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The value of the dynamic critical exponentz is studied for two-dimensional superconducting, superfluid, and
Josephson junction array systems in zero magnetic field via the Fisher-Fisher-Huse dynamic scaling. We find
z.5.660.3, a relatively large value indicative of nondiffusive dynamics. Universality of the scaling function
is tested and confirmed for the thinnest samples. We discuss the validity of the dynamic scaling analysis as well
as the previous studies of the Kosterlitz-Thouless-Berezinskii transition in these systems, the results of which
seem to be consistent with simple diffusion (z52). Further studies are discussed and encouraged.
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I. INTRODUCTION

The dynamics of two-dimensional~2D! zero-field systems
has been studied continually over the last few decades1–6

usually in the context of the Kosterlitz-Thoules
Berezinskii7–9 ~KTB! transition. The dynamic critical expo
nentz characterizes the critical behavior of the dynamics o
transition. Despite ongoing studies of KTB dynamics, t
value of z is usually not questioned to be anything but t
value that describes simple diffusion:z52. This paper,
through an analysis of various transport data sets from
tems including superconductors~SC’s!, superfluids~SF’s!,
and Josephson Junction arrays~JJA’s! using the dynamic
scaling of Fisher, Fisher, and Huse,10 presents ample evi
dence that the value ofz in these systems is much highe
z.5.6. The purpose of this paper is to convince the rea
that despite the many previous reports consistent withz52,
the question of the value ofz is still an open one. Perhaps th
single element that distinguishes this analysis from p
analyses is thatz is not takena priori to have a value 2. In
the dynamic scaling analysis, varyingz to optimize the de-
scription of the data is standard.

This paper is organized as follows. We begin in this s
tion with a general description of the KTB transition, prev
ous scaling attempts ofI -V data, and previous findings o
anomalous vortex diffusion. In Sec. II, we will discuss t
various length scales whose competition results in the in
esting critical behavior of this transition. In Sec. III, w
present scaling results on SC’s, JJA’s, and SF’s and
check for universality of the scaled data. We discuss
validity of the dynamic scaling approach as well as that
the conventional approach in Sec. IV. We summarize
paper in Sec. V.
PRB 600163-1829/99/60~2!/1309~17!/$15.00
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The KTB transition is driven by the unbinding of vorte
pairs. Below the transition temperatureTKTB vortices are
thermally induced and can only be excited in pairs that h
a finite energy and not as ‘‘free’’ vortices, which have a
infinite energy in an infinite system. As the temperature
increased, the number and size of the vortex pairs incre
and these pairs screen one another’s interactions. At the
sition temperature, the vortex pairs start to unbind and f
vortices are formed. It is the largest pairs that unbind fi
leaving a finite density of smaller pairs above the transit
temperature. The size of the largest pairs decrease as
goes further aboveTKTB . As we review below, forT
.TKTB , the free vortices result in an OhmicI -V curve at
low currents while the smaller pairs result in a nonlinearI -V
relationship at larger currents.

Scaling techniques applied to zero-fieldI -V data from
SC’s or JJA’s have been reported in the past but with
finding the results reported here. In Ref. 11, Wolfet al.
scaled theirI -V data from granular 30-Å thick films. There
however, the dynamic universality class was not explici
studied and no value ofz was determined. Harriset al.12

reportedz52 in a dynamic scaling analysis of Josephs
junction arrayI -V data, although it appears that they did n
allow z to vary. We address that data in Sec. III B. M
et al.13 mention peripherally a dynamic scaling analysis
Bi2Sr2Ca2Cu3O101d in which it is found thatz.4.5 ~assum-
ing a 2D system!. However, those results were not pursu
further by those authors. In the case of superfluids, Br
et al.14 have performed a finite-size scaling analysis~in con-
trast to a dynamic scaling analysis! of their frequency-
dependent superfluid density and dissipation data from
lium films. They however did not include a study of th
value ofz in their work.
1309 ©1999 The American Physical Society
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1310 PRB 60STEPHEN W. PIERSONet al.
There has been experimental work that points tow
anomalous vortex diffusion. The´ron et al.15 used impedance
measurements on weakly frustrated JJA’s to provide e
dence of nonconventional vortex dynamics. Unfortunate
this work did not probe the value ofz. There has also bee
theoretical16 and simulational6,17 work that indicates anoma
lous vortex diffusion, but none conclude thatz.2 at T
5TKTB . In this work, in order to limit the scope of thi
already long paper, we will not discuss the theoretical a
simulational work, but concentrate only on experimen
data.

In comparing the ‘‘conventional’’ approach with the dy
namic scaling approach, we will make use of many of
formulas derived from the former. However, because the
namic scaling approach indicates that the dynamics is n
diffusive, the assumptions used to derive the formulas for
dynamics in the conventional approach may be incorrect.
that reason, we will use those formulas only to address
validity of the conventional approach and not the validity
the dynamic scaling.

It is useful for us to clarify our use of the phrase ‘‘co
ventional approach.’’ Because the dynamic scaling has o
been used sparingly in analyses of the type of data that
look at here, we view this approach as nonconventional.
will therefore refer to any other approach to analyzing t
data as ‘‘conventional’’ or traditional.

The value ofz that is found here runs contrary to some
the conclusions of previous studies. However, we stress
our results are not inconsistent with all of the results in
literature. In particular, the dynamic scaling results presen
here do not contradict~or even pertain to! the conventional
findings for static behavior of the KTB transition. Furthe
our results differ from only some of the experimental stud
of the dynamics. This will be discussed in Sec. IV B but w
mention some of those now. If the measurement does
involve z or if the measurement does involvez but can mea-
sure only the productbz „where b is a material-dependen
constant that enters through the correlation length@see Eq.
~1!#…, then our findings do not contradict those measu
ments. An example of the first type of measurement
‘‘static’’ kinetic inductance measurements.18 Examples of
the second class of measurement are the resistance,
spectrum measurements,19 and helium torsion measure
ments.20,21

II. KTB TRANSITION IN 2D SUPERCONDUCTING
SYSTEMS: BACKGROUND

In this paper, we propose an interpretation of transp
data on superconductors, superfluids, and Josephson jun
arrays that is very different than that which has been
cepted for the last 20 years. In order to judge the two
proaches, a thorough understanding of the KTB transit
and critical behavior as well as the approaches used to s
them is needed. In this section, we will review this bac
ground, directing our discussion primarily at supercondu
ing systems.~For a discussion of JJA’s or superfluids, see
reviews listed below.! We will discuss the various relevan
length scales, the criteria for a phase transition, and the
proaches one can take to study the KTB dynamic criti
behavior. We do not intend our review to be comprehens
d
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and refer the reader to any of the many excelle
reviews.22–24

A. Length scales

The competition of the length scales25 in the system de-
termines the critical behavior of the KTB transition. For th
reason it is important to review each of them. One can s
divide the length scales of the system into two categor
intrinsic and extrinsic. By extrinsic, we mean those leng
scales that are determined by an applied current or magn
field.

1. Intrinsic

The intrinsic length scales include the vortex correlati
lengthj(T), the 2D penetration depthl2D52l2/d ~wherel
is the London penetration depth andd is the sample thick-
ness!, and sample size.

There are three important aspects of the correlation len
that we discuss here. The first is its distinctive temperat
dependence for temperatures above the transition temp
ture TKTB :8

j1~T!}exp@Ab/~T/TKTB21!#, ~1!

whereb is a nonuniversal constant. This unique temperat
dependence is in contrast to the common power-law dep
dence one finds, for example, in Ginzburg-Landau theory

The second aspect is the behavior ofj2(T) belowTKTB .
Because the susceptibility below the transition temperatur
infinite, Kosterlitz originally definedj2(T) to be infinite.
Based on the critical behavior of the dielectric constant, A
begaokar, Halperin, Nelson, and Siggia1 ~AHNS! defined a
finite diverging correlation length forT,TKTB . The two re-
sults do not contradict one another since they have diffe
meaning. The AHNS correlation length forT,TKTB can be
thought of as the size of the largest vortex pairs.26 Ambe-
gaokaret al.2 estimate thatj2(T) has a smaller magnitud
thanj1(T):

j2~T!}exp@Ab/2p~12T/TKTB!#. ~2!

In this paper, we will takej2(T) to represent the size of th
largest pairs.

The third aspect of the correlation length that is importa
in this paper is its behavior in an applied currentI. The effect
of an applied current is to unbind vortex pairs down to ze
temperature and therefore to destroy the phase transition
a result, the correlation length no longer diverges for finitI
at TKTB and has the following behavior:

j6~T,I !}
T

I
f @ I j6~T,I 50!/T#, ~3!

wheref is a nonsingular function.
The next two intrinsic length scales are associated w

finite-size effects and give a single vortex a finite ‘‘bare
energy. The first, which does not apply to superfluid heliu
is the 2D penetration depthl2D52l2/d. At distances less
than this length from the vortex core, the superfluid veloc
goes as 1/r . Beyond this length, the superfluid velocity d
creases as 1/r 2.27 In a ‘‘perfect’’ (d50) superconductor,
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PRB 60 1311DYNAMIC SCALING FOR TWO-DIMENSIONAL . . .
l2D5` and the superconductor behaves as a super
would. The second finite size length is sample size, whic
the smaller of the sample widthW and lengthL ~typically
W!L). The energy of a free vortex is

EFV5@q2/2# ln~L f s /j0!1Ec , ~4!

wherej0 is the size of the vortex core and the finite size

L f s5min@l2D ,W#. ~5!

The vortex interaction strengthq2 and the core energyEc
depend on the system~SC, SF, or JJA!. Finite energy for a
single vortex means that there will be free vortices below
transition temperature, which in turn precludes a true ph
transition as we will discuss in the next section.

2. Extrinsic

Three extrinsic length scales characterize the applica
of dc and ac electric and magnetic fields. The first is
length scaler c ,2,28 which is the length scale probed by a d
applied current. For a superconducting film, the energy o
vortex pair with separationR is24,29

E~R!5@pns
2D\2/2m# ln~R/j0!2p\IRd/eA12Ec , ~6!

where the vortex interaction strength has been expresse
terms of the superconducting parametersq2

5pns
2D\2/2m (ns

2D5nsd is the areal superfluid density,ns

is the superfluid density, andm is the mass of a free elec
tron,! and A(5Wd) is the cross-sectional area throug
which the currentI flows. For small separations (R,r c), the
2D, logarithmic term dominates and the interaction is attr
tive. For R.r c , the linear, current-induced term dominat
and so the interaction is repulsive. As a result, the interac
energy peaks at

r c54kBTKTBWe/p\I , ~7!

where we have written the interaction strength in terms of
transition temperature,29 pns

2D\2/2m54kBTKTB . The non-
linear I -V relationship originates in thermally activated ho
ping over this barrier at a rateG which depends on the valu
of the vortex pair energyE(R) at this separation:G
}exp@E(rc)/kBT#. Therefore, the dcI -V curves probe length
scales ofO(r c).

2,28

In ac measurements~e.g., kinetic inductance! with circu-
lar frequencyv, the probing length is the diffusion length
r v5(14D/v)1/2, where D is the vortex diffusion
constant.1,2,30 This result is derived by analyzing the line
response of the dielectric constant. It should be pointed
that the two quantitiesr c andr v do not competeper sewith
the other length scale but rather indicate the length s
being probed.

The final extrinsic length scale that we mention is due
an applied magnetic field and characterized by the ave
distance between field-induced vorticesl B.(F0 /B)1/2

whereF0 is the superconducting flux quantum andB is the
magnetic induction. The field-induced vortices are ‘‘free
and present at all temperatures, which precludes a true p
transition.
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B. Existence of the phase transition

Because ofl2D , Kosterlitz and Thouless originally wrote
that this critical behavior would not apply t
superconductors.7 It was later realized29,31 that, in practice,
l2D can be larger than the system size and so supercond
ing films should not behave much differently than superflu
films. Whetherl2D is larger than the system size or vic
versa, there will be a finite density of free vortices below t
transition temperature. The density of free vortices w
be29,32

nF}L f s
q2/2kBT , ~8!

whereq2 here is the renormalized vortex interaction streng
and, again,L f s5min@l2D ,W#. Note that system size andl2D
enter Eq.~8! in the same manner, implying that one cann
tune the ratio ofl2D to W to observe the transition. This i
contrary to a perception in the literature32–34 that the transi-
tion can be observed ifl2D.W. This begs the question o
why one should see critical behavior at all if there is no tr
phase transition in finite-size systems. The answer of cou
is that critical behavior can be seen if there is a diverg
length. This occurs in the KTB system, provided th
j6(T),L f s .

C. Approaches to studying KTB dynamics in superconductors

A variety of approaches can be used to study KTB d
namic behavior. Here we review the two main approac
used to study the dynamics of superconducting and JJA fi
and that therefore determine a value for the dynamic crit
exponentz. Brief mention of the methods used for superflu
helium systems will be made in Secs. III C and IV B 2. The
are other approaches for investigating KTB behavior that
not uniquely determine a value forz; we will not review here
but we will discuss them in Sec. IV B in the context of pr
vious evidence thatz52.

In this section, we will first review the conventional re
sults and its derivation. We will then generalize these f
mula to a general value ofz. The dynamic scaling analysi
will then be introduced and, finally, the connections betwe
the two approaches will be discussed.

1. Conventional approach

In the first, more ‘‘conventional’’ approach, the curren
voltage (I -V) isotherms are measured and analyzed in te
of their I→0 limit:24,29

V/I}I a(T)21. ~9!

The signature of a KTB transition is a jump from nonline
behavior below the transition temperature to Ohmic abo
the TKTB :

V/I[R~T!}exp@22Ab/~T/TKTB21!#, ~10!

whereb is a nonuniversal constant.@Minnhagen24 has gener-
alized this to take into account the underlying superfluid. S
Eq. ~22!.# In particular, the exponenta(T) will decrease lin-
early with increasing temperature until the transition te
perature is reached at which pointa(T) will, in the I→0
limit, jump from 3 to 1~Ref. 29! because of the ‘‘universa
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1312 PRB 60STEPHEN W. PIERSONet al.
jump’’ in the superfluid density.35 Indeed, the condition
a(T5TKTB)53 is commonly used to determine the tran
tion temperature.

Equation~9! is derived by determiningR(T,I ) above and
below TKTB and usingV5IR(T,I ). This derivation is well
documented28,29,36 but we will highlight the key points. To
find R(T,I ), the density of free vorticesnf must be deter-
mined.

Below the transition temperature, free vortices in the lim
of a weak current are produced by thermal activation o
the barrier inE(r c) as mentioned above@below Eq. ~6!#.
This is done using the kinetic equation for the rate of cha
in the number of free vortices:

dnf /dt5G~T,I !2nf
2 . ~11!

As mentioned above,G(T,I ) is the rate at which vortex pair
are unbound@G(T,I )}exp$2E(rc)/kBT%.# The second term in
Eq. ~11! takes into account free vortices combining to for
pairs. In a steady state,

nF5G~T,I !1/2}I q2/2kBT. ~12!

Above the transition temperature,

nf}j1
22 , ~13!

sincej1 is the average distance between free vortices.
The final step in determining Eqs.~9! and~10! is to relate

R(T,I ) to nf :28,29,37

R}nf . ~14!

Substituting Eq.~12! and Eq.~13! into Eq. ~14! and using
V5IR(T,I ) one arrives at Eqs.~9! and ~10!, respectively.
Kadin et al.28 have made extensions of this work to fini
current. Many workers in the field however take Eq.~9! to be
valid over wide ranges ofI.

Equation~14! is based on the Bardeen-Stephen flux-flo
formula38 ~as stated by subsequent authors18,24!. For subse-
quent discussion, it will be useful to outline the derivation
this equation,29 whose starting point is the electrodynam
Josephson relation

V5@\/2e#dDf/dt, ~15!

whereDf is the change in the phase of the superconduc
order parameter across the width of the sample.dDf/dt is
proportional to the number of vortices that cross the width
the sample per unit time,

udDf/dtu52pLnFuvDu, ~16!

wherevD is the vortex drift velocity. Finally, one assumes

vD5mp\I /eA, ~17!

wherem is the vortex mobility ande is the electron charge
Because the vortex mobility is taken to be local and theref
independent ofnF , Eqs. ~15!–~17! result in Eq. ~14!: R
[V/I}nF .

The linear relationship betweenR(T) andnf in Eq. ~14!
presumes single-vortex diffusion. If one were to allow mo
complicated dynamic or critical behavior, then Eq.~14! must
t
r

e

f

g

f

e

be modified. The general expression forR(T) in the critical
region depends upon the dynamic exponentz:

R}j2z}nf
z/2 . ~18!

Of course the two expressions are identical forz52. Using
Eq. ~18! in place of R}nf in the conventional
derivation,18,28,29one would find thata(T) will jump from
z11 to 1 in theI→0 limit and that

R~T!}exp@2zAb/~T/TKTB21!#. ~19!

We will discuss the ramifications of usingz5” 2 in Eq.~18! in
Sec. II C 3.

2. Dynamic scaling approach

Dynamical scaling is motivated by the observation
critical slowing down near a continuous transition. This ph
nomenon is well established for the KTB transition, and
marked by the divergence of the relaxation time scalet. The
dynamic scaling hypothesis asserts that critical slow
down is related crucially to the divergence of the static c
relation length:39 t}jz.

In general, many types of dynamics may be associa
with a particular static universality class, and these sho
fall into distinct dynamical universality classes.40 For two-
dimensional systems, including SC’s, SF’s, and JJA’s,
conventional KTB dynamical theory1,2 is consistent with
model A universal dynamics,40 andz52. For bulk supercon-
ductors, however, the correct dynamical universality clas
presently unclear, and seemsnot to belong to model A.41

In light of this situation, it is important to test the conve
tional theory by performing a scaling analysis, in which t
dynamical exponent,z, and the scaling functions area priori
unspecified.z is then determined by collapsing different da
sets onto a single curve. Although conventional KTB d
namical theories do not support such a general approac
scaling ansatz has recently been proposed by Fisher, Fi
and Huse10 ~FFH! for superconducting critical phenomen
This successful ansatz has been applied to a wide variet
systems and transitions, including simulations of KT
dynamics.42 We expect that dynamical scaling will be appr
priate in the same regimes where the static KTB theory
applicable.

In the FFH theory, for 2D superconductors, theI -V curves
should scale as

V5I j2zx6~ I j/T!, ~20!

where x1(2)(x) is the scaling function for temperature
above~below! TKTB . The two important asymptotic behav
iors of x(x) are limx→0 x1(x)5const ~Ohmic limit! and
limx→` x6(x)}xz ~critical isotherm!. The universal jump ap-
pears as the difference in~log-log! slopes between the two
asymptotic limits ofx1(x), as we will discuss below.

It is convenient to rewrite the Eq.~20! as

I

T S I

VD 1/z

5«6~ I j/T!, ~21!

where«6(x)[x/x6
1/z(x). The advantage of Eq.~21! over Eq.

~20! is that one can better judge the scaling, because only
x scale is stretched in Eq.~21!. In Eq. ~20!, both thex scale
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andy scale are stretched, making it harder to judge a colla
of the scaled data.~Compare Fig. 4 of Ref. 12 with Figs. 1–
here.!

3. Connections between the two approaches

While not apparent at first glance, the connections
tween the dynamic scaling approach and the conventio
approach become clear when one considers the follow
First, one must keep in mind that the conventional approa
as described in Sec. II C 1, is valid only in the limitI→0
while the dynamic scaling approach is valid for finite cu
rents. Second, the relationship of one to the other should

FIG. 1. TheI -V curves from thin superconducting films scale
with Eq. ~21!: ~a! 24-Å-thick YBCO layers in a multilayer structur
from Vadlamannatiet al.; ~Ref. 44!, ~b! 24-Å-thick YBCO mono-
layer from Repaciet al. ~Ref. 34!, and~c! 100-Å-thick Hg/Xe film
from Kadinet al. ~Ref. 28!. @Data sets~b! and~c! have been shifted
arbitrarily.# The lower branch of these plots correspond toT
.TKTB . The limits of this branch are Ohmic in the weak-curre
limit to V}I z11 in the high-current limit. It is these limits tha
represent the jump in the exponenta.

FIG. 2. The scaledI -V curves of~a! Ref. 45 on a YBCO mono-
layer, ~b! Ref. 46 on a In/InO 150-Å-thick composite film, and~c!
Ref. 43 from a 1000-Å-thick BSCCO crystal.@Data sets~b! and~c!
have been shifted arbitrarily.# The collapse of curves~a! and~b! in
this figure are not as complete as that of curve~c! or curves~a! and
~b! of Fig. 1. Yet the collapse could not be improved using oth
values ofz.
se

-
al
g.
h,

be

considered for an arbitrary value ofz. @For the generalization
of the conventional theory to an arbitrary value ofz, see the
discussion around Eqs.~18! and ~19!.#

Taking these considerations into account and looking
the asymptotic limitI→0 of the dynamic scaling function
one finds that the two approaches are indeed compatible~i!
both theories predict that the critical isotherm (T5TKTB)
should be a power lawV}I z11 @i.e., a(TKTB)5z11#, ~ii !
for T,TKTB , both theories agree that the voltage remain
power law of the current, and~iii ! for T.TKTB , both theo-
ries givea(T)51, with R(T) defined as in Eq.~19!.

III. SCALING RESULTS

In this section we will apply the scaling theory@Eq. ~21!#

of Fisher, Fisher, and Huse10 to transport data from super
conductors, Josephson junction arrays, and superfluids.
universality of the scaled data will then be checked. Prelim
nary results on both high-temperature superconduc
~HTSC’s! and low-temperature~conventional! superconduct-

r

FIG. 3. The scaledI -V curves from Josephson junction array
~a! YBCO/Ag weak links from Ref. 49,~b! Nb-Ag-Nb proximity-
coupled junctions from Ref. 12, and~c! Nb/Nb arrays of Ref. 48.
@Data sets~b! and ~c! have been shifted arbitrarily.#

FIG. 4. The scaledQ̇-DT curves from superfluid4He films of
~a! Ref. 53 and~b! Ref. 54. @Data set~b! has been shifted arbi
trarily.#
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1314 PRB 60STEPHEN W. PIERSONet al.
ors ~LTSC’s! were presented in Ref. 43 where it was co
cluded thatz.5.760.3.

A preliminary estimate for the value ofz indicates thatz
@2 for these systems. The criticalI -V isotherm (T5TKTB)
is easily identified on a log-log plot by the fact that it
straight@i.e., a(TKTB) is independent of current#. The slope
of this isotherm@a(TKTB)5z11# gives an estimate forz. A
visual check for this condition on theI -V data of Repaci
et al.,34 Vadlamannatiet al.,44 Matsudaet al.,45 or any of the
others clearly shows that, indeed,z@2. With this initial evi-
dence, we move on to a more rigorous scaling analysis of
data.

To perform the scaling analysis,j6(T) in Eq. ~21! must
be specified. This can be done for superconductors and
sephson junction array by exploiting the Ohmic limit of E
~21!: R(T)}j1

2z . ~For superfluids, the thermal conductan
K is used in place of the resistance:K}j1

z .! For j2 , we will
assume that the vortex correlation length is symmetric ab
the transition~modulo some prefactor! in this section. We
will explore the validity of this assumption in Sec. IV A 1.

Note that in the dynamic scaling theory, there are no
quirements for the temperature dependence ofj6(T). In this
work, we will assume that the KTB formj(T)
}exp@Ab/(T/TKTB21)# provides the most efficient param
etrization of the correlation length. It is through this assum
tion that the explicit connection with KTB theory is mad
Any other temperature dependence forR(T) could be used
to check the scaling collapse, which would leave the type
transition more ambiguous.

We determineR(T) in two ways where possible. The firs
method is to extract it from the Ohmic part of theI -V curves
and the second method is to digitize theR(T) data. The two
results are then compared to one another. In the case of
crepancies, theR(T) determined from theI -V is used since
thermal equilibrium is more likely in that case. Another a
vantage of usingR(T) determined from theI -V is that one is
assured that theR(T) is Ohmic. The disadvantage of cours
is that fewer data points are available for thisR(T). It should
also be noted that we fitR(T) only over the temperature
range over which we haveI -V isotherms.

The fitting parameters for Eq.~21! are z ~universal! and
TKTB andb ~nonuniversal!. Three requirements must be fu
filled self-consistently in our scaling procedure:~i! V}I z11,
along the critical isothermT5TKTB ; ~ii ! R(T)}j2z, in the
high-temperature range; and~iii ! scaling collapse of theI -V
isotherms, according to Eq.~21!. Condition ~i!, which says
that theI -V curves are straight on a log-log scale atTKTB , is
used first to estimate a value ofTKTB and z. That value of
TKTB is then used in~ii ! to fit the Ohmic resistance data t
obtain an expression forj6(T). Finally, condition ~iii ! is
checked. Because there may be a couple isotherms tha
pear to be straight on the log-log scale, this process is
peated, in the manner of Shawet al.,19 for the acceptable
range ofTKTB’s to satisfy all three conditions.

In some of the data sets that we examined, theI -V curves
crossed over to an Ohmic region at largeI.32 This behavior is
not due to the critical behavior of the vortices but rather t
breakdown of the underlying superfluid. For that reason,
have omitted such data from our analysis.

Note that in the following, we have displayed all the sc
-
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ing results~except for a few noted exceptions! without first
making a judgment of the quality of the data. As a result,
quality of the scaling also varies. Nonetheless, we stress
each scaling result displayed here has been optimized fo
best collapse and not for a value ofz in agreement with the
other samples. This makes the result that all of the collap
occur for roughly the same value ofz all the more striking.
Furthermore, we believe that there is a strong correlat
between the quality of the rawI -V data and the scaled data
But we leave this for the reader to judge.

A. Superconducting films

Figure 1 shows the scaling of three separate data se
Eq. ~21! ~previously reported in Ref. 43 but plotted on
different scale here.! The first data set44 @markeda in Fig. 1#
covers a temperature range 30.06–46.09 K and is from
YBa2Cu3O72d ~YBCO!/PrBa2Cu3O72d multilayer in which
the YBCO layers have a thickness of 24 Å and are repor
to be nearly electrically isolated from one another
PrBa2Cu3O72d ~PBCO! barrier layers. The scaling proce
dure leads to the resultsTKTB532.0 K, b514.0, andz
55.660.3 where the resistance was fit over the range 43
47.0 K. ~See Fig. 8 below.! Curve~b! in Fig. 1 is the scaled
I -V data from Ref. 34 taken on a 12-Å-thick YBCO mon
layer and includes isotherms ranging in temperatures fr
10 to 40 K. The resistance was fit over the range 25–34.5
yielding, along with the other two criteria, the following pa
rameter values:TKTB517.6 K, b57.79, andz55.960.3.
The scaled data set denoted by~c! in Fig. 1 and covering the
temperature range 2.6–3.4 K corresponds to a conventio
100-Å-thick, superconducting sample28 ~Hg-Xe alloy!. The
parameters which led to this collapse areTKTB53.04 K, b
53.44, andz55.660.3. The resistance was fit over the tem
perature range 3.3–3.4 K. While this collapse is not as co
plete as those of the others in this figure, we emphasize
the best collapse was obtained for the reported value ofz.

A few features of the scaled data in Fig. 1 should
pointed out. First, the upper branch corresponds to temp
tures below the transition temperature and the lower bra
to temperatures above the transition temperature. Secon
Ohmic I -V relationship here is represented by a slope 1
the log-log scale. One can see in each of the three curve
this figure~and the scaled data in the following figures! that
the lower (T.TKTB) branch is Ohmic at low values of th
scaling variablex ~typically low currents! and curves over
and approaches a horizontal line asx is increased. The hori-
zontal line corresponds to theI -V relation,V}I z11.

For this paper, we have extended this analysis to t
more 2D superconducting films. The collapse is shown
Fig. 2. The curve marked~a! in that figure is from a mono-
layer of YBCO sandwiched between two PBCO layers
different thicknesses45 and covers isotherms ranging from
16.32 to 41.31 K. For the parameters, we findTKTB
518.3 K, b531.04, andz55.360.5. The value ofTKTB is
similar to that of the YBCO monolayer of Ref. 34 but th
value of~b! is nearly 4 times larger. Curveb in Fig. 2 is from
I -V data on 150-Å-thick In/InO composite film from Re
46. The I -V isotherms cover a temperature range 3.01
3.182 K. Here, the resistance data determined from theI -V
curves covered only a limited range and did not match w
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the R(T) data from Fig. 3 of that paper. For these reaso
the scaling criterion~ii ! was not fully met. Nevertheless, th
scaling collapse occurred for a value ofz near that of the
other samples:TKTB52.97 K, b510.21, andz55.260.5.

We also applied this scaling analysis43 to a thicker
(15006500 Å) Bi2Sr2CaCu2O81d crystal. For such a thick
crystal of a layered material, one would expect a crossove
3D behavior near the critical temperature and a failure of
2D scaling and perhaps a breakdown in the scaling. We h
ever did not see any breakdown in the scaling for t
sample. Indeed, as shown in curve~c! of Fig. 2, we found a
good collapse of the data with the 2D scaling form withz
55.660.3, TKTB578.87 K, andb50.20.~See also Fig. 2 of
Ref. 43.! A difference between this scaled data and the oth
was found when we looked at universality. We examine t
issue in Sec. III D and discuss the reason why a thicker c
tal may scale in the same way as the thinner samples in
IV A 3.

A scaling analysis of the Hebard-FioryI -V data on a
In/InO film18,47 was not possible since the temperatures
their isotherms were not published.

B. Josephson junction arrays

I -V characteristics of Josephson junction arrays are
pected to be similar to that of superconducting films.33 In this
section, we apply Eq.~21! to data from two JJA systems.48,49

A primary difference for these systems is that their resista
is not described by Eq.~19! because the temperature is reno
malized and depends upon the temperature-dependent
cal currenti c(T). In the data that we analyze below, we d
not have access toi c(T) and so we could not determine
R(T) followed the KTB behavior for JJA’s. Nonetheles
following the discussion at the beginning of this secti
~Sec. III!, we will use Eq.~19! to check for a collapse of the
data according to Eq.~21!. As a result, the value ofb will not
have the significance it had in Sec. III A.

Curve ~a! in Fig. 3 is scaledI -V data from a high-
temperature superconducting Josephson junction a
~YBCO/Ag!,49 where the parameters used wereTKTB
574.3 K, z55.860.4, andb50.72. The resistance was fi
over the temperature range 78–90 K. One can see tha
collapse is very good except for the isotherms furthest be
TKTB . This breakdown could be because those isotherms
out of the critical region. An attempt to optimize theT
!TKTB collapse by letting the correlation length be asy
metric in accordance with Eq.~2! was unsuccessful.

The scaled data denoted by curve~b! in Fig. 3 is from a
Nb-Ag-Nb proximity-coupled junction array.12,50 ~We used
the ‘‘100%’’ data from Ref. 50.! The parameters which pro
duced the best fit areTKTB56.84 K, z55.860.3, andb
50.32 and the resistance fit was over the temperature ra
7.3–7.8 K. The scaled I-V’s covered the range 6.9–7.8
One can see that the 6.9 K data set does not scale we
low currents. We believe that this is not a real effect since
of those noncollapsing data have a voltageV,1029 V and
do not parallel the behavior of other data in that range. T
data do scale well forV.1029 V . Harris et al.12 have pre-
viously checked the dynamic scaling of these data and c
cluded thatz52. We believe that they would have reach
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the same result as found here had they allowedz to vary to
optimize the scaling and had they used Eq.~21! instead of
Eq. ~20!.

Curve ~c! in Fig. 3 is the scaledI -V data from a Nb/Nb
Josephson junction array.48 The parameters used to optimiz
this weretKTB50.51 K, z55.560.5, andb55.7, wheret
5kBT/@(\/2e) i c(T)#. A collapse of the scaled data could b
obtained over a relatively large range ofz and TKTB . We
attribute this to the fact that theI -V’s isotherm only covered
two to three decades of voltage and that there were no
therms for temperatures belowTKTB . The resistance was fi
over the ranget50.8–1.3.

In a conventional analysis, Abrahamet al.51 reported a
jump in theI -V exponenta of 3 to 1 for PbBi/Cu arrays, a
result which impliesz52. As far as we could tell, those dat
were not published and so were not available for our ana
sis. We tried to apply Eq.~21! to sample 6-18-81 of Ref. 52
but no definitive conclusions were reached due to the
that theI -V isotherms only covered two to three decades
voltage and a limited temperature range.

C. Superfluid 4He films

For superfluid4He films, the analogs of electrical condu
tance andI -V curves are thermal conductance andQ̇-DT

curves, whereQ̇ is power through the film andDT is the
temperature gradient across the film. These measurem
are done by injecting heat at one end of a thin superfluid fi
adsorbed on a surface~e.g., Mylar!. Because of dissipation
from vortex pairs, there is a temperature gradient across
film that is measured and is the analog of the voltage in
superconducting measurements. In reality,Q̇ is not the heat
through the film but rather represents4He mass flow from
the cool end of the film to the warm end, which occurs
replenish the4He which evaporates from the warmer end
a quicker rate than from the other end. This is thoroug
discussed in Ref. 53.

As we shall shortly see, these results do show thaz
.5.6. However, we are careful to point out that the resu
we are about to present can only be said to be consistent
such a value ofz but cannot be taken to be evidence thaz
.5.6 for two reasons. First, there are no reliable therm
conductanceK data in the ‘‘Ohmic’’ limit ~i.e., T.TKTB

zero-powerQ̇ limit !. Furthermore, one has to account for t
conductance of the gasKg surrounding the film which can
only be approximated to within a factor of 2. These tw
points allow us more freedom to obtain the optimal scalin
Nonetheless, the best scaling does yield az which is similar
to that of superconductors and Josephson junction array

The collapsed data in Fig. 4 marked curve~a! are from
Ref. 53. Instead of varying the temperature, those auth
varied the film thicknessd which in turn varies the transition
temperature. The independent variable then isd and notT
and so the correlation length depends uponud2dcu instead
of uT2TKTBu wheredc is the thickness whoseTKTB corre-
sponds to the temperature of the experiment.@See Eq.~17! of
Ref. 53.# By adjustingd, they were able to obtainQ̇-DT data
for both above and below the transition temperature. T
parameters that we obtained weredc55.4, z55.460.4, and
Kg58.031024 W/K. We assumed thatKg was a constant



it
a

th

ta
a
an
he

o

n

ed
e

2D

,

on

t f
th

et
ry

d

ts

e

we
s in
rror
al
led
the

i-

iso-
ave

ata

f
ely
se
We

, a
n of

ine
n-

on
ng
We

sh

he
he

in

1316 PRB 60STEPHEN W. PIERSONet al.
over the parameter space that theQ̇-DT curves covered and
estimated it based on the small-d behavior ofK. This placed
some limits on this quantity but we were still able to vary
by a factor of 2. We found that the scaling collapse w
relatively insensitive to the value ofKg because most of the
power was flowing through the film. As one can see,
scaling starts to break down for thicknesses (d;9 layers!
much larger thandc .

Curve~b! in Fig. 4 is from Ref. 54. It contains more da
corresponding toT.TKTB but does not cover as wide
range of thicknesses overall as the data of Maps
Hellock53 The collapse was found to be consistent with t
results we have presented in this paper:dc55.2, z55.6
60.5, andKg55.031024 W/K. Like the JJA data of Ref.
48, the error bars here are large because the data extend
over a couple orders of magnitude.

D. Universality

One of the fundamental properties of critical behavior a
scaling is universality: the idea that the same function«6(x)
in Eq. ~21! and the same value ofz describe all of the data
independent of the system or material. For theT.TKTB
branch, we found universality for nearly all of our scal
data. For theT,TKTB branch, on the other hand, the sam
function «6(x) described the data sets of the thinnest
samples but not that of the layered materials43,44or superfluid
helium.53 We explore these issues in this section.

In Fig. 5, the HTSC data from the YBCO monolayer34

the LTSC data from the Hg/Xe thin film,28 and the YBCO
JJA data49 are plotted together. Because the scaling functi
are dimensionless, we multiply thex andy axes by nonuni-
versal constants which enter the scaling theory to accoun
the sample dependence. In order to test universality, all
data sets must be scaled with the same value ofz. So we have
adjusted each data set within the error bars of the param
so that each hasz55.6. As one can see, the collapse is ve
good, and bolsters the evidence that these data scale an
z.5.660.3. The agreement of the data of Repaciet al.34 and
Herbertet al.49 is particularly impressive since both data se

FIG. 5. The JJA data of Fig. 3~a! ~Ref. 49!, the YBCO SC data
of Fig. 1~b! ~Ref. 34!, and the Hg/Xe SC data of Fig. 1~c! ~Ref. 28!
plotted together. The scaled data sets have been shifted to
universality of the scaling function.
s
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have extensiveT,TKTB branches and because they com
from two different systems: JJA’s and SC’s.

In Fig. 6, we plot all of the SC, JJA, and SF data that
have presented here in a single plot to test universality. A
the previous figure, we adjusted each data set within the e
bars so thatz55.6. We also removed some of the individu
scaled isotherms that did not scale well with the other sca
isotherms from the same sample. This includes two of
isotherms from the data of Matsudaet al.45 @the second and
third from the right in data set~a! of Fig. 2#, parts of two of
the data sets from data set~b! of Fig. 2 ~second and third
from the right!, and part of one data set from Harriset al.12

@the rightmost set labeled~b! in Fig. 3#. One can see clearly
that theT.TKTB data scale well and strongly suggest un
versality for this temperature regime. The Garland-Lee46 data
are the weakest of these since their lowest-temperature
therm does not lie on the other scaled data as we h
pointed out in this figure.

Universality was not found for all of theT,TKTB data.
Besides the data plotted in Fig. 5, there are only a few d
sets that have significantT,TKTB branches: the HTSC
BSCCO thin crystal of Ref. 43, the4He data of Ref. 53, and
the YBCO multilayer data of Ref. 44.~We have labeled each
of these data sets in Fig. 6.! The low-temperature branches o
these data sets fail to collapse with the other data. It is lik
that the BSCCO and YBCO multilayer data fail to collap
in this temperature range due to their layered structure.
will discuss this point in Sec. IV A 3. As to why theT
,TKTB

4He scaled data do not collapse with the other data
possible explanation is that the approximate determinatio
j(T) was inaccurate.~Recall the lack of ‘‘Ohmic’’ conduc-
tivity data for the superfluid measurements.! We recommend
further studies of such data to more accurately determ
j(T) and to check the universality. In short, we cannot co
clude whether the lack of universality of the scaling functi
for T,TKTB indicates a breakdown of the dynamic scali
results or if it is due to the data or systems considered.
believe it is the latter.

ow

FIG. 6. The data from all of the data sets plotted together. T
T.TKTB data collapse very well, suggesting universality of t
scaling function for that temperature regime. TheT,TKTB data also
scale well if three data sets, belonging to layered materials@labeled
Ammirata ~Ref. 43! and Vadlamannati~Ref. 44!# and superfluid
helium @labeled Maps~Ref. 53!#, are neglected. This is discussed
the text. The Garland-Lee data~Ref. 46! scaled well except for the
anomalous isotherm just aboveTKTB , labeled Garland~Ref. 46!.
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IV. DISCUSSION

The main result of Sec. III is thatz.5.6 for supercon-
ductors, superfluids, and Josephson junction arrays.
large value ofz is nearly 3 times the expected value for the
systems. Indeed there are many reports for supercondu
and Josephson junction arrays that theI -V exponenta jumps
from 3 to 1 at the transition temperature, a result tha
consistent withz52. In this section, we explore the discre
ancy between the approaches by discussing the validit
each.

A. Dynamic scaling

Dynamic scaling is a powerful technique which h
proved particularly useful in investigating the nature of t
H-T phase diagram in high-temperature superconduct
Yet one must be careful with the results obtained with
scaling analysis because this technique is not without
weaknesses. For example, in Sec. III D, universality of
scaled data was examined, and while universality was fo
for the T.TKTB data and some of theT,TKTB data, it did
not hold for all of the latter. In this section, we will examin
other aspects of the dynamic scaling analysis presented
and its validity.

1. Vortex correlation length

There are various aspects of assumptions that we m
regarding the vortex correlation length that may detract fr
the dynamic scaling analysis. Here we make considerat
on its symmetry, the value of the nonuniversal constanb,
and the expected range of the validity of the temperat
dependence.

Throughout Sec. III it was assumed that the vortex cor
lation length was symmetric about the transition tempera
even though Ambegaokaret al.2 predict that it should be
asymmetric.@See Eq.~2!.# Surprisingly, where there wer
data for both above and below the transition temperature,
scaling did not seem to suffer from this assumption. This
particularly so for the data on the superconductors. One
tices that for the data of Refs. 28, 34, and 43, the sca
works well for both branches.~See Figs. 1 and 2.!

When we allowed the correlation length to be asymme
by allowing for different values ofb below TKTB (b2) and
aboveTKTB (b1), significantly better scaling could not b
achieved, possibly indicating thatj is symmetric, in accor-
dance with the scaling of the numerical results of Lee a
Teitel.42 There were of course a few exceptions,49,53 but in
neither case was predictionb152pb2 ~Ref. 2! verified. In
fact, in these two cases,b2 tended to be larger thanb1 . For
the superfluid4He data of Ref. 53, we foundb2.3b1 . We
do not view this result as conclusive because of the afo
mentioned problems with determiningj(T) for helium and
we suggest further study of this topic.

In our fitting of the resistanceR(T) to determinej6(T),
we were sometimes able to fit the resistance to the Koste
form over an extended temperature range. A notable exam
is the YBCO monolayer data34 where we fit the resistanc
from 25 to 35 K. The upper limit of this fit is twice theTKTB
which is remarkable since true KTB critical behavior is e
pected to be valid over a very narrow temperature range.24,56
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This result could suggest that the critical region is larger th
expected or, more likely, that KTB-like behavior remai
valid outside the critical region.24 Indeed, Minnhagen and
Olsson57 indicate that Eq.~1! is a useful phenomenologica
form over wider temperature regimes as long asb is taken to
be a phenomenological parameter.42 We adopt this interpre-
tation.

In the literature, it is commonly stated thatb is material
dependent but thatb5O(1).8 In our results for supercon
ductors, we foundb to roughly O(10) but as small as 3.44
and 0.2, thereby varying by an order of magnitude or tw
We also found that its value could vary within materials. F
example, the value ofb for the two-YBCO-monolayer sys
tems examined in Sec. III A varied by a factor of 4,34,45

which is concerning. However, we do not think it is tro
bling that theb varied from material to material by an orde
of magnitude. The systems considered here are diverse
one another. For example, the electron density can vary
nificantly from the conventional superconductors to t
HTSC’s. Another interpretation is that the value ofb is a
phenomenological one and not equivalent to its tr
asymptotic critical value.42,57

2. Universal jump: 6.6 to 1

If one is to believe thatz.5.6 in these materials, then on
expects to see a jump in theI -V exponenta of 6.6 to 1 in the
I→0 limit. Yet evidence of this is not observed in any of th
samples. We believe this is because previous measurem
have not gone to weak enough currents to observe this
havior. For example, based on the scaling curve of
YBCO monolayer data34 in Fig. 1~b! whereTKTB517.6 K,
one can see that the scaling curve is Ohmic forx&1025 (x is
the scaling variable!. This means that the 18 K isotherm
would not become Ohmic until the currentI &10211 A.
Clearly, voltage sensitivity is far from detecting that cros
over.@In fact, that isotherm would become first Ohmic due
finite-size effects at a much higher current~Sec. IV C 1!.# It
is a similar situation for the data of Herbertet al.49 where the
scaling curve is Ohmic forx&1026. The 74.722 K isotherm,
the first isotherm aboveTKTB574.3 K, would not become
Ohmic until the currentI &1028 A. This is several orders o
magnitude smaller than the minimum current for that is
therm.

The ‘‘jump’’ is evident in the scaled data only in th
following way. For theT.TKTB data, the scaled data g
from Ohmic behavior (a51) for small values of the scaling
variable toa56.6 at large value of the scaling variable.
this way, the ‘‘jump’’ is only manifest as a crossover fro
the small-x behavior to the largex behavior of theT
.TKTB branch of the scaled data.

In Sec. IV C 2, we will use a conventional approach
show that the behavior ofa for the YBCO monolayer data34

is consistent with the value ofz that we found for that
sample:z;5.9.

3. Three-dimensional effects

We have examined two samples which could be view
as layered.~The first layered sample that we examined w
the YBCO/PBCO multilayer system of Ref. 44 where t
two unit-cell-thick YBCO layers were believed to be elect
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1318 PRB 60STEPHEN W. PIERSONet al.
cally isolated. The second sample was the 1000-Å-th
BSCCO crystal.43! In layered superconductors, thre
dimensional behavior is expected in a small region of
current-temperature phase diagram nearTKTB . One could
then ask why such samples would scale in the same wa
the much thinner samples and why 3D effects are not m
fest.

To discuss the 3D effects, two new lengths are int
duced. The first is related to the energy of the vortex p
This length is the Josephson lengthlJ5gs, which incorpo-
rates the effects due to Josephson coupling between the
ers. (g is the anisotropy ratio for layered superconduct
and is equivalent to the ratio of the coherence length in
ab planes to the coherence length in thec direction: g
[jab /jc . s is the distance between layers.! For separations
less thanlJ , the vortices interact with the 2D~logarithmic!
potential. For larger separations however, the potential
comes linear due to the Josephson coupling between
layers.58 ~The Josephson coupling also introduces a term
the interaction energy for lengths less thanlJ , but that term
is very small compared to the 2D logarithmic one.!

The second length is thec-axis vortex correlation length
jc

v ~to be distinguished from thec-axis superconducting co
herence length! and characterizes how far along thez direc-
tion the vortices are correlated. This length can also
viewed in terms of the length-scale-dependent layer dec
pling lengthl 3D/2D5gjc

v ~defined forT.Tc) since it deter-
mines the extent over which the 3D effects are importan
the in-plane direction.59 Because of vortex screening, the J
sephson interaction is screened out beyond lengthsl 3D/2D ,
making the interaction 2D at large separations forT.Tc .
l 3D/2D becomes small quickly above the transitio
temperature.59

Because of these two competing lengths, 3D behavio
expected only over a small range of theI -T phase space. On
the temperature axis, this region is limited bys,jc

v(T),D,
whereD is the thickness of the sample. On theI axis, the 3D
region is limited to intermediate currents:lJ,r c, l 3D/2D .
Above TKTB , the renormalizedg ~and hencelJ) grows
quickly60 while l 3D/2D , because of the temperature depe
dence ofjc

v , decreases rapidly, further limiting the 3D b
havior. This leaves only a small window in which 3D ne
TKTB effects can be observed.

Returning our attention to the layered samples that
examined here, it is plausible that 3D effects are being s
After all, it is primarily the layered superconductors of Re
44 and 43 that do not obey universality. For the multilay
sample,44 the T.TKTB scaled data fail to collapse with th
other curves~see Fig. 6! for the isotherms nearestTKTB .
That this sample could have 3D behavior is not in contrad
tion with the reports of those authors that their layers
electrically isolated44 since magnetic coupling extends ov
larger distances. For the BSCCO sample of Ref. 43 wh
T,TKTB data do not collapse with the others in Fig. 6, w
have done the following calculation based on our above
cussion to try to estimate where 3D effects should be se
Sinceg.160 for BSCCO 2212, 3D effects should start
occur for currents&1.2 mA ~wherer c*lJ) and persist up
to the current associated with the minimum ofL f s
(;2.4 mA) or the decoupling length, very nearTKTB . Based
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on these rough estimates, which do not incorporate renorm
ization effects, it seems unlikely that 3D effects could
observed in these samples forT.TKTB . For theT,TKTB
branch, it is more likely that the deviation from the univers
curve is due to the thickness of that crystal since it is w
known that the 3D region is much larger below the transit
temperature than above.55,61

B. Validity of ‘‘conventional’’ results

In the previous section~Sec. IV A!, we have addressed th
validity of the dynamic scaling, whose results indicate th
z.5.6. Since this contradicts the evidence from the conv
tional approach thatz52, we now address those results. W
do not claim that each paper is incorrect in their claims
z52 but we do hope to convince the reader that the ques
of the value ofz is still an open one.

The conventional results fall into roughly two classes,
and ac. The dc measurements are the most common
include the determination ofa(T) from the I -V measure-
ments. dc magnetoresistance measurements have also
used but less frequently. The ac measurements include
torsion oscillator 4He measurements of Bishop an
Reppy20,21and the ac inductance measurements of Fiory, H
bard, and Glaberson.18 Clearly, we cannot address each p
per that reports evidence forz52 and so we will discuss
them in broad terms using particular examples where ap
priate.

1. I -V and R„T… dc measurements

Most of the papers that report evidence for a KTB tran
tion or KTB behavior make their determinations based o
on a(T) andR(T) measurements.~There are a few notable
exceptions to this that we discuss below.18,46! We suggest
here that such an approach cannot be taken as eviden
KTB behavior andz52 but only as being consistent withz
52 within the conventional approach.

We begin with a brief description of this method. Fro
the I -V data, a value ofTKTB is determined from the condi
tion a(T5TKTB)53 ~which, of course, assumesz52). It is
then that this value of the transition temperature is consis
with the R(T) data and the Minnhagen24 form of the resis-
tance,

R~T!5Aexp@22Ab~Tc02TKTB!/~T2TKTB!#, ~22!

or the traditional form forR(T) @Eq. ~14!.# The mean-field
temperatureTc0 and constantA, in addition tob, amount to
three fitting parameters.@If Eq. ~10! is used, then there ar
only two fitting parameters.# A further check that is some
times used is to verify thata(T) decreases quickly abov
TKTB .

There are several reasons why this approach can b
misleading check ofz52. The first and most important i
that determining wherea(T)53 is difficult. It is well known
that the predicted jump in theI -V exponenta(T) exists only
in the I→0 limit28,32,34,62and that, for temperatures abov
the transition temperature, the value ofa(I ,T) can vary
quickly from a value of 1 to a value ofz11 as a function of
current. Hence, one must be sure that the value of repo
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a(T) will not dip to a lower value at currents whose voltag
are below the voltage sensitivity.

~Beyond the problem of probing the weak current lim
actually detecting the jump can be very difficult because
the presence of finite-size effects, small magnetic fields,
disorder, the jump gets rounded considerably, due to
many competing length scales. Note that m
papers44,47,63,64do not report a jump in theI -V exponent.!

The second problem with this approach is that, most
the time, a misleading criterion is used to determinea(T).
Because it is seldom~if ever! the situation that one know
that the value ofa(T) determined for a particular isotherm
represents the weak current limit, one should examinea(T)
for a given length scale~or common current!, as originally
suggested by Kadinet al.28 Here, one looks for a change i
the behavior of this quantity near the transition temperatu
This approach is usually not followed rigorously, howev
Instead of using a common current, investigators will det
mine a(T) for a common voltage range. This has the effe
of biasing the results because, as one looks at hig
temperature isotherms at common voltages, one is lookin
lower currents. This means thata(T) will have decreased
not only due to temperature but also due to longer len
scales. Therefore, any report rapid decreases ofa(T) may be
an artifact of examining the isotherms at a constant volta
@There are also cases where not even a common vol
range is used; rather, the parts of the isotherms that de
the desired rapid change ina(T) are studied.#

Third, once a value ofTKTB is obtained wherea53, the
number of fitting parameters in Eq.~22! used to verify the
self consistency is large~3! and the temperature range ov
which one fits theR(T) data is limited. So we contend tha
the conditions for checkingz52 in this approach are no
stringent enough to be considered as evidence.

Finally, we note the inherent problem with this approa
mentioned above, thatz is not allowed to vary in order to
optimize the analysis.

As an example, in Ref. 49 a jump in theI -V characteris-
tics is reported for the YBCO/Ag weak-link JJA.@See Fig. 2,
inset, in Ref. 49~a! or Figs. 5-7 and 5-8 in Ref. 49~b!.# The
sharp jump in Ref. 49 was obtained by fitting the Ohmic p
of the curves at a temperature just above where theI -V has
a53. In this case, no fit ofR(T) was done to check the
value ofTKTB for consistency. Also, one cannot rule out th
if those authors had another decade or two of voltage se
tivity, isotherms at temperatures lower than theirTKTB would
also become Ohmic at lower currents. Further, as is c
from the scaling analysis shown in Figs. 3~a! and 5, these
data are consistent withz55.6. As a second example of thi
we look at the YBCO monolayer data of Ref. 45. By inspe
ing Fig. 4 of the reference, it is clear that some of the i
therms below their reportedTKTB could manifest Ohmic be
havior if more decades of voltage sensitivity were possib
An inspection of theI -V data of Ref. 44~Fig. 2! yields a
similar conclusion. It is unlikely that the reported value
a53 atT5TKTB540.1 is the asymptotic value of that qua
tity at low currents.@The voltage sensitivity for that data als
occurs at a larger value (;1027 V) than that of other mea
surements (;1029 V).#

To summarize,I -V along with R(T) measurements do
provide self-consistent results fora(T5TKTB)53 ~and thus
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z52), but cannot be taken as proof thatz52. This is be-
cause the flexibility in determiningTKTB and the three fitting
parameters used in Eq.~22! to fit the smooth, monotonic
R(T) data do not pose tight enough constraints.

2. Kinetic inductance on SC’s, magnetoresistance,
and 4He torsion experiments

We now turn to other measurements used to study dyn
ics in the SC, SF, or JJA system.

As mentioned above, there are a few notable papers
went beyond measuring onlyI -V andR(T) curves. The most
comprehensive study was done by Fiory, Hebard, a
Glaberson18 who looked at kinetic inductance and magn
toristance in addition to the usualI -V and R(T) measure-
ments on In/InO systems. The thoroughness of their
proach is commendable. While their results seem to
consistent withz52, they are not without their inconsisten
cies and cannot necessarily be taken as definitive evide
for z52.

Fiory et al.18 were able to determine the vortex interactio
strengthq2 in two ways for a rectangular strip sample
In/InO. In their ac impedance measurements used to de
mine the kinetic inductance, the frequencies are small~160
Hz! and so they are probing only statics. In that case
kinetic inductance does not depend upon the density of
vorticesnf but only the superfluid density. In that case,q2 is
directly determined. In theirI -V measurements, a dynam
value of q2 is determined. They find that the values ofq2

from the two measurements agree over a limited tempera
range (;30 mK), which would be consistent with a value o
z52. ~See Fig. 9 of Ref. 18.! However, this result should be
viewed cautiously since the two measurements disagree
most of the regionT,TKTB . Further, the four-probe contac
method that they used to measure the data for the comp
son of the values ofq2 is less accurate and less sensitive18

than the two-coil contactless method that they used on ci
lar sample from the same film. Moreover, their measu
ments of samples from the same film revealed variations
Tc that suggest that sample inhomogeneities may be sig
cant.

To further test the value ofTKTB for the In/InO films,
Fiory et al.18 measured the magnetoresistanceR(H). Ac-
cording to the theory of Minnhagen,65 R(H) should be linear
in H at TKTB but sublinear above it and faster than line
below it. Their data atT51.782 K do show a region which
is nearly linear (R}H1.07) over roughly two decades. Thi
temperature for crossover is roughly consistent with th
TKTB51.782 K determined froma(T5TKTB)53 criteria.
As mentioned above, the roughly linear area is over only t
decades and the samples do have a degree of inhomoge
to them. Further, it is likely that surface barriers should
taken into account.66

Garland and Lee46 have also used magnetoresistance d
in addition to theI -V and R(T) measurements on In/InO
films. Based on their Minnhagen criteria forR(H) they de-
termineTKTB53.123 K. At this temperature, they find tha
a(T) drops from a value of roughly 4 to 1. One will als
notice that theirI -V at TKTB is not a pure power law as
required by the dynamic scaling and that theirT,TKTB iso-
therms all have a positive curvature. They attribute this
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havior to field-induced vortices. It is clear from Fig. 7
their paper that the field plays a role for fields at least as
as 5 mG. Yet, in keeping with the discussion on finite-s
effects in Sec. IV C 1, it is our view that the crossover
Ohmic I -V in their Fig. 5 should occur at a roughly commo
value of the current. This is because the magnetic len
scale should not change significantly over the 100 mK t
their I -V isotherms cover below their claimedTKTB . This is
not observed in those data. ChoosingTKTB at a lower tem-
perature seems to be a better explanation, especially w
one considers the good collapse of their data in the dyna
scaling analysis as seen in Fig. 2~b!.

4He torsion experiments20,21 were among the first evi
dence for the Kosterlitz-Thouless-Berezinskii transitio
Nevertheless, while we agree that these measurement a
dicative of KTB behavior~i.e., vortex pair unbinding!, we do
not believe that they indicatez52. In the case of4He torsion
experiments,21 Bishop and Reppy measured the period sh
and Q value of an Andronikashvili cell. The former is pro
portional to the real part of the dielectric constante and the
latter to the imaginary part of that quantity. It is the latter th
has the predominant dependence on the free vortex de
nf . @See their Eq.~A2! or Eqs.~3.17! and ~3.18! in Ref. 2.#
They implicitly assumez52 in writing Im(e)}nf . We point
out that their method cannot distinguish a value ofz but only
the productbz. A value ofz other than 2 would still make the
values of their fitting parameters reasonable. The noise s
trum measurements of Shawet al.19 are another good ex
ample of a measurement that is not able to determine
value ofz but only the productbz.67 Hence these measure
ments cannot be taken as evidence forz52.

C. Comparison of conventional approach
with dynamic scaling

To further examine the validity of the findingz.5.6
60.3 obtained from the Fisher-Fisher-Huse scaling, we w
examine a data set using the conventional approach wit
arbitrary value ofz. We have chosen the YBCO monolay
data of Ref. 34 for several reasons. First, their data cove
far the largest current, voltage, and temperature range of
data set in the literature. Second, those authors have po
out that their data do not satisfy the ‘‘conventional’’ criter
for KTB behavior: theI -V exponent does not vary rapidl
from 3 to 1 near the transition temperature. Finally, th
suggested finite-size effects to explain the lack of KTB b
havior and performed a largely qualitative analysis.

In this section, we will use a quantitative analysis to sh
that finite size effects cannot account for the observed be
ior in that data~Sec. IV C 1!. We will then perform a con-
ventional analysis of theI -V exponent to look for evidence
of z.5.9 ~Sec. IV C 2!.

1. Finite-size effects

Repaci et al.34 have been suggested that their YBC
monolayer data that have been shown here to scale so
with z55.9 can be explained in a ‘‘conventional’’ manner b
finite size effects, following similar suggestions regardi
the low-current Ohmic behavior of others.26,48,68We investi-
gate that possibility in this subsection, making an expl
comparison between the dynamic scaling analysis and
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conventional approach. As the reader will see, we find
evidence of finite-size effects in any of the data that we
amine.

This subsection is organized as follows. After a discu
sion of the principal differences between the two scenar
we look for evidence of finite size effects in theI -V data
from the YBCO monolayer data34 first using the conven-
tional picture and then in the dynamic scaling analysis.

a. Theory. The primary difference between the finite-siz
explanation and the dynamic scaling explanation of th
data is the following: the former ascribes finite-size-induc
low-current Ohmic behavior toI -V isotherms with tempera
turesT,TKTB ; in the dynamic scaling explanation the low
current Ohmic behavior is associated withT.TKTB iso-
therms. The issue of course is the placement of the trans
temperature. Because the scaling analysis indicates
a(TKTB).6.8 and the conventional analysis assum
a(TKTB)53, TKTB will be at a lower temperature in the sca
ing analysis scenario.

We first examine the nature of the Ohmic to non-Ohm
crossover in the finite-size-effect scenario. Recall that w
finite-size effects, there is always a density of free vortic
@See Eq.~8!.# This means that at small currents where one
probing large length scales, the free vortices will domin
the resistance and theI -V characteristics will be Ohmic. As
one probes smaller length scales by increasing the cur
(r c!L f s), current-induced vortex unbinding will start t
dominate the resistance and theI -V curves will become
non-Ohmic.69 Because either the system size or the 2D p
etration depth can be on the order of 1–10mm, one would
expect finite-size effects to have an influence.

We will now use the conventional picture to make t
above discussion more quantitative forT,TKTB . We will
show that theI -V curves are Ohmic whenr c@L f s and non-
Ohmic whenr c!L f s . With finite-size effects, the energy o
a vortex pair is generalized from Eq.~6! to a potential that is
logarithmic for R!L f s and approaching a constant forR
@L f s .27 To approximate this behavior, we use

E~R!5q2@ ln~R/j0!2 ln~R/L f s11!#2JR/j012Ec ,
~23!

whereq25pns
2D\2/2m andJ5p\I j0d/eA is a current with

dimensions of energy. It is the second term on the right h
side of the equation that causes the zero-current (J50) pair
energy to approach a constant as 1/R for R.L f s . With this
term,E(R) no longer peaks atr c . Rather, it peaks at

r c
f s52

L f s

2
1

AL f s
2 /41L f sj0q2/J

2
. ~24!

There are two limits to this equation. The large-current lim
J@q2j0 /L f s can be rewritten asr c!L f s while the small-
current limit can be expressed asr c@L f s . In the large-
current limit where one is probing small lengths,r c

f s ap-
proachesr c while at small currents (J!q2j0 /L f s), r c

f s

5AL f sj0q2/J. Remember that it is the value ofE(R) at r c
f s

~i.e., the height of the barrier! that determines the density o
free vortices. In one limit (r c!L f s),

E~r c
f s!5q2@ ln~q2/J!21#. ~25!
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On the other hand,

E~r c
f s!5q2 ln~L f s /j0! ~26!

for r c@L f s . So, forT,TKTB , the I -V’s are Ohmic at small
currents sinceE(r c

f s) does not depend on current. At larg
currents,E(r c

f s) depends upon the current in the tradition
way, and one finds the usualI -V relationship:V}I a. The
Ohmic to non-Ohmic crossover occurs whenI
;4kBTKTBWe/p\L fs ~i.e., r c;L f s .)

The T.TKTB effect of finite size on the transport beha
ior is a little more subtle than the low-temperature effe
because another competing length scale is involved. Eve
the absence of finite-size effects for this temperature ran
the I -V curves cross over from thermally dominated Ohm
behavior at smallI to current-induced non-Ohmic behavio
at largeI. The current at which this crossover occurs depe
upon the size of the largest vortex pairs,j1(T),26 a quantity
which is strongly temperature dependent. With finite-size
fects, since all currents that probe lengths greater thanL f s are
Ohmic, L f s competes withj1(T), yielding the following
conditions: whenr c@min@Lfs,j1# there is Ohmic behavio
and non-Ohmic whenr c!min@Lfs,j1#. An important term in
our discussion is ‘‘premature-Ohmic’’ behavior, which d
notes Ohmic behavior at currents for which there would
be Ohmic behavior in the absence of finite-size effects
occurs whenL f s,j1(T) ~and when the temperature is su
ficiently close toTKTB .)

It is the temperature dependence of these conditions~as
well as the magnitude of the crossover current! that mark the
signature of finite-size effects forT.TKTB . For T*TKTB ,
j1(T) is large and exceedsL f s so that the value of the cur
rent at which the isotherms cross from one behavior to
other will depend uponL f s and not the size of the larges
pairs. In this case, the crossover current will depend o
weakly on temperature. Asj1(T) becomes smaller thanL f s
at temperatures further above the transition, it isj1(T) that
sets sets the current scale for the Ohmic to non-Ohmic cr
over. So the crossover current becomes strongly tempera
dependent.

b. Conventional check of finite-size effects. As mentioned
above a possible candidate for observing finite-size effec
the monolayer YBCO data of Ref. 34 becausel2D
.40 mm. To determine the value of the current at whi
‘‘premature-Ohmic’’ behavior should occur for this data, w
use r c5L f s540 mm to solve for the current. UsingW
5200 mm, we find I crossover.2.4 mA, a value much
smaller than the observed crossover current:;100 mA for
T.28 K. This would seem to indicate thatl2D is not re-
sponsible for the Ohmic to non-Ohmic crossover in the
materials. A renormalization group study70 confirms that this
remains the case after renormalization effects ofL f s are ac-
counted for. This is because the condition for observing
finite-size effects isr c.L f s . Under renormalization,L f s
does shrink quickly butr c shrinks even more quickly.70

The length scale that corresponds to the approxim
crossover current for the data of Repaciet al.34 for tempera-
tures around 28 K is 1mm. Because neither a field-induce
vortex length nor a pinning~disorder! length could corre-
spond to this value, it seems unlikely that the behavior
served in Ref. 34 is due to finite-size effects.
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Not only is the magnitude of the crossover current inco
sistent with finite-size effects but so also is the temperat
dependence of this quantity. If it wereL f s and notj1 which
determined the Ohmic to non-Ohmic crossover, the d
would not collapse so well in the dynamic analysis since
temperature dependences of these two quantities are so
ferent.

Another signature for finite-size effects in the conve
tional picture is that the resistance will have an Arrhenio
temperature dependence:R(T)5AN exp@B/KBT# whereB is
related to the energy of a free vortex andAN is a constant.
@See Eq.~8!.# We have fit this formula to the data, as show
in Fig. 7 ~dotted line!, but do not get a satisfactory result.

Finally, a finite-size analysis of the data of Repaciet al.34

would indicate aTKTB in excess of 30 K following the sub
sequent work of Herbertet al.32 This is contrary to the mu-
tual inductance data of Gasparovet al.71 on YBCO mono-
layer films which probes the temperature at which the larg
pairs unbind.@Remember, the size of the largest pairs is e
pected to decrease asj1(T) aboveTKTB .# They find that
vortex pairs of size;0.018mm unbind at a temperature o
roughly 47.0 K, vortex pairs of size;0.78mm unbind at a
temperature of roughly 27.8 K, and vortex pairs of si
;1.58mm unbind at a temperature of roughly 25.5 K. Th
trend is consistent with the value ofTKTB that we find~17.6
K! for the YBCO monolayer data of Ref. 34 using a dynam
scaling analysis.

c. Dynamic scaling check of finite-size effects. The signa-
ture of finite-size effects in the dynamic scaling depen
upon the temperature. ForT,TKTB , the scaled data shoul
peal off the scaling curve to go Ohmic~slope 1 in Figs. 1–4!
for currents less than 4kBTKTBWe/p\L f s . For temperatures
above the transition temperature, one would observe fin
size effects only ifL f s were shorter than the size of th
largest vortex pairs. And in that case, the scaled data wo
break from the scaling curve to become ‘‘premature
Ohmic’’ at I 54kBTKTBWe/p\L f s . This is not observed in
any of the scaled data in this paper. Such behavior was
served however for the BSCCO data of Ref. 43.~See Fig. 2
there.! In that case, however, it seems more likely that t
behavior is not due to finite-size effects but to voltage s

FIG. 7. The resistance data of Ref. 34 and fits to Eq.~19!
~dashed line! and Eq.~8! ~dotted line!. The latter equation, based o
assumptions of finite-size effects~finite l'!, does not adequately
describe the data.
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1322 PRB 60STEPHEN W. PIERSONet al.
sitivity. The crossover to the premature-Ohmic behavior
curs more rapidly than one would expect for finite-size
fects and also occurs at roughly the same voltage, whic
near the voltage sensitivity limit.

d. Finite-size-effect discussion. As mentioned above, ther
is no ‘‘true’’ thermodynamic phase transition in superco
ductors because of the finite penetration depth. One co
then ask why there is a critical isotherm at all. For examp
in the data of Repaciet al.,34 the 17 K isotherm is straigh
over nearly nine decades of voltage. The answer to thi
that the correlation length at finite current does not beco
infinite ~and is not longer thanL f s! even though it is very
close toTc . This is apparent from Eq.~3! where it is seen
that the correlation length decreases as the reciprocal of
rent. It is only whenj(I ,T).L f s that one would begin to se
deviations in the critical isotherm.

To summarize this section, we find no evidence of fini
size effects in any of the data that we examine. In princip
however, finite-size effects are inherent to superconduc
and will manifest themselves if the probing current is sm
enough. It is our opinion that none of the data sets that
examined went to currents small enough to detect finite-
effects.

2. Conventional approach

We now examine the data of Repaciet al. with a conven-
tional approach. In Fig. 8, we plot theI -V exponent (V
}Ia(T)) at a fixed current (I 50.7 mA) as determined from th
d@ logV#/d@log I# data in Fig. 3 of Ref. 34.@The error bars
were determined from that figure and from fits to theI -V
curves, and are only shown for the near-linear region. T
a(T,17 K) data also came from power-law fits to the dig
tized I -V data from Fig. 2 of that reference.# As one can see
there are no features ata;3 that would suggest a phas
transition, as originally pointed out by those authors. An
terpretation of these data is difficult. A possible feature i
crossover from near-linear behavior ofa(T) to nonlinear
behavior near the value ofTKTB (17.6 K), obtained from the

FIG. 8. a(T) data at a fixed current (I 50.7 mA) for an YBCO
monolayer taken from thed@ logV#/d@logI# data in Fig. 3 of Ref. 34.
Also plotted are a linear fit to the data less than the transition t
perature and the linesa(T)57.1 anda(T)51.0 used to determine
the parametersTc0 , z, andec . @Inset:a(T) data at a fixed curren
(I;4.0 mA) for the BSCCO film of Ref. 43.#
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dynamic scaling behavior. Further, the value ofa observed
at this temperature produces an estimate forz(.7) that is
similar to that obtained from the scaling procedure. One
see that theT.TKTB behavior is concave up, contrary to th
analytical work of Ref. 28, but more consistent with th
simulational wor of Ref. 72.

The values ofTKTB andTc0 determined from the standar
analysis ofa(T) with arbitraryz are less definitive becaus
one is not assuming a value ofa(TKTB). To be consistent
with the value ofTKTB determined from the scaling analysi
we have chosenTKTB517.6 K. The subsequent value ofTc0
determined from a linear fit to thea(T,17.6 K) is Tc0
524.8 K.~See Fig. 8.! z was found to be 6.160.2, consistent
with the dynamic scaling value. The renormalized dielect
constant also has a reasonable value:ec51.59.

One possible explanation for the absence of a clear ju
in the exponenta(T) in Fig. 8 is the relatively short length
scale it represents. In order to obtain well-defined and sta
a(T) values ~at the same reference current for all of th
isotherms!, it was necessary to choose a relatively lar
value for the reference current. This current value cor
sponds to the length scale 1400 Å (!L f s), which is distant
from the desiredI→0 limit.

The final step in the conventional approach is to exam
R(T). Equation~19! was used in place of Eq.~22! to fit the
data since many of the isotherms are obtained in the reg
T.Tc0524.8 K, where Eq.~22! is not valid. The dashed
line in that figure is the fit using the parameters that op
mized the scaling for Fig. 1~b!: TKTB517.6 K, b57.79, and
z55.960.3. Clearly, the data are more consistent with KT
critical behavior than the finite-size effects discussed in
previous section.

We repeat this analysis for the BSCCO sample (1000
thick! of Ref. 43. Thea(T) determined for a constant curren
is shown in the inset of Fig. 8. As one can see, these data
more noisy and cover a much smaller temperature range
that in Fig. 8, thereby precluding a complete conventio
analysis. So while the value ofa at TKTB578.87 K is con-
sistent with that determined from the dynamic scaling ana
sis ~6.6! anda seems to change behavior at that temperatu
one could not claim these observations as evidence
a(TKTB)56.6. However, an important observation can
made by comparing this inset to the inset of Fig. 1 of R
43, which showsa(T) determined from the same data, b
for a constant voltage. As one can see,a(T) decreases much
more rapidly for a constant voltage than for a constant c
rent, reinforcing our claim in Sec. IV B 1 that a rapid d
crease ina(T) could be an artifact of using the consta
voltagea(T) data.

D. Theoretical considerations

The primary degrees of freedom associated with the K
phase transition are vortices. The dynamic behavior sho
therefore be dissipative. Specifically, it has been argue10

that superconducting dynamics in zero field may be pur
relaxational@~Ref. 40! model A# for any dimension, with a
diffusive exponent,z<2. This interpretation is consisten
with the conventional treatment of KTB dynamics. Howev
the present scaling analysis ofI -V and Q̇-DT data from
SC’s, JJA’s, and SF’s indicates thatz.5.6, a result consis-
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tent with subdiffusive dynamics. Here we mention some p
sible explanations for this large value of the dynamic ex
nent.

Pinning is known to play a crucial role in the large valu
of z(@2) observed in vortex glass phenomena
experiments73–75and Monte Carlo simulations41,76,77in high-
temperature superconductors. However, we do not bel
that pinning can explain the surprising values ofz obtained
in the present 2D analysis at zero field. The reason is that
result z.5.6 is obtained from very distinct systems: sup
conductors, JJA’s, and superfluids. For superfluids, in p
ticular, pinning effects should be negligible. A pinning e
planation therefore appears inconsistent with the unive
nature ofz.

Collective excitations, such as vortex density waves78

may mediate the observed dynamic behavior. This is m
likely to be true if the vortices cannot exit the sample eas
because of surface barriers. We can determine the dynam
critical exponent for this behavior as follows. Based upon
Coulomb gas analogy, the vortex plasma frequency is gi
by v}An, wheren;j2d is the vortex density. Usingt}jz,
we findz51.5 in three dimensions andz51.0 in two dimen-
sions. Vortex plasmons therefore cannot explain the la
values ofz.

Another possibility is that the suppositions leading to E
~17! are incorrect. To arrive at that equation, only two forc
are included, a viscous force and the Lorentz force. Perh
with the inclusion of other forces~e.g., surface barrie
forces66! an explanation forz55.6 can be found.

We believe the most likely explanation for large values
z lies in correlated vortex motion, described as ‘‘partn
transfer’’16 or ‘‘collaborative dissociation.’’43 These sugges
mechanisms whereby bound vortex pairs do not simply
sociate into free vortices. Instead, the process is mediate
neighboring vortex pairs, in terms of consecuti
recombination-dissociation events. Further work is requi
to confirm this model.

V. SUMMARY

As stated in the introductory paragraph, the dynamic s
ing approach presented here is different than most prev
studies of dynamics in 2D SC’s, JJA’s, and SF’s in that t
approach allows one to varyz to optimize the analysis. In the
‘‘conventional’’ approach, the value ofz is implicitly taken
to be 2. By using the dynamic scaling analysis and allow
the value ofz to vary, we have presented evidence whi
suggests nondiffusive behavior.

Via a dynamic scaling analysis of transport data fro
SC’s, JJA’s, and SF’s, we findz.5.660.3, contrary to the
value assumed but not tested in previous reports. This an
sis seems convincing in that the collapse is excellent in m
data sets and the value ofz is robust from system to system
and material to material.

The results of the dynamic scaling analysis also
against the many studies consistent withz52. We have in-
cluded in this work a discussion of those ‘‘conventiona
approaches to studying the dynamics of the KTB transiti
Like the dynamic scaling analysis, we find that this approa
also has its drawbacks. Perhaps the most important is tha
experiments do not yet have the sensitivity to actually
-
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serve the predicted jump in theI -V’s in the I→0 limit which
we estimated to be at 10211 A for a particular sample.34 An-
other drawback is that these approaches do not varyz to
optimize the fits. Furthermore, the most common method
‘‘verifying’’ KTB behavior @which is to obtainTKTB from
the conditiona(TKTB)53 and then to do a three paramet
fit to Eq. ~22!# does not pose constraints tight enough
provez52. Our analysis of the evidence forz52 raises the
following questions

~i! Why has no scaling of zero-fieldI -V data withz52
been realized?

~ii ! Why do critical isotherms have a much larger value
a than the value consistent withz52?

~iii ! If finite size effects are present, why does the Ohm
to non-Ohmic crossover not coincide withr c5L f s?

We also compared directly the conventional approach
the dynamic scaling approach for data from a particu
sample: the YBCO monolayer data of Ref. 34. In that ref
ence, those authors found that the conventional appro
cannot explain their data. In Sec. IV C 1, we found that
incorporation of the finite-size effects into the convention
approach is also not consistent with their data. Further
Sec. IV C 2, we saw that a conventional analysis of theI -V
exponent was consistent withz;5.6. A dynamic scaling
analysis of their data, however, resulted in a beautiful c
lapse, as shown in Fig. 1~b!.

The primary purpose of this paper is to convey that
question of the value ofz in these systems is still an ope
one, despite the conventional wisdom thatz52. We believe
that more study is needed. In particular, more data on
systems, especially JJA and SF, are needed and over w

temperatures and current regions~or Q̇ regions for SF’s!.
The impressive data of Repaciet al.34 set a good standard
Not only should dynamic scaling analysis be tried on the
data but so too should comprehensive ‘‘conventional’’ stu
ies like those of Fiory, Hebard, and Glaberson.18 @By ‘‘com-
prehensive,’’ we mean going beyond just the usu
a(TKTB)53 and R(T) measurements.# Of special impor-
tance would be a measurement ofq2 using static kinetic
inductance data~in the appropriate frequency range! and the
dynamic I -V exponenta. If the conventional theories ar
valid after generalization to a generalz, then a21
5@z/2#q2. ~Fiory et al.did do such a measurement but foun
agreement only over 30 mK.! Allowing the value ofz in the
conventional theory would also be a useful exercise.
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