values ofs t(T), calculated values
of sh and dh extrapolated from the lowT region, and

FIG. 5. sa,c /AT versus 1/T is shown for the 7.39, 7.57, 7.90
and 8.41 samples. The 7.39 and 7.57 cases yield a single activ
energy while the 7.90 and 8.41 cases show an activation energy
changes withT, probably resulting from theT dependence ofEc(T)
or m(T). The inset showsEa(T) for the 8.41 sample found from
Ea(T)5T@ ln A(p)2ln(sa,c /Tp)# with p;0.5. ~n! for T.40 K and
p51.17 (m) for T.30 K. The solid line is the best overall fit fo
Ea(T).
d

-

7
y.
a

d

smoothed experimental values ofd t from Fig. 3 one calcu-
lates values ofda(T) using Eq.~1a! andsa5s t2sh . Cor-
respondingly,da,c is calculated directly from the data fo
sa,c usingda,c[d ln sa,c /d ln T rather than using Eq.~7! be-
cause of the lack of knowledge of the correction terms. T
results for the four samples are shown in Fig. 6. The so
lines showda(T), while the data points representda,c(T).
The slopes, which determine the activation energy~ener-
gies!, monotonically decrease with increasingN. Because of
the subtractions involved there is more data scatter at la
values of 1/T where the quantityd t2(sh,c /s t)dh,c @d t
2(sh /s t)dh for the case without corrections# is small and
sa /s t is also small. The main problem in the analysis are
larger errors ind t(T) at larger values of 1/T, which was not
fully appreciated during data collection. The wiggle for th
7.57 sample for 0.060,1/T,0.070 K21 reflects thes-like
resonance in Fig. 3. The scatter is less for the 8.41 sample
1/T,0.06 K21 because of larger intervalsD(1/T). The dif-
ferenceda,c2da is very small for 1/T.0.05 K21 because
da,c2da} f a(n,T) and f a(n,T) becomes small asT→0. At
the largestT for 1/T,0.02 K21 there is an appreciable dif
ference between the slopes ofda,c andda suggesting differ-
ent activation energies at highT with and without the
f a(n,T) correction. The principal effect of the correctio
factor f a(n,T) is the removal of the droop in theda vs 1/T
curves at small values of 1/T which is largest for the 7.39
and 7.57 curves. All of the curves forda,c show an intercept
near p;1/2 as 1/T→0. In addition the slopes for the 7.3
and 7.57 samples are reduced indicating a reduction in
activation energyEa,c(n). The data suggest a more comple
situation for the 7.90 and 8.41 samples@at n/nc;0.92 and
0.98, respectively# because for 1/T.0.03 K21 the slope de-
creases with increasing 1/T consistent with the inset in

ion
hat

FIG. 6. LD for the activated components(T) versus 1/T for ~a!
7.39 and 7.90 samples;~b! 7.57 and 8.41 samples. The solid line
are the uncorrectedda( f a50) and show a falloff at small values o
1/T. The peaks and dips for 1/T.0.05 K21 result from errors ind t ,
probably due to errors in the temperature intervalsDT. Theda,c for
the 7.90 and 8.41 samples show one activation energy at highT and
a T dependentEa(T) for T,36 K.
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TABLE I. Activated and variable-range-hopping parameters.

Sample
1018/cm3 T0 ~K!

Rh /j
Tmax

Dh ~meV!
Tmax

Ea ~meV!
Ref. 6

Ea ~meV!
Fig. 5

f a,calc

T525 K
Ea,c

meV pa

7.39 1470 0.87 2.44 3.9 6.046 0.1 0.018 6.26 0.2 0.50
7.57 278 0.62 1.30 3.8 5.046 0.1 0.029 5.36 0.2 0.57
7.90 14.1 0.38 0.29 3.4 2.66 0.2 0.081 2.96 0.2b 0.62

4.0 6 0.2 4.1 6 0.4
8.41 0.136 0.12 0.08 2.6 2.06 0.2 0.143 2.16 0.2b 0.50

3.5 6 0.2 3.9 6 0.4

aErrors inp are60.1, but are coupled to errors inEa,c .
bAt T511 K2Ea(T) linear in T for 10,T,32 K.
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Fig. 5. This supports a continuously varyingEa(n,T) result-
ing from a T-dependentm(T). The larger slopes for 1/T
,0.03 are affected by thef a correction. Using the data fo
1/T.0.04 K21 and ignoring the downward curvature fo
1/T,0.04 K21 one would obtain extrapolated interceptsp
;1.2 for the 7.90 and 8.41 samples. The uncorrectedda
results for 1/T,0.025 K21 yield p;0 for 8.41 sample and
negative values ofp for the 7.39 and 7.57 samples. All of th
activation energies are listed in Table I. A more subtle is
concerns the sign ofda,c2da from Eq. ~5!. da,c2da.0 for
the 7.39, 7.57, and 7.90 samples~with the exception of two
points for 7.90 where the errors inda are large!. The 8.41
case hasda,c2da.0 for T.22 K and da,c2da,0 for T
,22 K ~except for one point!. This is consistent with
ma,c(T) reaching a maximum~see Fig. 7! nearT;25 K and
the quantity@dh2d ln ma,c /d ln T# changing sign for 20,T
,23 K.

The correctedEa,c values are 50610% larger than in-
ferred from the slope of lnst vs 1/T in SKC for the 7.39 and
7.57 samples. The smaller of the two activation energie
scaling toward zero with (12n/nc) faster than values ob
tained in SKC. The presence of bands associated with
1s-T2 and 1s-E excited donor states lying betweenEc and
the conduction-band edge atECB needs to be considered.
seems unlikely, based on the DOS in Fig. 1, that these ba
can account for structure in the DOS aboveEc that gives rise
to more than a single activation energy. It is plausib
though not possible, to prove in the absence of an accu
DOSN(E,T), that the larger activation energy at larger va
ues ofT arises from the drop inm(T) at larger values ofT.
The intercept ofda,c as 1/T→0 yields the exponentp of the
prefactor ofsa,c(T). Figure 6 yields for the four sample
^p&;0.5560.1. This is consistent with the prefactor
na (Tq, q;1.15) andma,c}T2s (s;0.55), as discussed be
low, in the regionT.50 K. The s value is close to the
Conwell-Weisskopf~CW! prediction24 for ionized impurity
scattering for this density andT regime. The CW prediction
was originally derived for itinerant electrons in the host co
duction band but it should also apply to itinerant electrons
the impurity band, but with different parameters such as
effective mass m* . The simplest explanation for
T-dependent activation energy, as seen in Figs. 4 and 5
the 7.90 and 8.41 samples, results fromEa5Ec2m(T) with
m(T) ~or Ec) changing by about 1.5 meV for 20,T
,78 K. Alternatively, for two contributions tosa , namely,
sa5CTqe2Ea/kT1DTte2(Ea1W)/kT, whereW could be the
splitting between two separate mobility edges, when one
e
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he

ds

,
te

-
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culates the LD forda one obtainsda;q1Ea /kT for W/kT
@1 and da;r 1(Ea1W)/kT for much smaller values o
W/kT. The expression forda(T) involves a crossover func
tion f(T)/@11f(T)#@f(T)5(D/C)Tt2qe2W/kT#. This ap-
proach can be shown to be inconsistent with the 7.90
8.41 results where for T,30 K Ea(n,T)2Ea(n,0)
;C(n)T. As already mentioned one expects only a sin
mobility edge aboveEF @m(T)#.

Values of the activated electron conductivity mobili
ma,c are readily obtained fromma,c5sa,c /nefa5(1/ne)@(s t
2sh)/ f a1sh#. Sincesh(T) varies slowly withT the key to
the T dependence ofma,c rests with the ratio (s t2sh)/ f a .
For the more dilute samples with largerEa , f a drops more
rapidly than s t2sh with decreasingT and ma,c(T) in-
creases. For the 7.90 samplema,c shows little no change for
14,T,30 K implying s t2sh and f a are changing at virtu-
ally the same rate withT. The results forma,c(n,T) in Fig. 7
indicate a trend toward a universal behavior at the higheT
for T.50 K that showsma,c}T2s with s50.55, 0.48, 0.54,
and 0.57, respectively, for the 8.41, 7.90, 7.57, and 7
samples. These exponents are close to the Conw
Weisskopf prediction@s51/2# for ionized impurity scatter-
ing for high densities at relatively lowT where lattice pho-
non scattering is negligible. The magnitude ofma,c at 77 K is
close to the Conwell-Weisskopf value for Si at 77 K@see
Figs. 9–11 in Shockley25#. The 7.57 and 7.39 samples sho
a slightly more rapid rise at lowT thanT21/2. This upward
deviation is in agreement with Conwell-Weisskopf theo
Their expression, originally derived for electrons in the ho
CB is

m I5C@e2~kT!3/2/NI #/ f ~XCW!, ~10!

where the constantC5(8/p)(2/p)1/2/e3m* 1/2, f (XCW)
5 ln(11XCW), e is the host dielectric constant minus
plasma contribution that is important whenf a is large, and
NI is the density of ionized impurities, andXCW

5(3ekT/e2NI
1/3)2. For the impurity band caseNI5 f an

12NA , but the compensationK5NA /ND is believed to be
very small @K,1024# so thatNI; f an except at the very
lowest temperatures. The CW theory does not take acco
of screening resulting from the space charge distribut
around an ionized donor impurity. A refined treatment
cluding this screening has been given by Brooks-Herrin26

~BH!. In the BH treatment the denominator in Eq.~9! is
replaced by @ ln(11XBH)2XBH /(11XBH)#, where XBH
524m* (kT)2/ne2\2. The BH result for lowT and large
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n(XBH!1) yieldsm I}T25/2(n2/NI), which is a very differ-
ent result than the CW result in the low-T, high doping re-
gime. It has been well known27 the BH theory deviates
strongly from the experimental results in this regime. Ch
topadhyay and Queisser28 have given a detailed review of th
features and corrections affecting ionized impurity scat
ing. The best agreement with the Si:P results29 at T577 K in
this doping regime has been obtained by Sanborn, Allen,
Mahan30 using a random-phase approximation and calcu
tion of the phase shifts. However, these authors assume
the electrons in the CB atT;77 K. For the Si:As results her
itinerant electrons are predominantly in the impurity band

For XCW!1 Eq. ~10! yields m I}T21/2/NI
1/3. However,

NI
1/3;@n fa(n,T)#1/3 is a function of T and the paramete

XCW.0.55 for the 7.57 sample andXCW.0.3 for the 7.9
sample for 10,T,78 K implying the expansion ln(1
1XCW);XCW is not a good approximation. Moreove
Ea /kT,0.6 at 78 K for the 7.90 sample meaning one is n
in the classical regime. The general Mansfield31 expression
for the conductivitys I resulting from ionized impurity scat
tering for arbitrary degeneracy can be adapted for scatte
in the impurity band and is discussed in Appendix C. A

FIG. 7. The mobilityma,c5sa,c /en fa for samples 8.41, 7.90
7.57, and 7.39 versusT in the intermediate regime@dd t /d(1/T)
,0# and the high-T regime @dd t /d(1/T);Ea /k.0#. f a(n,T)
was determined from Eq.~3! using the empirical form and activa
tion energies from Fig. 3. Also shown is the measured Hall mobi
for a 7.77 Si:As sample~Ref. 30!. The slope ofma,c vs T for
40 K,T,70 K is in approximate agreement with the CW pred
tion ~Ref. 24!.
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important special case relevant to the high-T regime occurs
when X!1 and f (X)5 ln(11X);X5(ehkT/e2NI

1/3)2. This
allows an evaluation of the integral in~C2! yielding

s I5~e2/h!@4N~Ec!/3NI
1/3#~\2kT/2m* !1/2F21/2~h* !,

~11!

where the Fermi integralF21/2(h* )5*0
`h21/2(eh2h*

11)21dh5Apeh* @12eh* /&1e2h* /)2¯# (h* 5
2Ea /kT). The result in Eq.~11! is almost identical to the
empirical expression sa,c5ne fama,c since f a

5N(Ec)kTF0(h* ) @F05 ln(11eh*)# and d ln ma,c /d ln kT;
20.5 at higherT. The difference in theT dependence is
small for T.30 K. The experimental results~from Figs. 4
and 5! for sa,c for T.40 K can be compared directl
with Eq. ~11! and directly yield estimates of produc
N(Ec)(m/m* )1/2. These estimates are shown in Table
The decoupling ofN(Ec) and m* /m requires an additiona
assumption. The original parameters used inf a,emp were
based onN(Ec)/n5constant50.094 meV21 and q51.25
5constant. The overall analysis suggestsq is closer to 1
becausea(T) decreases toward zero, either becauseEc(T)
slides down theN(E) curve towardEmin as T increases, or
becauseN„Ec(T),T… decreases withT, or some combination
of both these effects. The results forEa and form(T) in Fig.
2 suggest a reduction inN(E) for E.Ec at higher tempera-
tures. However,a(T) is not reliably determined since it is
higher order correction. The analysis suggests the orig
choiceq51.25 was too large. Thef a,emp, however, seem to
give reasonable results and a 30% reduction inf a,emp values
yields poorer results. A decrease inq to the range 1.00 to
1.05 requires a 50% increase inN(Ec) to maintain the same
value of f a at higherT. The third and fourth columns, which
are based onNI5n fa , in Table II showN(Ec) and m* /m
for the caseN(Ec)/n50.14 meV21, which is 50% larger
than the original choice. The results showN(Ec) increasing
with n and m* /m decreasing slightly withn. The m* /m
values are larger thanm* /m50.26 for the CB valleys and
they have the rightn dependence. For this strongly overla
ping impurity band case one should not assumeN(Ec)
}m* . Such an assumption would lead to a much stron
change inN(Ec) with n and would requirem* /m to increase
with n ~a factor of 2 between 7.39 and 8.41!. This is incon-
sistent with the notions the bands must narrow asn is de-
creased. The fifth and sixth columns are based onNI5n.
These results are similar to those in 3 and 4, but with alm
no variation inm* /m with n. When one attempts to explai
the T dependence ofs I in Eq. ~11! there is a substantia

y

TABLE II. Estimate ofN(Ec) and (m* /m) parameters forT578 K.

n N(Ec)(m/m* )1/2 N(Ec)/1018 m* /m N(Ec)(m/m* )1/2 m* /m

8.41 1.9231018 a 1.20a,b 0.39 0.39a,c 0.35
7.90 1.6931018 a 1.13a,b 0.44 1.81a,c 0.38
7.57 1.6331018 a 1.08a,b 0.44 1.83a,c 0.34
7.39 1.5631018 a 1.05a,b 0.45 1.82a,c 0.34

aUnits meV21-cm23.
bBased onNI5n fa .
cBased onNI5n.
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difference in the result depending on whether one choo
NI5n fa(n,T) or NI5n. The first choiceNI5n fa would
require an nearly linear decrease inN„Ec(T),T… with de-
creasingT for 25,T,78 K for sa,c5s I . This cannot be
ruled out, but seems like too large a change inN(Ec) with T.
AssumingNI5n would require only a 6% reduction betwee
78 and 36 K and an additional 16% reduction between
and 25 K. However, the choiceNI5n is not valid over the
entire sample and would have to be justified with substan
inhomogeneity that becomes more important with decrea
T. This is consistent with percolation ideas and with Poiss
statistics for random systems where the conducting chan
would haveNI close ton and the insulating regions woul
haveNI!n. The uncertainty in the decoupling ofN(Ec) and
m* /m is likely less than 30%@a 20% increase inN(Ec)
would require a 44% increase inm* /m#. Mansfield’s expres-
sion, adapted for the impurity band case and using ph
shifts, yieldss I ,ps @Eq. ~C5!#, which can also be compare
with the data atT578 K. The first case (NI5n fa) gives a
result independent ofN(Ec) and yieldsm* /m values 0.36
and 0.19 for the 8.41 and 7.39 cases, respectively. The
ond case (NI5n) yieldsN(Ec)(m* /m)1/2 values of 1.71 and
and 1.45 for the 8.41 and 7.39 samples. Using the s
decoupling scheme as above withN(Ec)/n50.14 meV21

one obtainsm* /m values of 2.03 and 1.88 for the 8.41 an
7.39 cases. The agreement is less satisfactory than abov
in both casesm* /m decreases with decreasingn, an unlikely
dependence. More serious problems occur when one trie
explain theT dependence withs I ,ps . In both cases theT
dependence ofs I ,ps is such that the agreement gets worse
T is decreased. For the first cases I ,ps}AT„y/ ln(11y)…x* ,
while for the second cases i ,ps}(kT)3/2yx* . The integral
varies slowly withT. Hence case one has too slow aT de-
pendence while case two has too rapid aT dependence.

This difference betweens I ands I ,ps arises from the en-
ergy dependence of the scattering cross section^s& where
1/t5NIv^s&. For the CW casês&CW5(2p/4)NI

22/3
„ ln(1

1X)/X…. This gives a constant geometrical cross section
low energy and falls off with energy (X}E2) for X.1.
However, ^s&ps5(4p/k2)S l( l 11)sin2(dl2dl11) is propor-
tional toE for d0}E for smallE and falls off roughly as 1/E
for largeE. The different low-energy dependence of^s& ac-
counts for the difference in the two results. Ifd l}kl 11 then
^s&ps would approach a constant asE→0 and the two re-
sults would coincide, however, the theoretical basis for t
is unclear. The two characteristic lengths in the problem
d5n21/3 and the screening lengthLs . When d,Ls51/bs
then the CW cutoff appears to be the dominant effect.

The use of the CW expression, rather than BH, for
function f (X) in the denominator of Eq.~9! also requires
additional discussion. The inverse screening length@V(r )
5(e/er )e2bsr# found for the general Mansfield case isbs

5$(e2/ekT)@naF08(h* )/F0(h* )#%1/2 employing a constan

N(E) above Ec . F0(h* )5 ln(11eh*) is the Fermi
integral contained inna . Keeping only the first term
for na in the expansion ofN(E) about Ec one obtains
bs5$e2N(Ec)/e@y/(11y)#%1/2. As T→0 bs→0 and the
screening lengthLs diverges sinceh* ,0 andy→0. A nu-
merical comparison of the CW cutoff radiusaI /251/2NI

1/3

51/3n1/3f a
1/3 revealsaI /2 is always less thanLs for 10,T
es
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,78 K. For the 7.90 sampleaI /2Ls;0.4 at 72 K and 0.9 at
12 K, while for the 7.57 sampleaI /2;0.4 at 72 K and 0.6 at
12 K. If at low T where f a!1 andsa,c is very small the
itinerant electron conduction is not homogeneous, but occ
in conducting channels because of the random potential,aI /2
will be reduced causing the ratioaI /2Ls to be even smaller a
low T. In effect, much of the screening is removed by t
CW cutoff suggesting the correctf (X) is closer to the CW
ln(11XCW) than to the BH ln(11XBH)2@XBH /(11XBH)#.
The correction to the CWf (X) will slightly reducef (X) and
increasem I . However, the analysis still has neglected t
strong short-range central cell potential that leads to don
dependent binding energies. This correction will lead
donor-dependent mobilities such that for the samen
ma,c(Si:As),ma,c(Si:P).

If one multipliess t5sh,c1sa,c by the total Hall coeffi-
cient RH,t and identifies the hopping and activated Hall c
efficients asRH,h andRH,a one obtains the relation

mH,t5~RH,t /RH,h!mh1~RH,t /RH,a!Ama,c , ~12!

wheremH,t[RH,ts t , RH,h5(A/enh)exp(ToH /T)1/4, based on
the theoretical32 and experimental33 results @mh
}exp@(ToH /T)1/42(T0 /T)1/4#, Ra5A(n,T)/ena and RH,t
5A(n,T)/en. A(n,T) is the Hall correction factor that is
slightly larger than unity and depends on the type of scat
ing and degeneracy.A(n,T) doesn’t depend on the host C
valley anisotropy because the 1s-A1 band is a symmetric
sum of the six Si conduction band valleys. The Hall coe
cients RH,a , RH,h , and RH,t are motivated byna1nh5n,
implying ~for ToH!T) RH,t

21;RH,h
21 1RH,a

21 . This relation be-
comes an equality asToH→0 and is better satisfied asn
→nc2 . Equation~12! can then be rewritten as

mH,t5~12 f a!exp2~ToH /T!1/4mh,c1 f aA~n,T!ma,c .
~13!

In the low-T region (T,10 K) f a is negligible andmH,t
;exp@2(ToH /T)1/4mh,c . In the intermediate-T region (10
,T,50 K) f a increases rapidly and accounts for the rap
rise inmH,t resulting from the second term in Eq.~13! while
the first term is decreasing. In the higher-T region (T
.50 K) the second term in Eq.~13! dominates andmH,t
; f aAma,c . In this regime the hopping term in Eq.~13! is
negligible. The above approach following Eq.~12! differs
from an approach using 1/m t51/mh,c11/ma,c based on the
assumption the processes contributing tomh,c and ma,c are
independent. However, becausenh(T)1na(T)5n5ND
2NA5constant these processes are not independent.
data34 in Fig. 7 showmH,t;1.13ma,c for a 7.7731018/cm3

sample, which is consistent with Eq.~13!. Using the
weighted average of the 7.57 and 7.90 samples aT
;77.6 K yields f a;0.76 andA51.48, which suggests th
value of f a is about right atT;77 K. Blatt35 calculated the
Hall factor A(n,T)5mH /md for n-type Si and findsA in-
creasing from 1.17 at 20 K to 1.55 at 50 K forn
51016/cm3. Forn5231016/cm3 he obtainsA51.12 at 20 K
and and 1.42 at 50 K. At much highern just belownc (nc
58.5760.0831018/cm3) the increase inA(n,T) in this tem-
perature range should be smaller. Newman, Hirsch,
Holcomb36 have obtained values ofA(n,T) between 1.4 and
1.5 at 295 K nearnc for Si:As, while del Alamo and
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Swanson37 obtained A;1.3 near nc for Si:P @nc53.7
31018/cm3# at RT. With only a small change inA(n,T)
between 20 and 77 K, most of the increase inmH,t with T
results from the increase inf a(n,T) with T. Based on the
empirical formula,f a,empwill approach unity forT near 90 K
depending on the value ofEa @n57.57, Ea55.04 meV,
f a(94 K)51; n57.90, Ea54.03 meV, f a(88.5 K)51#. For
T.Tc for f a(Tc)51 there is no change inf a ~although the
relative fractions between the impurity band and the cond
tion band will continue to change! andmH,t will flatten out
and change more slowly withT. For T.Tc mH,t /ma,c

@ma,c5mdrift# will determineA(n,T). The empirical expres-
sion f a,emp(T) might yield an overestimate at 77 K. Th
higher order terms in the expansion forf a5na /n, namely,
Sm52(1/m!)(dmN/dmE)Ec*(E2Ec)

mf (E,T)dE probably
do not make a significant correction tof a(n,T) because
(dmN/dmE)Ec is positive for m52, but is negative form
53 and 4. However, the expansion approach will bre
down @just as it did for m(T) shown in Fig. 2# for kT
.1/3(ECB2Ec);5 meV;60 K. The coefficient B
50.00809 in f a yields a DOS N(Ec);0.77
31018/meV-cm3 that is within625% of that shown in Fig. 1
for 3.2,Ea,6.0 meV, which provides additional evidenc
that the empirical valuesf a,emp(n,T) are approximately cor-
rect.

The nearly flat regionma,c(n,T) in Fig. 7 for the 7.90 and
8.41 cases is explained bys t2sh and f a having almost the
sameT dependence sincesh is slowly varying and decreas
ing asT is reduced. For the 7.39 and 7.57 cases,f a drops
more rapidly thans t2sh as T is reduced because of th
larger nearly constantEa values, thus causingma,c to con-
tinue to rise. Conversely, for the 7.90 and 8.41 casesf a drops
more slowly, particularly becauseEa(T) drops linearly with
T for T,30 K andEa /kT increases much more slowly wit
decreasingT. Eventually, for theT,14 K the 7.90 sample
starts to rise more rapidly. Thema,c results forT,36 K for
7.90 and 8.41 are rather sensitive toEa(n,T) and are less
reliable than those forT.36 K. However, the qualitative
trends are correct. Strictly speaking one cannot employ
classical resultma,c5sa,c /en fa when the collision rate is
energy dependent. However when the cross section^s& is
nearly constant over the region wheref (12 f ) is large this is
a reasonable first approximation since then 1/t}AE varies
slowly with E. However,sa,c depends much less onf a and it
is better to compare it with theory. One possibly releva
process for aT-independent mobility is the neutral impurit
scattering resultmn5e/20\a* (ND2NA) of Erginsoy.38 It
yieldsmn548 cm2/V s for the 7.90 sample and slightly large
values for the 7.57 and 7.39 samples. If neutral and ioni
impurity scattering are independent processes~not necessar-
ily true! this impliesma,c

215m I
211mn

21, which would yield
ma,c,mn sincemn,m I , but this is not consistent with th
data. Either the Erginsoy relation overestimates the sca
ing from neutral impurities or the itinerant electrons in t
percolation channels are spatially separated from most o
neutral impurities. The lowT upturn for 7.90 is significant
because it rules out aT independent mechanism like neutr
impurity scattering.

f a,emp(n,T) has been calculated with a realistic model, b
any T variation of the DOSN(E,T) for E just aboveEc has
c-

k

e

t

d
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he
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been neglected. Experimentallyf a5sa,c /nema,c cannot be
determined sincesa,c depends onf a andma,c has not been
independently determined. However, the LD approach p
vides a means to obtainf a,exp using Eq. ~5!, da,c
[d ln sa,c /d ln T, da @from Eq. ~2!, not Eq. ~1a!#, dh , sh ,
s t2sh , andd ln ma,c /d ln T. Although da,c could be calcu-
lated from the various terms in Eq.~7! there is only experi-
mental information on the first three, and whilep;0.5 at
high T it is not known throughout the entire range, partic
larly for the 7.90 and 8.41 samples with aT-dependentEa .
A better procedure is to calculate it fromda,c
[d ln sa,c /d ln T directly from the results forsa,c based on
the assumedf a,emp. It is a nontrivial task to separate out th
smaller correction terms in Eq.~7! because the fourth an
fifth terms have opposite sign and the three parts of
fourth term also can have different signs since one exp
dm/dT to be negative forT.20 K. Ea is known from the
results forsa,c /T1/2 @or sa,c /T for p;0# vs 1/T. The high-T
results (T.30 K) suggestp;1/2 and this result extends t
lower T for the 7.39 and 7.57 samples. BelowT;40 K the
7.90 and 8.41 sample results suggestma,c→constant leading
to p;0. dEa /dT;0 for the 7.39 and 7.57 cases, but is no
zero and positive in the middle of theT range for the 7.90
and 8.41 samples. The results for the chemical poten
m(T) in Fig. 2 imply dN(Ec ,T)/dT is nonzero~probably
negative! for 20,T,30 K, but it is not possible to infer how
N(E,T) varies quantitatively withT for E just aboveEc .

The results forf a,exp(n,T) versus 1/T in Fig. 8 exhibit
reasonable agreement with the empirical expression~solid
line! for 1/T,0.025. The scatter increases at lowerT @where
both s t2sh and s td t2shdh are getting smaller and error
in the latter are increasing, particularly ind t#, but there are
some systematic trends. For the 7.39 and 7.57 samples
f a,emp values lie belowf a,emp for T,30 K. This can be ex-
plained by a reduction inq(T)511h(T) asT is reduced, or
by a reduction in N„Ec(T),T… ~less likely!. For 1/T

FIG. 8. The fractionf a(n,T)5na /n versus 1/T for the 8.41,
7.90, 7.57, and 7.39 samples. The solid lines are based onf a,emp

50.00 809Tq ln(11e2Ea(n)/T) whereq51.25. Thef a,exp values were
calculated with Eq.~5! and experimental values ofda,c , da , s t

2sh , sh , andd ln ma,c /d ln T.
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.0.055 K21 the agreement deteriorates for the 7.57 ca
The 7.90 samples shows good agreement down to 20
Below 30 K the scatter increases and thef a,exppoints lie both
above and belowf a,emp, but with more points abovef a,emp

than below, the opposite of the low-T trend for the 7.39 and
7.57 cases. The 8.41 case is both the most interesting
difficult case because of the small values ofdh(T) and the
reversal of sign ofd ln ma,c /d ln T at 28 K(1/T50.036 K21)
shown in Fig. 7. Despite reasonable agreement forT
.50 K, f a,exp drops precipitously for 0.025,1/T
,0.032 K21. (s t2sh)(da,c2da) in the numerator change
sign atT;22 K ~see Fig. 4!. The small values of both nu
merator and denominator and the subtractions accoun
the large deviations in f a,exp2fa,emp for 0.033,1/T
,0.055 K21. There is a slight improvement, but with larg
scatter for 1/T.0.06 K21. Overall, taking account of the in
creasing scatter for 1/T.0.04 K21 and the delicate nature o
the subtraction inda,c2da at lowerT the agreement betwee
f a,exp and f a,emp is satisfactory.

It is worth speculating about the form off a(n,T) as n
→nc in the low-T regime (T,10 K). For N(E2Ec)
;constant f a(nc ,T)5N(Ec)kT ln 2, while for N(E2Ec)
}(E2Ec)

1/2 f a(nc ,T)}T3/2. There is a large body of dat
on many different MIT systems that showss(n;nc ,T)
}T1/2. If one relates these results tosa,c(nc ,T) one would
conclude ma,c}T21/2 for N(E2Ec);constant andma,c
}T21 for N(E2Ec)}(E2Ec)

1/2. This apparently paradoxi
cal notion of diverging mobilities asT→0 would suggest
1/t(nc)}AT for N(E2Ec);constant and 1/t(nc)}T for
N(E2Ec)}(E2Ec)

1/2. The former is smaller than expecte
theoretical dependences, while the latter agrees with thet
from electron-electron interaction theory. An alternative a
proach employs the expressions(nc ,T)}2e2/hL(T) where
L(T)5@D(nc ,T)t(T)#1/2 @note thatD(nc ,T50)50#. For
D(nc ,T)}T, appropriate for the nondegenerate region (kT
@eF), this leads to a result 1/t}T2 analagous to quasipart
cle interactions and Fermi-liquid behavior. Using the E
stein relation for a nondegenerate systemD(nc ,T)5kTm
one finds a finite mobility atnc . This suggests caution in
using the relationsa,c5enfama,c in the critical regime asT
→0. Nevertheless, the behavior off a(nc ,T) described above
is correct asT→0 and depends only on the form ofN(E
2Ec).

There has been some disagreement about Mott VRH
the limit T.T0 and Rh /j(n),1, whereRh(T) is the hop-
ping length andj(n) is the localization length. It has bee
suggested39 that in this limit s(T), which is slowly varying
with T, but is still a good fit to the Mott law, is not reall
Mott VRH. The original Mott derivation was for the regim
T0.T andRh.j(n) and included a prefactorT dependence
of s0(T)}(1/T)s. Mott’s derivation led to a prefacto
s0(T,n)}DR2, which after minimization of the exponen
yields s0}DhRh

2}(kT)1/4(12n/nc)
v/4. This givess521/4

for isotropic envelope functions ands0(T,n→nc)→0. Nei-
ther of these predictions are consistent with the data in
critical regime. The SKC Si:As data showsusu,0.04, while
the Si:P low-T data40 yield usu,0.02. Recently Delahaye
Brison, and Berger41 have found thati -AlPdRe ~icosahedral
phase! quasicrystals exhibit Mott VRH in the temperatu
range 20–600 mK and yield MottT0’s in the vicinity of 1
e.
K.
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mK, or much less than the measuring range. Delah
et al.41 obtain values ofs,0.01 and their results more
closely approach the case of ‘‘pure’’ Mott VRH withs50
than any other experimental results. No known experime
results shows0(T,n)→0 asn→nc . Instead the results show
s0(n) approaching a constant atnc , and asn is reduced
increasing slowly for 0.95,n,nc and more rapidly forn
,0.95nc .

An effort42 was made to extend the MA theory to th
critical regime, but still within the pair approximation. In th
low-T regime (T,1 K) for 12n/nc,0.1 one findsqRab

!1 @q the phonon wave number for phonon absorption a
Rab the hopping distance between sitesa and b# and terms
dropped by MA in the dilute limit are no longer negligible
This effort, which neglected the spatial dependence of
electric screening@e(n,r );e→eh asr→0,e→e(n) which di-
verges asn→nc2# did not yield a sensible dependence f
the Mott prefactor asn→nc . Two new approaches, on
based on Mott’s phenomenological approach and the sec
on a different, modified MA approach, lead to a new prefa
tor dependences0(n,T)} f (D,R). In this case Mott’s ansatz
D}R23 and minimization leads to a prefactors0(n) inde-
pendent ofT and j(n) that can describe the density depe
dence ofs0(n) shown for the Si:As and Si:P data. A detaile
theory of VRH in the critical regime and comparison wi
the most extensive data will be presented elsewhere. Al
the data discussed above are in the critical regime where
crossover parameterx5Dh/2kT5(1/8)(T0 /T)1/4 is less than
0.44. The pair approximation is likely to be inadequate in
critical regime forn just below nc . Here j(n)@d5ND

21/3

and there are of order (j/d)3 donor sites within a localization
length. A localized eigenstateca(r2Ra ,Ea)5S i

mca,if i(r
2Ri) with energyEa , where thef i(r2Ri) is a donor wave
function localized about thei th donor. A second localized
eigenstatecb(r2Rb ,Eb)5S j

mcb, jf j (r2Rj ) with energyEb

is in the vicinity with Rab,j. For the 7.39 samplem;10
while for the 8.41 samplem.1000. The orthogonality re-
quirement^cbuca&50 andRab,j requires the coefficients
ca,i andcb, j to be both positive and negative. Calculation
the hopping matrix element̂cbueiq•ruca& is complex and
features much cancellation~unlike the pair case! because of
the fluctuating signs ofca,i andcb, j . It is plausible that this
matrix element is of the formAqg(ca,i ,cb, j )e

22Rab/j and the
preexponential factorg is only a weak function ofRab /j for
Rab /j,1. Obtaining the orthogonalized localized statesca
and cb for a random distribution of donors for 0.95nc,n
,0.99nc is a difficult computation well beyond the scope
this work. However, the experimental fact thats is very
small in the critical regime suggests the matrix elem
^cbueiq•ruca& does not depend much onRab /j, except for
the envelope factore2Rab/j, thus leading to aT dependence
of Mott VRH arising only from the exponential dependen
exp2(T0 /T)1/4. It has been argued39 for the caseT0 /T,1
one cannot separate the prefactorT dependence from that in
the exponential. The LD approach, as used by SKC
Delehaye, Brison, and Berger41 in the low-T regime where
s t;sh , allows one to separate the prefactor and exponen
T dependences.

The above results for the 7.90 and 8.41 samples exhib
good fit to the Mott law withs20 up to temperatures abov
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or well above the MottT0 determined from the data for 0.

,T,5 K. The Mott hopping energyDh51/4(T3T0)1/4 at
Tmax shown in Table I is still well belowEa,c . Furthermore,
the ratioDh /Ea,c is decreasing asn→nc2 . In addition, even
though the values ofRh /j are less than 1, the values ofRh

are safely above the mean donor spacingd because of the
large increase inj(n) asn→nc- . Rh /j varies between 0.86
and 0.38 asT increases from 0.5 K toTmax for the 7.90
sample whileRh decreases from 164 to 71.6 Å forj(7.90)
5191 Å with the mean donor spacingd550 Å @for a Pois-
son distribution the most probablenn distance is 0.55d#. The
number of states in the hopping energyDh range and mean
hopping volume for Mott VRH isN(EF)@4pRh

3/3#Dh;1.
This result is independent of magnitude ofT0 /T and is valid
for Rh /j,1 andRh /j.1. The number of donor sites in
mean hopping volume is (4pn/3)Rh

35ND,hv(n,T)@1. The
result (4pn/3)Rh

3@1 is an essential feature of Mott VRH
and is satisfied over the entire range 0,T,77 K for all four
samples discussed above~and also for more dilute sample
whereND,hv is even larger!. For the 8.41 caseND,hv;67 at
1 K, 38 at 10 K, and 23 at 77 K. This leads directly toDh

5n/(N(EF)ND,hv!n/N(EF);7 meV for N(EF);N(Ec)
~see Table II!. Dh(8.41,1 K);0.013 meV and
Dh(8.41,77 K);0.34 meV. This inequality, using Rh

53/8j(T0 /T)1/4, can also be rewritten asRh /j
!10.6n/N(EF)kT. This is satisfied for bothRh /j.1 at low
T and forRh /j,1 at highT. The notion that one does no
have Mott VRH whenRh /j,1 is not supported by the ex
perimental results, or by simple theoretical notions. The m
important correction for Mott VRH prefactor forT/T0.2 is
the factornh(T)/n512 f a discussed above. Of course, th
Mott VRH form of s(T,n,nc) does not survive asT→0,
d

a
in
t
ia
h
r-

s
m
d

st

however for 12n/nc,0.02 one cannot get cold enough
observe the deviations from Mott VRH.

In summary, the LD approach has permitted the decon
lution of Mott VRH and activated hopping conduction in
region where both are important. A simple high-temperat
correction to Mott VRH has improved the determination
the activation energies and the temperature-dependent
actor exponents ofsa,c(T). T-dependent activation energie
are obtained for the two samples closest tonc , possibly re-
sulting fromT-dependent changes in the chemical potent
This work illustrates the problems of evaluating activati
energies from the slope of lnr(T) vs 1/T plots and suggests
careful studies of transport using the LD approach may yi
new and useful information on the DOS in the region ju
above the mobility edge. The fractionf a(n,T) of thermally
activated itinerant electrons has been obtained with a th
retical expression, but can also be determined directly us
the LD expressions and the experimental data. The deco
lution determiningsa,c(n,T) and f a(n,T) permits the direct
determination of the mobilityma,c(n,T) of itinerant elec-
trons in the donor impurity band. The results forma,c(n,T)
are in approximate agreement with Conwell-Weissko
theory, although the two samples closest tonc exhibit nearly
T-independentma,c(n) values at intermediateT that are
qualitatively consistent with the modified Conwel
Weisskopf theory.
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APPENDIX A: THE TEMPERATURE DEPENDENT µ„T…

Using Eq. ~6! and the Sommerfeld expansion approa
and the fact thatf (12 f )52(] f /]E)T is an even function
aboutm(T) with the property*2`

1`2(] f /]E)dE51 one ob-
tains
ddm/dT52
@2a1T~dN/dE!m14a2T3~d3N/dE3!m16a3T5~d5N/dE5!m1¯13nCB~T!/2#

@N~m!1a1T2~d2N/dE2!m1a2T4~d4N/dE4!m1a3T6~d6N/dE6!m1¯1nCB~T!#
, ~A1!
As

or

on

of
on-
where a15p2/651.6449, a257p4/36051.894, and a3

5(31/16)p6/94551.9711. The contribution nCB(T)
5CeT

3/2e2(Ecb2m(T))/T results from the Si conduction ban
and has been calculated withf (12 f );e2@E2m(T)#!1 for
the T range of the the experimental data. All of the deriv
tivesdpN/dEp are calculated from the impurity band DOS
Fig. 1 with an intervalDE50.1 meV and are evaluated a
m(T). Unlike the case for good metals the more rapid var
tion of the DOS(E) with E requires the evaluation of muc
higher derivatives forp55 and 6 because of their impo
tance at higher temperatures. IfN(E) were perfectly sym-
metrical about some energyE* and at T50 m(0)5EF

5E* thendm(T)/dT50. The best results were obtained u
ing a clamped spline interpolation. Since there was so
scatter indN4/dE4 near the end points the range was ma
-

-

-
e

e

large enough to be at least 8 meV above and belowEF .
Based on a fitN(E)5N(Em)1(2

6Bp(E2Em)p the Bp were
obtained from the numerically determined derivatives.
expected from Fig. 1 showing an asymmetry aboutEm B3 is
positive, whileB4 is negative since the quadratic behavi
away fromEm is reduced further away fromEm . From the
energy dependence ofdN4/dE4 one can determineB5 and
B6 . B6 is positive and counters the negative contributi
from dN4/dE4 in the denominator in Eq.~A1!. At larger T,
dN3/dE3 drivesm(T) negative. InitiallydN5/dE5 is positive
and also aids in drivingm(T) down, but forT;2.75 meV
dN5/dE5 changes sign and opposesdN3/dE3. The problem
with the Sommerfeld expansion is the slow convergence
both numerator and denominator because of important c
tributions from the higher derivatives.
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APPENDIX B: CORRECTION TO MOTT VRH FROM
VARIATION IN THE DOS

In the exponential of the Mott VRH expression the Mo
temperatureT0}1/N(EF). When the DOSN(E) is varying
in the vicinity of EF there will be a correction of the form

~1/Dh!E
m~T!2Dh/2

m~T!1Dh/2
exp2@ToN~m!/TN~E!#1/4 dE,

~B1!

whereDh51/4(T3T0)1/4 is the Mott hopping energy. Only
the DOS variation in an energy range of orderDh about
m(T) is important. Employing a Taylor series expansi
aboutm(T) one has@N(m)/N(E)#1/45121/4a(m)(E2m)
1h.o., wherea(m)5d ln N(E)/dEm . Inserting in ~B1! one
finds

~1/Dh!exp2~To /T!1/4E
2Dh/2

Dh/2

eaede

5exp2~To /T!1/4@11a2Dh
2/241¯#, ~B2!

where a5(a/4)(T0 /T)1/4. InsertingDh into this result the
leading correction term is given as (a2/384)(k2T0T/16). The
magnitude of this correction is given in Table III and
small. If the expression~B1! is averaged over 2Dh rather
thanDh , the correction factor increases by a factor of 4. T
correction is given in Table III for two different values o
a5d ln N(E)/dEum(T) . For the DOS in Fig. 1 typical values o
uau are of order 0.05 to 0.1 in the vicinity ofm(T). The
correction in Mott VRH due to DOS variations is very sma
nearnc becauseT0 scales to zero as (12n/nc)

3n with 3n
;2.560.5. With Dh}(T3T0)1/4}T3/4(12n/nc)

3n/4 this ex-
plains why this correction is negligible forn approachingnc .

APPENDIX C: MODIFIED MANSFIELD „Ref. 31…
EXPRESSIONS FOR THE IMPURITY BAND CASE

Mansfield’s general expression@his Eq. ~3!# for the con-
ductivity of itinerant electrons in the conduction band~CB!
resulting from ionized impurity scattering is

s I5@32e2m* ~kT!3/3NIe
2h3#

3E
0

`

h3eh2h* /@~eh2h* 11!2f ~x!#dh, ~C1!

where h5E/kT, h* 5m(T)/kT, and f 5@eh2h* 11#21.
For the CBN(E)}(E2ECB)1/2 while for the impurity band
for E.Ec N(E)5N(Ec)@11a(T)(E2Ec)1¯#. The data
and analysis suggestq;1 at higherT suggestinga(T) is
small at higherT, probably resulting fromEc(T) being near
the minimum in N(E). Multiplying Eq. ~C1! by
N(Ec)h

3/@4p(2m* )3/2(E2ECB)1/2# yields

TABLE III. Correction factor (a2/384)(k2ToT/16) at T
578 K.

a 7.39 7.57 7.90 8.41

0.1 meV21 1.431023 2.631024 1.331025 1.331027

0.5 meV21 3.431022 6.531023 3.231024 3.231026
s

s I5@8e2N~Ec!/3e2hNI #~\kT/2m* !1/2~kT!2

3E
0

`

h5/2f ~12 f !/ f ~X!dh. ~C2!

The traditional approximation made removesf (X)5 ln(1
1X) from the integrand based on the notionf (X) is slowly
varying. f (X) is then evaluated usingn;3 since this is the
value ofh where the integrand in~C1! is a maximum. How-
ever, this is not valid for values ofX!1 since in this case
f (X) is rapidly varying and approaches zero asX→0. Sub-
stitutingX5@ehkT/e2N1#2 for the regimef (X);X!1 ~C2!
becomes

s I5@8N~Ec!/3NI
1/3#~e2/h!~\2kT/2m* !1/2

3E
0

`

h1/2f ~12 f !dh. ~C3!

The strong dependence off (X) on X andh for small values
of h permits low-energy scattering to be properly taken in
account, whereas the assumptionf (X) is slowly varying un-
derestimates the low-energy scattering. A better proced
breaks the integral in~C2! into two parts, namely,*0

hc and
*hc

` with hc determined byAXc5@ehckT/e2NI
1/3#51. This

gives two terms with different temperature dependences.
tegrating~C3! by parts yieldsF21/2(h* )5*0

`h21/2f dh pro-
ducing Eq.~10!.

An alternative approach for obtainings I that avoids the
f (X) function in ~C1! makes use of the collision rate 1/t
determined from the phase shifts and the Friedel sum
restriction for the semiconductor impurity band case30

namely,

Z~p/2!5~kT!21S l~2l 11!*0
`d l~E! f ~12 f !dE. ~C4!

The scattering rate30 1/t5NIv^s&54pNI(\/m* k)( l( l
11)sin2(dl2dl11) where the phase shiftsd l depend on both
temperature and energy and, using the relationd l
}(ka)2l 12, are of the form d l(h,T)5alh

l 11/Fl(h* )( l
11). The Fermi integralFl(h* )5*0

`h l(eh2h* 11)21dh
and the Friedel sum rule yields( l(2l 11)al5p/2 for Z
51. Following the above procedure modifying the DOS
N(Ec), but starting with Mansfield’s Eq.~1! containingt,
the expression fors I ,ps for the impurity band is

s I ,ps5~e2/2h!@kTN~Ec!/NI #

3~2m* kT/\2!1/2E
0

` h3/2f ~12 f !dh

S l~ l 11!sin2~d l2d l 11!
.

~C5!

The prefactor in~C5! differs from that in~C3! with different
dependences onT, NI , and m* . For a given set of phase
shifts d l(h,T) the integral in~C5! can be evaluated, but i
must be evaluated for eachT of interest.
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