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Electronic correlations, electron-phonon interaction, and isotope effect in high-Tc cuprates
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Using a large-N expansion we present and solve the linearized equation for the superconducting gap for a
generalizedt-J model which also contains phonons within a Holstein model. Keeping all terms up toO(1/N)
the kernel of the gap equation consists of an electron-phonon part with self-energies and vertex functions
renormalized by the interactions of thet-J model, and at-J part unaffected by phonons. Considering first the
electron-phonon part we find that the leading superconducting instability always occurs in thes-wave channel
with a Tc which is lower compared to that of noninteracting electrons, especially at large dopings. The
corresponding isotope coefficientb is larger than 1/2 and increases with decreasing doping. Including also the
t-J part in the gap equation the leadingTc has alwaysd-wave symmetry with phonons giving a positive
contribution toTc . b is very small at optimal doping and increases towards the classical value 1/2 with
increasing doping similar as in several cuprates. Considered as a function of the phonon frequencyv0 at a
fixed coupling strengthb increases monotonously from zero to about 1/2 with increasingv0.
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I. INTRODUCTION

High-Tc cuprates show strong electronic correlations
also a non-negligible electron-phonon interaction. The la
causes, for instance, the observed isotope effect in the
sition temperatureTc , especially, away from optima
doping.1 It is thus of interest to calculate superconducti
instabilities taking both the electron-electron and t
electron-phonon interaction into account. There are sev
calculations dealing with the case of weak electro
correlations.2–7 In these calculations the phonon-mediat
part of the effective interaction is unaffected by electro
correlations. The electronic part to the effective interaction
calculated using a Hubbard model and assumingU to be
small compared to the bandwidth. It is repulsive and stron
peaked near theM point in the Brillouin zone. As an alter
native, Refs. 3 and 6 use the spin-fluctuation term of Ref
Since the phonon part is attractive throughout the Brillo
zone it is plausible that thed-wave pairing due to the elec
tronic part will be weakened if the electrons couple stron
to phonons near theM point and only weakly affected if only
phonons with small momentum are involved.2,4–6,9 Refer-
ences 4 and 7, for instance, found that theTc for d-wave
superconductivity is always lowered by phonons and that
isotope coefficientb is negative for a constant electron
phonon coupling function. If only phonons with small m
menta play a role,b becomes positive.4 Reference 6 even
finds a change of sign inb as a function of the phonon
frequency.

The case of strong electronic correlations has quite dif
ent features compared to the weak correlated case.
purely electronic part of the effective interaction is rathe
smooth function of momentum without a sharp peak at theM
point due to spin fluctuations.10 Furthermore, electronic cor
PRB 600163-1829/99/60~2!/1296~7!/$15.00
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relations modify substantially the phonon-mediated part
the effective interaction.11–13 It is the purpose of this com
munication to present results for this case of strong e
tronic correlations. A suitable model for such calculations
a generalizedt-J model which also includes phonons with
a Holstein model. Extending the spin degrees from 2 toN
systematic approximations for the effective interaction
terms of powers in 1/N can be carried out.11–14In a first step
we consider only the phonon-mediated effective interact
which, unlike in the case of weak correlations, is strong
modified by vertex corrections transforming the original co
stant electron-phonon coupling of the Holstein model into
strongly momentum- and frequency-dependent function.
plicit results forTc andb will be given for the leading sym-
metry channels of the superconducting order parameter
function of the doping. In a second step these results
extended to the case where also the purely electronic co
bution to the effective interaction is taken into account.

II. LINEARIZED EQUATION FOR THE
SUPERCONDUCTIVITY GAP

Our Hamiltonian for thet-J model plus phonons can b
written as

H5 (
i j
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The first three terms correspond forN52 to the usualt-J
model. ForN52 X is identical with Hubbard’s projection
operatorXi

pq5u i
p&^ i

qu, whereu i
p& denotes forp50 an empty

and for p51,2 a singly occupied state with spin up an
down, respectively, at the sitei. t i j andJi j are hopping and
Heisenberg interaction matrix elements between the sitesi , j .
The fourth term in Eq.~1! represents one branch of dispe
sionless, harmonic phonons with frequencyv0. The fifth
term in Eq.~1! describes a local coupling between the ph
non and the change in the electronic density at sitei with the
coupling constantg. ^X& denotes the expectation value ofX.
The extension fromN52 in Eq. ~1! to a generalN has been
discussed in detail in Ref. 12. The labelp runs then not only
over the two spin directions but also overN/2 identical cop-
ies of the orbital. The symmetry group ofH is the symplectic
groupSp(N/2) which allows us to perform 1/N expansions
for physical observables. In Eq.~1! the electron-phonon cou
pling is scaled as 1/AN whereas the free phonon part is i
dependent ofN. As a result the leading contributions to s
perconductivity from thet-J model alone and from the
phonons are both of orderO(1/N) which allows us to treat
them on an equal footing.

Instabilities towards superconductivity in thet-J model
have been studied in the above framework in Refs. 10
and 16. The contributions to the anomalous self-energy fr
the phonon-mediated effective interaction have been der
in Refs. 11 and 12 for the caseJi j 50. Generalizing the latte
treatment to a finiteJ similar as in Ref. 13 the linearize
equation for the superconducting gapSan for the entire
Hamiltonian Eq.~1! can be written as

San~k!52
T

NNc
(
k8

Q~k,k8!
1

vn8
2

1e2~k8!
San~k8!. ~2!

Nc is the number of cells andk the supervectork5(vn ,k),
where vn denotes a fermionic Matsubara frequency andk
the wave vector.e(k) is the one-particle energy which i
unchanged by the phonons inO(1) and thus given by Eq
~41! of Ref. 10. The kernelQ in Eq. ~2! consists of two parts

Q~k,k8!5Q t-J~k,k8!1Qe-p~k,k8!. ~3!

The first contributionQ t-J in Eq. ~3! comes from thet-J
model. Explicit expressions for it have been given in E
~42!–~52! in Ref. 10. The second termQe-p in Eq. ~3! is due
to phonon-mediated interactions and is given by

Qe-p~k,k8!52
2g2v0

~vn2vn8!
21v0

2

3gc~k8,k2k8!gc~k,k82k!. ~4!

gc is the charge vertex for which an explicit expression h
been derived in Ref. 13. For uncorrelated electrons there
no vertex corrections, i.e.,gc521. Sinceg andv0 are as-
sumed to be independent ofk, Qe-p is also independent ofk
and onlys-wave superconductivity is possible. When corr
lations are present the kernelQe-p depends onk and vn
through the charge vertexgc and general symmetries for th
order parameter may become possible.
-
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III. CALCULATION OF Tc AND b FROM THE PHONON-
MEDIATED PART

Taking a square lattice with point groupC4v Q(k,k8) and
e(k) in Eq. ~2! are invariant underC4v which means that
San(k) can be classified according to the five irreducible re
resentationsG i of C4v . s-wave symmetry corresponds toG1 ,
d-wave symmetry toG3, etc. In the weak-coupling cas
Q(k,k8) can be approximated by its static limitQ(k,k8).
Putting all momenta right onto the Fermi line the sum ov
k8 in Eq. ~2! can be transformed into a line integral along t
Fermi line. Assuming a certain irreducible representationG i
for the order parameter, the line integral can be restricte
the irreducible Brillouin zone~IBZ! introducing a symmetry-
projected kernelQ i(k,k8) with k,k8P IBZ. Finally, the line
integral was discretized by a set of points@ka

F# along the
Fermi line in the IBZ with line elements@s(ka

F)#. Denoting
the smallest eigenvalue of the symmetric matrix

1

4p2A s~ka
F!s~kb

F!

u¹e~ka
F!u•u¹e~kb

F!u
Q i~ka

F ,kb
F! ~5!

by l i Eq. ~2! yields for l i,0, N52, and in the weak-
coupling case the BCS formula

Tci51.13v0e1/l i. ~6!

As usual we tookv0 as a suitable cutoff. Ifl i.0 we have,
of course,Tci50. According to Eq.~6! the absolute value o
l i characterizes the strength of the effective interaction
the symmetry channeli. The overall strength of the electron
phonon coupling is conventionally expressed in terms of
dimensionless couplingl defined by

l5
g2

8v0
. ~7!

In Eq. ~7! we have introduced a factor 1/2 to account for t
prefactor 1/2 in Eq.~2! after setting thereN52. We also
used the average density of states 1/(8t) for the density of
states factor inl and put t equal to 1. For the range o
dopings we will be interested in, i.e., 0.15,d,0.8, the den-
sity of states varies only little with doping so that the de
nition Eq. ~7! of l is appropriate for all dopings.

Figure 1 shows the eigenvaluesl i for the two leading
symmetriesi 51,3 using the parameter valueJ50.3 andt as
the energy unit.d is the doping measured from half-filling
For l we have chosen the value 0.75 which is a typical va
obtained in local-density approximation calculations.17,18

The lowest eigenvalue occurs always ins-wave symmetry,
i.e., for i 51. It depends only weakly on doping for 0.3,d
,0.8. In this region the order parameter also varies o
slowly along the Fermi line, describing thus rather isotrop
s-wave superconductivity. Belowd50.3, l1 rapidly de-
creases with decreasing doping which is caused by a
mode which freezes into an incommensurate bond-or
wave atdBO;0.14.10 As a result thes-wave order paramete
becomes less and less isotropic with decreasingd changing,
for instance, ford50.2 by about a factor 3 along the Ferm
line but it does not pass through zero. Thed-wave coupling
constantl3 would be zero in the uncorrelated case. Decre
ing d from large values correlation effects increase and
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1298 PRB 60A. GRECO AND R. ZEYHER
static vertex functiong(k,k2k8) develops more and more
forward scattering peak in the transferred moment
k2k8.11,12 In the extreme case whereg is proportional to
d(k2k8) l1 and l3 would become degenerate. Figure
shows that this degeneracy is nearly reached at low dopi
The strong localization of the effective interaction is caus
by the forward scattering peak ing and, in addition, by the
incipient instability atdBO which is also very localized ink
space.

The neglect of retardation effects which leads to the B
formula Eq. ~6! is doubtful for several reasons. First,l
50.75 no longer corresponds really to a weak-coupling ca
Secondly,Tc is no longer small compared to the frequen
of the soft mode neardBO which means that the frequenc
dependence ofQ cannot be neglected for these doping
Thirdly, and most severely, the formation of the forwa
scattering peak in the static vertex functiong is accompanied
by a strong frequency dependence which should be ta
into account on the same footing as its momentum dep
dence. We thus have solved the gap equation Eq.~2! assum-
ing only that the momenta can be put right onto the Fe
line but keeping the full frequency and momentum dep
dence along the Fermi line.

Figure 2 shows the obtained results forTc for an s-wave
~dashed line! and ad-wave ~solid line! order parameter, to
gether with theTc curve for the uncorrelated case~dash-
dotted line!. The first observation is that correlation effec
always suppresss-wave superconductivity. The suppressi
is large ford.0.25 and becomes less pronounced at sma
dopings in agreement with previous results based on
static approximation.12 The order parameter associated w
the dashed line in Fig. 2 varies only slowly along the Fer
line, i.e., we have a usuals-wave order parameter withou
nodes. In a Gutzwiller description this order parame
would be exactly zero if retardation effects can be neglec
andN52 is taken: Integrating out the phonons the effect
interaction becomes in the static limit proportional to t
double occupancy operator. Any matrix element formed w
Gutzwiller wave functions thus would be zero. In contrast
that the enforcement of our constraint at largeN’s, namely,
that onlyN/2 out of the totalN states at a given site can b
occupied at the same time, gives rise to another effect, w
is absent in the Gutzwiller treatment: the effective interact

FIG. 1. Phonon contribution to the lowest eigenvaluesl i of the
static kernelQ for the representationsG1 andG3 of C4v as a func-
tion of the dopingd.
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becomes more and more long-ranged with decreasing d
ing. This makes isotropics-wave superconductivity possibl
even in the presence of aN52 constraint. Figure 2 never
theless shows that the reduction ofTc due to the constraint is
substantial except at very small dopings where the effec
interaction becomes extremely long-ranged and the supp
sion by the constraint is small.

The kernelQe-p is in the absence of correlations and
the static limit negative for all argumentsk and k8. This
implies that thes-wave symmetry has always the highestTc .
According to our numerical studies the same is also true
the correlated case which explains why the solid line in F
2, describingd-wave superconductivity, is always below th
dashed line. As indicated previously the very existence
finite values forTc with d-wave symmetry is in our mode
due to electronic correlation effects. Figure 1 showed that
momentum dependence ofgc causes in the static limit a
finite coupling strength in thed-wave channel. The solid line
in Fig. 2 proves that a finiteTc in thed-wave channel results
from this even if the strong frequency dependence ofgc is
also taken into account.

Figure. 3 shows results for the isotope coefficientb in the
case ofs-wave ~dashed line! and d-wave ~solid line! super-
conductivty. We assumed hereby thatv0 is inversely andg

FIG. 2. Transition temperatureTc in units of t as a function of
the dopingd for the uncorrelated~dash-dotted line,G1 symmetry!
and correlated~dashed and solid lines forG1 and G3 symmetries,
respectively! cases, using only the phonon contribution.

FIG. 3. Isotope coefficientb as a function of the dopingd
considering only the phonon contribution forG1 ~dashed line! and
G3 ~solid line! symmetries. The filled circles are calculated valu
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directly proportional to the the square root of the mass r
deringl independent of the mass. Neglecting the freque
dependence ofgc there is only one energy scale involved
the gap equation which yieldsb51/2 independent of doping
l, etc. This is true because at largeN’s phonon renormaliza-
tions and vertex corrections due to the electron-phonon
teraction are absent. In contrast to that the curves in Fi
show thatb increases monotonically with decreasing dopi
and is always larger than 1/2. The deviation ofb from the
value 1/2 is due to the frequency dependence ofgc which
increases with decreasing doping10 and acts as a second e
ergy scale. The nonadiabatic effects produced by electr
correlations thus always increaseb for our range of param-
eter values. This should be contrasted to the case where
tex corrections due to the electron-phonon interaction h
been studied,19,20and whereb may be larger or smaller tha
1/2. We can conclude from our results that models based
phonon-induced effective interactions in the presence of
relations seem not to be very attractive models for highTc
superconductivity because~a! the largest transition tempera
tures are found fors-wave symmetry for all dopings and~b!
the isotope coefficient is larger than 0.5, especially at l
dopings. Experimentally, high-Tc cuprates exhibitd-wave
superconductivity and, at least near optimal dopings, sm
isotope effects.

IV. CALCULATION OF Tc AND b FROM THE FULL
EFFECTIVE INTERACTION

Superconducting instabilites of the puret-J model have
been studied in Refs. 10,15, and 16. The smallest eigenv
of Q t-J and, correspondingly, the largestTc always occur in
the d-wave symmetry channel. On the other hand,
phonon-induced effective interaction described byQe-p fa-
vors in thet-J model mainlys-wave superconductivity. In
this section, we will consider the case where both effect
interactions are present and study the symmetry of the re
ing superconducting state, its transition temperature and
tope coefficient.

Figure 4 shows the two lowest eigenvalues of the ma
Eq. ~5! which occur in thes- andd-wave symmetry channel
For Q both terms in Eq.~3! have been included. Ford
,0.6 the lowest eigenvalue hasd-wave symmetry and de
creases steadily and strongly with decreasing doping div

FIG. 4. Lowest eigenvaluesl i of the total static kernelQ for the
representationsG1 andG3 of C4v as a function of the dopingd.
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ing finally atdBO. Comparing the solid lines in Figs. 1 and
of this work and Fig. 2 in Ref. 10, one sees that the low
eigenvalue is roughly additive in thet-J and the phonon
contributions though, of course,Q t-J andQe2p do not com-
mute with each other. Note also the considerable contri
tion of the phonon part tol3 though the overall dimension
less coupling constant has the rather moderate valul
50.75. The eigenvaluel1 ~dashed line in Fig. 4! is rather
constant ford.0.3 and decreases much less towards low
dopings thanl3. There is a crossover fromd-wave tos-wave
symmetry in the lowest eigenvalue atd;0.6 suggesting tha
the s-wave order parameter is more stable than thed-wave
order parameter at high dopings. Such a crossover is
pected for general reasons: For large dopings correlation
fects play a minor role. As a result thed-wave part in the
phonon-induced effective interaction as well as the wholet-J
part becomes small whereas thes-wave part of the Holstein
model will dominate. A comparison of the solid lines in Fig
1 and 4 nevertheless shows that the latter is very effectiv
suppressed by thet-J part at practically all considered dop
ings. For instance,ul1u in Fig. 1 is ford.0.25 about a factor
of 4 larger than in Fig. 4.

The solution of the gap equation Eq.~2! is not straight-
forward becauseQ contains both instantaneous and retard
contributions and because the various retarded contribut
have different effective cutoff energies. We developed
Ref. 10 a method to solve Eq.~2! directly avoiding the use of
pseudopotentials. The only simplification is that we put t
momenta in retarded~but not in instantaneous! contributions
to the Fermi line. This approximation has been checked
merically and found to be very well satisfied in our cas
Using the fact that the instantaneous kernel consists only
few separable contributions Eq.~2! can for a given Matsub-
ara frequency reduced to a linear matrix problem of orde
and 3 ford- ands-wave symmetry, respectively.

In Fig. 5 we have plotted the calculated values forTc for
d-wave symmetryG3 as a function of the dopingd. The
dashed-dotted line corresponds tol50, the solid line tol
50.75. The figure shows that phonons always increase
Tc for d-wave superconductivity. The increase is especia
large at low dopings. This is quite in contrast to calculatio
in the weak-coupling case4,6 where theTc of d-wave super-
conductivity is lowered by phonons. The physical picture

FIG. 5. Transition temperatureTc in units of t as a function of
the dopingd for G3 symmetry forl50 ~dash-dotted line! and l
50.75 ~solid line!.



ec

-
-
ec

a
th
e
e
e
is
i

e
e
i
a

h

re

c

si

he

ili
t
th

l-

nd

o-
O
b

pe
l
de
t
y
t

ha
pin
,

g
lso

t of
the
es

a

e

of
lex

-

,
or.

s.

1300 PRB 60A. GRECO AND R. ZEYHER
the latter case is that the effective interaction of the el
tronic part is repulsive and strongly peaked near theM point
whereas the phononicd-wave part is attractive and dimin
ishes especially at theM point the repulsion causing a low
ering of Tc . In our case the dependence of the static eff
tive interaction of the puret-J model on the transferred
momentum can be inferred from Figs. 1~a! and 1~b! in Ref.
10. For small dopings the phonon part is restricted to sm
momenta which means that it would contribute only near
X point in Fig. 1~b! of Ref. 10. As a result the total effectiv
interaction would become even more attractive around thX
point and elsewhere not be changed. This clearly would
hance thed-wave part of the effective interaction which
also in agreement with Fig. 4. From Figs. 1, 4, and 5 it
evident that the large lowering of the eigenvaluel3 due to
phonons corresponds only to a rather moderate increas
Tc . This means that the use of a BCS formula with a fix
effective cutoff would grossly overestimate the increase
Tc for d-wave superconductivity due to phonons. What h
been overlooked in such an approach is that we deal wit
least three energy scales, namelyt, J, andv0. For instance,
the instantaneous contribution of thet-J part is characterized
by the energy scalet whereas the phononic one byv0. Since
t@v0 it is evident that the phononic part inl3 will contrib-
ute toTc much less than thet-J part.

We were unable to find any finite transition temperatu
Tci for iÞ3, i.e., for symmetries different from thed-wave
symmetry. Taking the accuracy of our calculation into a
count this means thatTci,0.002 foriÞ3. As shown in Fig.
2 the phonon-induced effective interactions lead to a con
erableTc for s-wave superconductivity. Thet-J part to the
effective interaction, however, is very repulsive in t
s-wave channel prohibitings-wave superconductivity. We
cannot exclude that the crossover atd;0.6 in Fig. 4 in the
lowest eigenvalue fromd wave tos wave could stabilize a
s-wave order parameter at large dopings. Another possib
is that other symmetries thand or s wave become stable a
large dopings in view of the approximate degeneracy of
eigenvalues of practically all symmetries in the puret-J
model.10 In any case, the correspondingTc’s would be
smaller than;0.002 for all dopings and thus be rather irre
evant.

The behavior of the isotope coefficientb as a function of
doping is another interesting test for any theory of high-Tc
superconductivity. Figure 6 shows the calculatedb for l
50.75, J50.3, v050.06 in the case ofG3 symmetry. It is
always positive, starting from small values near the bo
order wave instability atdBO, which can be identified with
optimal doping.21 With increasing doping it increases mon
tonically approaching values near 1/2 at large dopings.
calculated curve shows the typical features of the availa
experimental data in the optimally doped and the overdo
regime.1 Experimentally,b increases away from optima
doping towards the overdoped but also towards the un
doped regime and most presently available data deal with
latter case. We cannot apply the above developed theor
the underdoped regime because of the occurrence of
bond-order wave instability atdBO. The curve in Fig. 6 is the
result of several competing effects. We saw in Fig. 3 t
correlation effects in the phonon-induced part cause a do
dependence ofb which is opposite to that in Fig. 6, namely
-
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a monotonically increasingb with decreasing doping startin
at the classical value of 1/2 at large dopings. Including a
the t-J part the large values ofb at low dopings are nearly
completely and at larger dopings partially quenched. Par
this effect may be understood from Fig. 5. It shows that
relative importance of the phonon contribution increas
steadily with increasingd except at very small dopings. In
simple picture one thus may argue that at small dopingsTc is
mainly due to thet-J part. This part decays faster than th
phononic part with doping so thatTc at larger dopings is
mainly due to the phonons. A more realistic interpretation
Fig. 6 should, however, also take into account the comp
competition between the three energy scalest, J, and v0,
pair-breaking effects, etc.

In order to get more insight into the behavior ofb we
have calculatedTc andb in theG3 symmetry channel for the
fixed doping valued50.20 as a function of the phonon fre
quency v0. Figure 7 shows the result forJ50.3 and l
50.75. The solid line in Fig. 7 represents the value forTc ,
multiplied with 10. Since we keepl fixed the coupling con-
stantg approaches zero in the adiabatic limitv0→0 which
means thatTc in this limit is solely due to thet-J part. With
increasing phonon frequencyTc increases monotonically
passing over from an initial sublinear to a linear behavi
The solid line shows that phonons always increaseTc for

FIG. 6. Isotope coefficientb as a function of the dopingd for
d-wave-likeG3 symmetry. The filled circles are calculated value

FIG. 7. Transition temperatureTc , multiplied by 10, and iso-
tope coefficientb as a function of the phonon frequencyv0 for
d-wave-likeG3 symmetry.
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d-wave superconductivity. The absolute values in the fig
are quite remarkable: Though the employed coupling c
stant forl is rather moderate and though the phonon con
bution toTc in the d-wave channel is entirely due to corre
lation effectsTc increases by nearly a factor of 3 forv0
50.2 corresponding to about the largest phonons in the
prates. The dashed line in Fig. 7 represents the depend
of b on v0. For smallv0 b is practically zero.b increases
monotonously with increasingv0 and tends to the classica
value 1/2 at large phonon frequencies. The dashed lin
Fig. 7 may be understood in physical terms roughly in
following way. In our model the static effective coupling
independent of the phonon mass, i.e., ofv0 . b is thus deter-
mined by an effective energy cutoff. For smallv0’s this
cutoff is mainly given by electronic parameters in thet-J
part leading to a small value forb. At largev0’s the phonon
contribution toTc , which is only due to electronic correla
tions, determines mainly the total effective energy cut
causing a value ofb near 1/2.

In conclusion, we have treated the electron-electron
the electron-phonon interactions in a generalizedt-J model
by means of a systematic 1/N expansion and have solved th
resulting linearized equation for the superconducting gap
reliable numerical methods. We found that electronic cor
lations affect phonon-induced superconductivity in seve
ways: Instabilities towardsd wave or other symmetries dif
ferent froms-wave symmetry become possible. The cor
sponding transition temperatures are, however, alw
smaller than that ofs-wave superconductivity. Moreover, th
Tc for s-wave superconductivity is at larger dopings heav
and at small dopings somewhat suppressed by correlat
The isotope coefficientb is 1/2 at large dopings but in
creases with increasing correlations, i.e., decreasing dop
both in the s- andd-wave channel. Including also thet-J part
in the effective interaction we found that within our nume
cal accurracy onlyd-wave superconductivity is stable fo
dopings 0.15,d,0.8 and that the phononic part always i
creasesTc for the above dopings. Thet-J part in the effec-
tive interaction changes the dependence ofb on doping:b
assumes now small values at low dopings and increa
monotonically with doping towards the classical value 1/2
large dopings. Keepingl fixed and varying the phonon
mass, i.e.,v0 we find thatTc andb increase monotonically
with v0 and thatb varies between zero at small and rough
1/2 at large phonon frequencies within the interval 0,v0
,0.2.

Our findings differ in many aspects from the correspon
ing results based on weak-coupling calculations.3–7 In these
calculationsTc for d-wave superconductivity induced eithe
by a U or a spin-fluctuation term is always suppressed
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phonons. For instance, in the fluctuation-exchange appr
mation Tc drops to zero if the phonon-mediated on-site
traction Up becomes comparable to the Hubbard termU.7

We treated the opposite case whereU@Up and found a dif-
ferent behavior, namely, that phonons enhance theTc for
d-wave superconductivity. Our different result is main
caused by corrections to the bare electron-phonon vertex
to the strong electron-electron interaction. This vertex dev
ops for not too large dopings a forward scattering peak
that only phonon with small momenta can couple to the el
trons. As a result the electron-phonon and thet-J contribu-
tions to the gap decouple ink space. Our calculations show
that the two contributions no longer cancel each other t
large extent but, on the contrary, enhance each other.
a momentum-independent bare electron-phonon coup
weak-coupling calculations yield a small, often negati
value for the isotope coefficientb which is rather indepen-
dent of doping. In our case the strong momentu
dependence of the effective electron-phonon coupling,
duced by electronic correlations, causes a strong depend
of b on doping: being always positive,b is small at optimal
doping and assumes values of roughly 1/2 at large doping
agreement with the available experimental data in the
prates in the optimal doped and overdoped region.

The presented results are accurate at largeN’s because we
have taken into account only the leading terms of a 1N
expansion. Phonon renormalizations and vertex correct
due to the electron-phonon interaction are ofO(1/N) and
thus have been omitted. On the other hand, it is known
in the physical caseN52 anharmonic effects in the atomi
potentials and the formation of polarons occur ifl is about 1
or larger.22 This suggests that keeping only the leading ord
of the 1/N expansion cannot describe adequately the c
N52 at large coupling strengths or if the Migdal ratiov0 /t
is no longer small. Correspondingly, we have restricted
numerical results to rather moderate values ofl and small
Migdal ratios.
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