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Microwave spectra of d-wave superconductors
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A theory of the anomalous microwave conductivity and surface resistance of high-temperature supercon-
ductors is developed for a nested Fermi surface. The dampingG is derived for electron collisions across nearly
parallel orbit segments. Above the superconducting temperatureG(v,T) is linear in frequencyv and tempera-
ture T, in accord with the anomalous non-Drude conductivity which differentiates high-Tc cuprates from
conventional metals. In the superconducting state ad-wave energy gap suppresses the damping—by reducing
available scattering states—and thus explains why the YBCO microwave surface resistanceRs drops so
dramatically when the temperature is a few degrees belowTc590 K. Numerical calculations of the infrared
conductivity, reflectivity, microwaveRs , and penetration depth are presented, and comply with the YBCO
experimental data if the gap has a large maximum valueDdm.4Tc . The cuprate spectral shapes differ notably
from conventional BCS theory.@S0163-1829~99!02338-3#
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I. INTRODUCTION

When certain copper oxide metals become supercond
ing, their microwave surface resistanceRs drops by four or-
ders of magnitude within a few degrees of the transition te
peratureTc.90 K. This remarkably smallRs reduces energy
loss and benefits microwave sensor and communicat
technology, while the stability ofRs at low T provides an-
other bonus. In addition, the frequency variation of the c
ductivity provides intriguing clues to the physical nature
the charge carriers and exposes the symmetry of the su
conducting state.

The objective of the present work is to develop a the
of the microwave spectra for a superconductor with ad-wave
energy gap, using a physical basis that produces the ano
lous quasiparticle damping which is a key feature1 of cu-
prates at higher temperatures. Electron collisions on a ne
Fermi surface yield a damping that is linear in frequency a
temperature, and a microscopic theory2 demonstrates tha
these phenomena explain cuprate conductivity anomalie
the Coulomb repulsionU is of intermediate strength. Her
we extend this nested Fermi-liquid~NFL! theory to a super-
conducting state that is characterized by ad-wave energy
gap.

Our analysis was motivated by the Hardy group3 discov-
ery of a sharp suppression of the quasiparticle damping
the superconducting state of YBCO, which is much stee
than expected from standard BCS theory. As seen in Fig
their microwave surface resistanceRs data show an amazin
drop in surface resistanceRs by four orders of magnitude a
the temperature is lowered two degrees belowTc592 K.

The classic BCS theory, which considers electron-pho
damping, yields the solidRs curve4 that is far above the
YBCO data in Fig. 1. The BCS theory fitsRs data for ordi-
nary superconductors, like lead and niobium, quite well w
an isotropic energy gap, and the electron-phonon interac
is believed to be the dominant coupling source in sim
PRB 600163-1829/99/60~17!/12432~11!/$15.00
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metals. Phonon mediateds-wave pairing in standard supe
conductors is also well established. From a phonon pers
tive it is remarkable that a combination of impurity scatteri
and the Gruneisen form of electron-phonon damping can
produce some of theRs features in Fig. 1.5 However, the
classic Holstein theory shows that the conductivity becom
independent of frequency above the Debye cutoff
phonons,6 and this feature contradicts the cuprate data.

Various experiments on cuprates suggest an alter

FIG. 1. The microwave surface resistance data points of Re
show the sharp drop inRs(T) within the YBCO superconducting
state, that occurs a few degrees belowTc592 K. By contrast the
standard BCS model with an isotropics-wave energy gap, a Deby
energy QD5104 meV, and an electron-phonon couplingl51
yields the solid curve which remains far above the data in the t
perature range 20 K,T,Tc .
12 432 ©1999 The American Physical Society



fo
c-
re

a

s,
a

ro
rm
to

d
nt

o

ex
n-

of

rg

ar
en

r-
ly
rg
ng
F
e

u
r-

c

a
o-
t

e

re
.

id
d

in

ute
ari-

g
ergy

ncy
er

-
tum
the
e-
ea-

ap
is
the

n
e
rdi-
ng
ut-

-
ret-
o-

the

ith
la-

s
eth-

a

tex

ep-
s-
ting

-
sur-
rmi

tor

PRB 60 12 433MICROWAVE SPECTRA OFd-WAVE SUPERCONDUCTORS
source of damping, and the compelling evidence for
d-wave energy gap requires a novel pairing mechanism
their high-Tc superconductivity. In particular, infrared refle
tivity experiments on optimally doped cuprates discove
that the electron damping is linear in frequencyv up to the
1-eV range.1 Also, dc resistivity measurements reveal th
the damping becomes proportional toT in the staticv50
limit. All high-Tc alloys exhibit these damping mysterie
whereas oxygen doping transforms the resistivity of cupr
alloys to aT2 form—and simultaneously lowersTc .

Fermi-liquid ~FL! damping is quadratic inv and T, be-
cause the Pauli exclusion principle limits available elect
collision1 states. The usual assumption of a spherical Fe
surface yields a weak FL damping which is proportional
the small ratio (T/EF)2 whereEF is the Fermi energy.

Damping with a linearT andv variation has been derive
for electrons colliding on nested Fermi-surface segme
These trajectories have a phase space that is analogous
system of reduced dimensionality. If scattering with a m
mentum transfer equal to the nesting vectorQ is dominant, a
microscopic theory yields a quasiparticle dampingGNFL
'@U/W#2v in the zero-temperature limit.2 This nested
Fermi-liquid ~NFL! theory computes self-energy and vert
corrections1 to the conductivity, and fits the anomalous i
frared data on cuprates if the Coulomb couplingU is com-
parable to the bandwidthW. Similarly the linearT depen-
dence of the NFL damping can be attributed to nesting.

The NFL damping originates from an intriguing scaling
the spin susceptibility as a function ofv/T . The scaling can
be easily derived for noninteracting electrons whose ene
dispersion satisfies the nesting conditionek1Qu2ek . By
comparison, the susceptibility of a free-electron gas is ne
independent of temperature. Neutron-scattering experim
confirm the NFL scaling1 in large cuprate crystals.

In order to derive the NFL collision damping in a supe
conducting state appropriate to cuprates, we derive ana
formulas for the spin susceptibility which includes an ene
gap withd-wave symmetry. Then we compute the dampi
numerically as a function of frequency and temperature.
nally we compute the microwave conductivity, infrared r
flectivity, surface resistance, and penetration depth.

Previous relevant studies include the microwave cond
tivity peak ~just belowTc) which was discovered and inte
preted in terms of a damping reduction by Nusset al.7 The
phenomenological ‘‘marginal’’ Fermi-liquid8 polarizability
yields a conductivity peak when energy gaps are used to
off their model susceptibility at low energy.

Our previous microwave analysis9 used an isotropic
s-state energy gap, which accounts for a drop in the surf
resistance nearTc but contradicts the low-temperature micr
wave spectra. A thorough investigation of electromagne
properties of highTc films has been performed within th
NFL formalism by Scharnberg’s group.10 They focus on the
temperature variation of the microwave response, whe
the present work emphasizes the frequency dependence

Andersonet al.11 have proposed a theory of the linearv
damping using self-energy insertions for a Luttinger liqu
Traditional conductivity calculations for a Luttinger liqui
give a gaplike structure at low frequencies,12 which is caused
by separation of spin and charge degrees of freedom
one-dimensional model.
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Tight-binding energy bands have been used to comp
the influence of energy gaps on microwave response by v
ous groups.13–15Phenomenological forms16,17 for the suscep-
tibility also produce conductivity peaks. Impurity scatterin
has been analyzed for superconductors with various en
gap symmetries. Quinlanet al.18 examined the influence of a
d-wave energy gap and impurity scattering on the freque
variation of the conductivity, although they do not consid
nesting in their tight-binding band model.

Experimental evidence for ad-wave energy gap in high
temperature superconductors includes the elegant quan
interference mesurements which reveal a sign change in
order parameter,19 photoemission probes of the gap asymm
try, NMR spectra, Raman line shapes, and tunneling m
surements. The latter three probes detect ad-wave supercon-
ducting density of states with a surprisingly large energy g
Dmu6Tc ,1 and we find here that a strong coupling value
also needed to fit electromagnetic response features of
YBCO superconducting state.

Electron-doped cuprates differ from the high-Tc materials
by having a Fermi-liquid type of damping, lowerTc'20 K,
and a rounded Fermi surface~discerned by photoemissio
experiments in NCCO!.20 The NCCO surface resistanc
spectra and penetration depth are fitted accurately by o
nary BCS electrodynamics with an isotropic weak-coupli
energy gap.21 Hence these electron-doped materials are o
side the scope of the present analysis.

The correlation of high-Tc values with anomalous damp
ing in cuprates may indicate that nesting provides a theo
ical link to d-wave pairing. The present examination pr
vides further impetus to the challenge of thed-wave
mechanism by elucidating the strong-coupling nature of
scattering and the energy gap.

A spin-fluctuation exchange theory ford-wave pairing
was originally examined by Berk and Schrieffer,22 and inde-
pendently by Kohn and Luttinger,24 but unforunately their
estimates for a spherical Fermi surface yield negligibleTc .
Nonetheless, this concept was revived in connection w
heavy-fermion metals and the anisotropic copper oxide p
nar structures. Scalapino’s group,25 and others, find that the
RPA susceptibility series can raiseTc for a tight-binding
energy band in the vicinity of a spin-density-wave~SDW!
instability.23 Schrieffer26 has argued that vertex correction
are mandated near the SDW transition, and conserving m
ods have been developed by Bickers27 and others to cope
with higher-order self-energy and vertex corrections for
Hubbard model.

Recent calculations for a nesting model shows how ver
corrections create a many-body effect28 that appears as a
singularity in the spin susceptibility at lowT and v. The
nonuniversal power-law exponents for the divergent susc
tibility are in line with the neutron-scattering data which di
covered this anomalous susceptibility response at a nes
vector in the LSCO cuprate.29

Nesting can enhance the spin-exchange mechanism1 by
optimizing the overlap ofd-wave orbitals in the case of se
lected topologies that resemble a nearly square Fermi
face. Thus, using a tight-binding band suited to the Fe
surface of the Bi2212 superconductor,leading-order
calculations30 yield Tc585 K for a Hubbard interactionU
that is comparable to the bandwidth. If the nesting vec
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moves closer to the ideal value at half filling, the sp
density wave instability23 overcomes d-wave
superconductivity—within the random-phase approximat
~RPA!. In the opposite limit, a small nesting vector yields
neglibible supercondcutingTc . Photoemission spectra31 re-
veal that the Bi2212 Fermi surface is nested in the form o
square with rounded corners, and show a smaller nes
vector in Bi2201 which is compatible with its lowerTc .

We derive the spin susceptibility and damping in Sec.
The formalism for the electrodynamic response is develo
in Sec. III, and then applied to microwave surface resistan
conductivity, reflectivity, and the penetration depth in S
IV. Conclusions of our analysis are presented in Sec. V.

II. NESTED ELECTRON COLLISIONS

A. Susceptibility and damping for T>Tc

Electron~or hole! interactions are represented by the Hu
bard Hamiltonian

H5(
k•s

ekcks
1 cks1U(

i
ni↑ni↓ , ~1!

whereU is the onsite Coulomb repulsion,cks is the destruc-
tion operator for an electron with momentumk and spins,
and nis designates the occupation of an electron at siti.
This choice of interaction emphasizes the role of the s
susceptibilityx in the scattering cross section, although t
generalization to the charge channel is straightforward.

The quasiparticle damping for a nested Fermi surface~in
the Born approximation! can be expressed as

GNFL~v,T!5
1

2
N~0!U2E dv8

3FcothS v8

2TD2tanhS v82v

2T D GxNFL9 ~v8,T!,

~2!

where N(0) is the density of states at the Fermi energ
The spin susceptibility within the nesting approximati
ek1Qu2ek takes the unconventional form2

xNFL9 ~v,T!5
pNo

2
tanhS v

4TD . ~3!

The scaling of the NFL susceptibility as a function ofv/T
generates the anomalous linearT damping in the static limit
v50, which follows by inspection of Eq.~2!. In the zero-
temperature limit, the thermal factors reduce to step fu
tions, and then the integration in Eq.~2! gives a linearv
variation of the damping. The collision damping becom2

GNFLu(p/2)U2N(0)2max@1.23T,uvu#, and its magnitude is
in line with cuprate conductivity data if the Coulomb co
pling satisfiesUN(0);1. Quantitative accuracy require
terms beyond the Born approximation, such as the s
consistent inclusion of self-energy and vertex corrections
the susceptibiltiy which are beyond the scope of the pres
analysis.

The scaling of the susceptibility inv/T distinguishes the
nesting approach from the conventional Fermi-liquid~FL!
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theory, wherexFL9 is only weakly temperature dependen
Scaling of the actual susceptibility was observed
YBa2Cu3O6.5,32 and by neutron-scattering experiments
LSCO compounds as well.1 Scaling is easy to derive for a
nested Fermi surface without any interactions, and a for
proof33 of scaling preservation by self-energy correctio
and vertex corrections has recently been derived.

B. Superconducting state

We generalize the NFL formalism to include a superco
ducting energy gap which depletes the electron density
statesN(v) and also modifies the susceptibility. This lea
to a quasiparticle damping in the superconducting state

GNFL~v,T,Tc!5
U2

2 E dv8

3FcothS v8

2TD2tanhS v82v

2T D G
3N~ uv2v8u!xNFL9 ~v8,T,Tc!. ~4!

The imaginary part of the NFL susceptibilityxNFL9 in the
superconducting state depends on the energy gap and
coherence factors which distinguish the charge channel f
the spin susceptibility. The general form of the spin susc
tibility becomes

x~q,v!5 (
k,l ,m

lA~ l ,m!

N

tanh~Ek/2T!2ml tanh~Ek1q/2T!

v1 lEk1mEk1q1 id
,

~5!

wherel ,m561, and the coherence factor is

A~ l ,m!5
1

4 F11 lmS ekek1q1D~k!D~k1q!

EkEk1q
D G ~6!

with Ek51Aek
21D2(k).

The energy gap equation for cuprates remains unresol
especially since spin-fluctuation mechanisms of the pair
interaction require a susceptibility whose momentum and
ergy dependence is model dependent. The self-energy
vertex corrections, which renormalize the pairning kern
significantly in cases with nesting, require a strong-coupl
analysis which is not yet available. For example, numeri
solutions of the parquet diagrams for a nesting model34 illus-
trate the complexity of competingd-wave and SDW chan-
nels. Hence we choose a phenomenological form for the
whose maximum amplitude is given by

Ddm5aTc tanh@bATc /T21#. ~7!

A standard isotropics-wave gapDs in the weak-coupling
limit would give a51.76 and b51.74. A conventional
d-wave model with an isotropic Fermi surface provides sim
lar values.35

Evidence for a strong-couplingd-wave gap in cuprate su
perconductors is provided by NMR, Raman, and tunnel
data. These probes suggest1 values in the range ofa.6.0
and b.1.5, which indicates a zero-temperature gap va
Ddm'6Tc . The present electromagnetic response anal
tends to support a strong-coupling gap as well.
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For ans-wave superconductor, the imaginary part of t
susceptibility reduces to

xNFL,s9 ~v,T!5
pNo

2

Av224Ds
2

uvu
tanhS v

4TDQ~v22Ds!.

~8!

The Heaviside functionQ cuts off the susceptibilty,
eliminates available electron-scattering states below 2Ds and
thus strongly reduces the NFL damping. The influence of
s-state gap on the electromagnetic properties was comp
previously,9 and the resulting exponential decrease ofRs at
low T, which disagrees with the data in Fig. 1, motivated
to focus attention ond-wave gap structure.

In the cuprates, the superconducting electron dynam
are restricted to the CuO2 planes, which suggests a two
dimensionaldx22y2 order parameter:

Dd~kW !5Ddm~T!cos~2f!, ~9!

where the anglef is measured from thekx axis in the plane.
For a nested square surface—that is expected for a half fi
tight-binding energy band in cuprates—the chosend-wave
gap has the symmetryDk1Qu2Dk when the nesting vecto
Q is parallel to the (p,p) direction. This relation simplifies
our derivation of the susceptibility and damping, whi
physically picks out scattering across nested regions of
Fermi surface as the dominant damping source.

The imaginary part of the spin susceptibility for adx22y2

superconductor then becomes

xNFL,d9 ~v,T!5
p

2
NdS Uv2U D tanhS v

4TD , ~10!

where the superconducing density of states is given by

Nd~v!5(
kW

d~v2EkW !. ~11!

Performing the energy andf-angle integrations yields

Nd~v!5
2v

pDdm
KeS v

Ddm
D , for v,Ddm

5
2

p
KeS Ddm

v D , for v.Ddm , ~12!

whereKe denotes the complete elliptic integral of the fir
kind. The resulting spin susceptibility for ad-wave supercon-
ductor has a logarithmic singularity atv52Ddm and is
shown in Fig. 2. It is remarkable that the superconduct
gap magnitude actually exceeds the normal statexNFL,d9 in
the intermediate frequency range: Neutron-scattering da36

on the LSCO superconductor demonstrates this surpri
susceptibility enhancement at the nesting vector for so
frequencies. Apparently the band anisotropy does not el
nate the peak structure in the density of states which ar
from the d-wave gap. However, sinceNd(v)'v for small
frequencies, and the susceptibility for ad-wave state is pro-
portional tov2 for v!T, the low-frequency susceptibility is
reduced by the gap formation.
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When the gap ratio is increased to the strong-coupl
valueDdm56Tc , the depleted susceptibility forv,70 meV
is illustrated by the solid curve in Fig. 2. This type of r
ducedx is also found by neutron-scattering experiments37

The susceptibility structure is the key factor in reduci
available scattering states for electron collisions.

The temperature and frequency variation of the NFL s
ceptibility in Eq. ~10! distinguishes nesting features fro
tight-binding model calculations away from half filling. Fo
example, whenT.Tc , the bare susceptibility computed b
Quinlan et al.18 is almost independent ofT and is roughly
linear in frequency. A RPA renormalization of the suscep
bility will certainly change thev variation significantly and
may magnify theT dependence if the Coulomb couplingU is
chosen to represent a sysetm close to a SDW instability

The quasiparticle damping rate is obtained from Eqs.~4!
and~10!–~12! by performing one numerical integration ove
frequency. The resulting damping is shown in Fig. 3 as
function of temperature for a low microwave frequency (v
53.8 GHz) and a coupling valueg5UN051.7. The dashed
curve demonstrates that a weak-couplingd-wave state over-
estimates the damping and thus contradicts the surface r
tance data of Bonnet al.3 However, the strong-coupling ver
sion of thed-wave gapDm56Tc yields a good fit to the
damping points which Bonnet al. surmised from their data
using a semiempirical estimate.

The computed NFL damping is shown as a function ofv
in Fig. 4, where the ‘‘normal’’ state~at 100 K! dashed curve
is linear in frequency forv@T. At a temperature of 30 K the
energy gap is near its maximum for this hypotheticalTc
590 K superconductor, and the weak-coupling gap produ
the dashed damping curve which falls below the normal s
damping only at low frequencies. The strong-coupling g

FIG. 2. Imaginary part of the NFL spin susceptibility at th
nesting vectorQ is shown as a function of frequency. The norm
state ~dot-dash curve! at 100 K exhibits scaling as a function o
v/T. A weak-couplingd-wave energy gap produces the dash
curve with a logarithmic singularity at 2Ddm and enhances the sus
ceptibility in the intermediate frequency range. The solid cur
shows the significant reduction in the susceptibility for the stro
coupling gap choiceDdm56Tc .
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ratio Ddm56Tc yields the solid curve with a significantl
reduced damping over a wide frequency range.

At low frequencies the solid curve in Fig. 4 resembles
damping results obtained by Quinlanet al.18 for a tight-
binding model because thed-wave gap dominates the dam

FIG. 3. Damping from electron collisions in ad-wave supercon-
ductor with a nested Fermi surface is shown as a function of t
perature for a microwave frequencyn53.8 GHz . The dashed curv
is calculated for a weak-coupling gap. The solid curve for a stro
coupling gapDdm56Tc yields a steeper drop in the damping b
reducing available scattering states for the target as well as
incident electron. The empirical estimates from microwave surf
data are the square points from Ref. 3.

FIG. 4. The nested Fermi-liquid~NFL! damping shows the
anomalous linear frequency variation—whenv@T—by the dotted
curve at 100 K. Using a superconducting transition temperatur
Tc590 K, thed-wave gap described in the text yields damping
weak coupling~dashed curve!, while the solid curve exhibits the
damping for the strong-coupling caseDdm56Tc .
e

ing. However, our results differ at higher frequencies, wh
nesting produces a linearv form instead of the more com
plex variation that is determined by their use of the RP
series.

The damping structure determines the microwave elec
dynamics of YBCO as a function of frquency and tempe
ture. Thus the present theoretical basis may provide guida
for higher frequency microwave applications.

III. ELECTROMAGNETIC RESPONSE FORMALISM

The theory of the electromagnetic response of superc
ductors was developed by Mattis and Bardeen38 and by Abri-
kosov, Gorkov, and Khalatnikov.39 The formalism was gen-
eralized to include anisotropicp-wave states by Klemm
et al.40 and by Hirschfeldet al.41 In the context of the high-
Tc cuprates, the theory of the electromagnetic respons
d-wave superconductors was derived by Hirschfeldet al.42

Therefore we will only sketch the formalism and refer t
interested reader to the above references for details.

The current response of a superconductor to the ve
potential of the incident electromagnetic wave with fr
quencyv is given by43

J~qW ,v!5R~qW ,v!•AW ~qW ,v!, ~13!

with

Rab~qW ,v!52e2F n

m
dab1^~JaJb!&~qW ,v!G . ~14!

The current-current correlation function is obtained from

^~JaJb!&~qW ,inm!5
1

2
T(

kW ,vn

vkW ,aTrF ĜS kW1
qW

2
,ivnD

3~vkW ,b1Q̂b!ĜS kW2
qW

2
,ivn1 inmD G

~15!

by analytical continuationinm→v1 id. HereĜ denotes the
Nambu Green function for an anisotropic singlet superc
ductor. Treating isotropic impurity scattering in at̂ -matrix
approximation,40 Ĝ can be written as

Ĝ21~qW ,ivn!5 i ṽnt̂02 ẽkt̂32D̃kt̂1 . ~16!

For ad-wave superconductor,

i ṽn5 ivn1G imp

g~ ivn!

cos2 dN2 sin2dNg~ ivn!
, ~17!

ẽk5ek1G imp

1

cos2 dN2 sin2dNg~ ivn!
, ~18!

and D̃k5Dk . HereG imp is the scattering rate,dN the corre-
sponding phase shift, and

g~ ivn!5
1

pN0
(

k

i ṽn

~ i ṽn!22 ẽk
22D̃k

2
. ~19!
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The vertex correctionsQ̂b due to impurity scattering obe
an integral equation, but our analysis simplifies becaus
can be shown thatQ̂b[0 for ad-wave superconductor in th
presence of isotropic impurity scattering. The momentum
tegrals are evaluated by the standard transformation

(
k

f ~ek ,Dk!5N0E
0

2pdf

2pE2`

`

de f „e,D~f!…. ~20!

Noting that the paramagnetic term (n/m)dab in Eq. ~14!
is cancelled by contributions to the momentum integral
the current-current correlation function from regions
away from the Fermi surface, one obtains in the local lim
qW→0:

Rab~qW ,v!5R~v!dab , ~21!

R~v!5
1

ipE2v/2

`

dnF tanhS n1v

2T D2tanhS n

2TD G
3@M ~v1n1 ,n2!2M ~v1n1 ,n1!#

2
2

pE2v/2

`

dn tanhS v1n

2T D Im M ~v1n1 ,n1!,

~22!

wheren65n6 id, and

M ~z1 ,z2!5
1

2E0

p/2

dfF11
z̃1z̃21Dmcos2~2f!

w~ z̃1!w~ z̃2!
G

3F 1

w~ z̃1!1w~ z̃2!1r~z1 ,z2!

1
1

w~ z̃1!1w~ z̃2!2r~z1 ,z2!
G , ~23!

w~z!5ADm
2 cos2~2f!2z2, ~24!

r~z1 ,z2!5G imp

cosdN

sindN
F 1

cos2 dN2 sin2dNg~z1!

2
1

cos2 dN2 sin2dNg~z2!
G , ~25!

and

z̃~z!5z1G imp

g~z!

cos2 dN2 sin2dNg~z!
2 iGNFL~z,T!,

~26!

whereg(z) follows from analytic continuation and a mome
tum integration of the Green’s function in Eq.~19!.

Defining the impurity concentrationnimp and damping
G imp , the component of thet matrix in the Born approxima-
tion is

2nimpt0~z!5 iG impg~z!, ~27!

whereas the strong scattering~unitary! limit gives
it

-

r
r
t

2nimpt~z!5 iG imp

1

g~z!
. ~28!

Here g(z) has to be calculated self-consistently from E
~19! and

g~z!52 i E
0

2pdf

2p

z̃

ADm
2 cos2~2f!2 z̃2

. ~29!

We presume that the dampingGNFL(z,T) is independent
of momentum along the nested regions, and thus does
depend on the anglef. This step simplifies the integration i
the above equations, but leaves out damping from non-ne
regions, which may resemble the Fermi-liquid form. O
analysis also neglects electron-phonon contributions,
chooses the dilute impurity limit. The curves in the prese
paper are calculated in the limit of smallG imp , in order to
emphasize the influence of the frequency and tempera
variation of the nested electron collision dampingGNFL on
the microwave response of high-Tc superconductors.

IV. MICROWAVE PROPERTIES

A. Surface resistance belowTc

The surface resistanceRs(v,T) is given in terms of the
response functionR(v,T):

Rs~v,T!5Z0

vlL

c
Re

1

A2R~v,T!
, ~30!

whereZ05377 V is the surface impedance of vacuum a
the London penetration depth islL'1640 Å for the plasma
frequency ofvpl51.2 eV that we use for YBCO.

In the limit of negligible impurity scattering, the electro
collision dampingGNFL from Eqs.~4!, ~10!, and ~12! is in-
serted into Eqs.~22!–~30!, and then a numerical integratio
yields the surface resistance curves shown in Fig. 5.
standard weak-couplingd-wave gap yields the dashed curv
which is far above experiment forT nearTc . The sudden
drop inRs just belowTc590 K in the Hardy group data,3 is
explained by the strong-coupling solid curve forDdm56Tc
in Fig. 5, because the larger gap significantly decreases a
able scattering states. At intermediateT the surface resis-
tance for the strong-coupling case is somewhat below
data, although the logarithmic scale exagerrates this disc
ancy. Impurity scattering or another parameter set m
modify the flat region of the microwave resistance data in
range 30–80 K, but it should be noted that recent exp
ments on untwinned YBCO crystals by Zhanget al.44 yield a
maximum inRs in the intermediate temperature range, an
steep falloff inRs below 10 K which agree qualitatively with
our calculated solid curve.

Tight-binding energy-band model calculations b
Hirschfeldet al.42 also yield a good description of the micro
waveRs as a function ofT ~for T,Tc), and their treatment
of impurity scattering agrees with experimental trends. Th
a systematic analysis of the microwave response at varioT
and v values is required to distinguish our nesting resu
from alternate approaches.
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In a realistic material, segments of the Fermi surface t
do not satisfy the nesting condition would add a sepa
scattering rate, e.g., a Fermi-liquid form, or perhaps so
electron-phonon contribution. However, inclusion of anoth
damping rate would introduce additional parameters with
constraints or a well-defined justification.

B. Infrared conductivity

The optical conductivitys(v,T) of cuprates at room tem
perature falls off ass1'1/v rather than the standard Drud
behaviors1}1/v2. This anomaly characterizes all the hig
Tc materials, and suggests a damping that is proportiona
v over a wide frequency range~up to 1 eV!. A microscopic
theory of the optical conductivity in the long-wavelength r
gime incorporates self-energy and vertex corrections that
isfy the Ward identity,45 and this NFL conductivity fits vari-
ous cuprate experiments forT.Tc .1

The above formalism yields the conductivity for ad-wave
superconductor

s~v,T!52
vpl

2 R~v,T!

iv
, ~31!

which can be computed by a numerical integration of E
~22!–~30!. The resulting temperature variation of the co
ductivity is shown in Fig. 6 in comparison to the experime
tal points of Nusset al.7 for a relatively large microwave
frequencyn50.5 THz. The weak-couplingd-wave dashed
curve shows a peak at lowT, while the strong-couplingd
wave withDdm56Tc yields the solid curve and a peak clos
to the experimental points. These calculations use the s
Coulomb couplingUN(0)51.7 as in the surface resistanc

FIG. 5. The calculated microwave surface resistance for a
perconductor with ad-wave energy gap and NFL damping exhib
the steep decline just belowTc in the case of the solid curve for th
strong-coupling gapDdm56Tc . The broad bump near 20 K is see
in more recent experiments on untwinned YBCO crystals. The
perimental squares for YBCO are from Ref. 3. The dashed cu
shows theT dependence ofRs for the weak-coupling gap case wit
Ddm51.76Tc .
at
te
e
r
t

to

t-

.
-
-

e

analysis, and a renormalized plasma frequency of 1.2 eV
is compatible with previous analysis45 of the YBCO reflec-
tivity.

The frequency variation of the computed conductivity
shown in Fig. 7 for two temperatures. AboveTc the 1/v
dependence ofs1 is shown by the solid curve forT595 K,
where impurity scattering was not included even though
may improve agreement at lowv. The unusual non-Drude

u-

-
e

FIG. 6. A peak in the conductivity of YBCO in the superco
ducting state is shown as a function of temperature by the d
squares from Ref. 7 at a frequencyn50.5 THz. The NFL damping
with a d-wave energy gap produces the peak structure shown by
dashed curve for a weak coupling, and the solid curve for
strong-coupling caseDdm56Tc . Such conductivity peaks are sen
sitive to impurity scattering.

FIG. 7. Microwave conductivity data~circles! as a function of
frequency show the anomalous normal-state behaviors1;v21

~that is a hallmark for all high-Tc cuprates!. The solid curve is
calculated with NFL dampingg50.74 at 100 K. For ad-wave
superconductor withTc590 K, the strong-coupling state with
Ddm54.2Tc gives the dashed curve at a temperatureT510 K,
which resembles the data~diamonds! measured by Basovet al. in
Ref. 47 on YBCO. The dot-dash curve includes impurity scatter
with G imp50.2 meV anddN50.4p in addition to the NFL damp-
ing.
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behaviors'v21 extends up to 1 eV~roughly 8000 cm21)
in all high-Tc cuprates. This mysterious behavior arises fro
a linearv variation of the damping and therefore provides
primary distinction for theories. Our analysis yields t
strange conductivity directly as a consequence of elec
collisions on a nested path.

Tight-binding model computations by Quinlanet al.18

show a larger drop in the conductivity with increasingv,
which may be due to a more complex damping which
pends on the RPA series. A standard Fermi liquid ha
damping proportional tov2, and this would imply a conduc
tivity that drops more rapidly than the cuprate data at highv.

Electron-phonon damping should be roughly independ
of v in the range above the Debye cutoff,6 but instead should
show a largeT dependence. These characteristic phon
properties are apparent in the optical spectra of lead,1 al-
though they are not evident in the conductivity data
YBCO in Fig. 7

The high-frequency conductivity is also sensitive to ph
nomenological models that represent a Boson-media
damping. For example, the Boson spectrum cutoff used
Carbotte’s group46,48 yields a nearly constants when v is
larger than the cutoff, as one may expect from the origi
formal Holstein analysis.6

In the superconducting state the dashed curve shows
computed NFL conductivity, which is reduced by ad-wave
gap, in qualitative agreement with the infrared spectra
YBCO measured by Basovet al.47 in Fig. 7. The dot-dash
curve demonstrates the influence of impurity scatter
which raises the conductivity in the superconducting stat
very low frequency.

These superconducting state data are also compatible
computations by Quinlanet al.,18 and others, in part becaus
the d-wave gap dominates the response at very lowv. The
Carbotte group48 also achieved a good fit in the superco
ducting regime with their Boson spectrum, and furtherm
found a good description of the impurity influence on t
low-frequency conductivity.

C. Optical reflectivity

The infrared reflectivityR(v,T) is defined in terms of the
dielectric function« as

R~v,T!5UA«~v,T!21

A«~v,T!11
U2

, ~32!

where

«~v,T!5«`2
vpl

2

v2
K~v,T!, ~33!

vpl is the plasma frequency, and«` is the dielectric constan
of the background.

The computed NFL reflectivity is shown in Fig. 8 by th
solid curve alongside the 100 K data on untwinned YBC
crystals obtained by Schlesingeret al.;49 note that this
normal-state curve determines the plasma frequency
vpl /A«`51.2 eV and the Coulomb couplingUN(0)50.74
from a fit to the data~triangles! at 100 K. The superconduct
n

-
a

nt

n

r

-
d
y

l

he

f

g
at

ith

e

of

ing curve at 33 K follows for the same coupling and plasm
frequency, and thus only thed-wave gap amplitude remain
as an independent parameter.

The independent reflectivity data of Basovet al.47 on
YBCO and the 124 compound also show the low-frequen
threshold structure in the superconducting state, althoug
strong anisotropy along thea andb axes of the crystal may
be caused by effective mass differences.

Several years ago, reflectivity data on cuprates were in
preted as evidence for the absence of an energy gap by s
authors. The present work shows that the single-crystalR(v)
data of Schlesingeret al.49 and others is compatible with
strong-couplingd-wave gap.

D. Penetration depth

The penetration depthl(v,T) probes the superfluid den
sity ns , which is determined by the density of states in t
gap region. Thermal excitation of quasiparticles depends
the symmetry as well as the magnitude of the energy ga
the superconducting state, and these fundamental fea
determine the temperature variation ofl.

The classic BCS model of an isotropic energy gapDs
gives the behavior

DlBCS5l~T!/l~0!2153.3AT/Tc exp@21.76Tc /T#
~34!

and this form is essentially verified by measurements by A
lage et al.51 on Nb and also on the electron-doped NCC
cuprate. The NCCO case is very interesting since the B
behavior of the penetration depth holds despite strong ine
tic Fermi-liquid collisions and substantial impurity scatterin
in these crystal samples.

FIG. 8. Infrared data for YBCO from Ref. 49 show the anom
lous reflectivity decline as a function of frequency for the norm
state by triangles, and the superconducting state data by o
circles. The dotted curve is the NFL reflectivity computed at 100
The d-wave energy gap yields the upper curve, with the stro
coupling caseDdm53Tc and Tc592 K. The plasma frequency is
vpl /Ae051.2 eV and the Coulomb repulsion isUN(0)50.74.
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Gros et al.35 derived penetration depth formulas for u
conventional pairing such asp-wave andd-wave states, and
they showed that various power laws for the penetrat
depthl}Tn can occur, where the exponent n depends on
type of nodes and the orientation of the applied field. T
linear T variation ofl for a d-wave state is particularly re
evant to high-Tc cuprates even though the original Gr
group analysis was aimed at the heavy-fermion superc
ductors whoseTc values are very low (;1 K!.

Annett et al.50 showed that unconventional singlet pair
such as thed-wave pairs, in a two-dimensional system w
generally yield a linearT variation of the penetration depth
Recent microwave experiments on high-quality crystals
YBCO show such a linearT variation, as illustrated by the
Anlage51 data in Fig. 9. By contrast, the BCS dotted cur
from Eq. ~34! shows the activated temperature form caus
by a s-wave gap which is much lower than experiment. M
crowave studies52 of Bi2212 crystals also yield a linearT
variation ofl up to 40 K.

Our microscopic theory considers the standard relation
the penetration depth

l~v,T!52lLIm
1

A2K~v,T!
, ~35!

wherelL5c/vpl is the London penetration depth. The ca
culated penetration depth for ad-wave energy gap in the
NFL approximation is shown in Fig. 9 by the dashed cur
for weak coupling and by the solid curve for the stron
coupling case. Since the experimental points of Anla
et al.51 fall in between the weak-coupling and very stron
coupling curves, they provide support for a large gap va

FIG. 9. Penetration depth data points from Ref. 51 for
YBCO superconducting state contrast with the standard BCS m
shown by the dotted curve. Thed-wave gap, combined with the
nested collision damping analysis, yields the dashed curve for
weak-coupling case, while the solid curve shows the NFL pene
tion depth for the strong-coupling case ofDmax56Tc . The data
points to a strong-coupling value, in the rangeDdm;4Tc , which
would agree with the conductivity analysis.
n
e

e

n-

,

f

d
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e
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e

e

~nearDdm'4Tc) which would be compatible with the con
ductivity analysis of the YBCO cuprate.

Earlier penetration depth on films and some other sam
seemed to show aT2 variation in cuprates, which would
appear to contradict both the BCS andd-wave scenarios.50

However, controlled doping of YBCO crystal with Zn an
Ni by Hardy’s group44 demostrated a crossover from the i
trinsic linearT variation in the untwinned crystal to a qua
dratic form in impure cases. Theoretical proposals for
crossover in temperature variation include the role of scat
ing by impurities42 and the nonlocal electrodynamics that a
essential in thed-wave case because the associated co
ence length must be treated with care.53

V. CONCLUSIONS

Our analysis of the microwave electrodynamics indica
a metallic character of the electrons~or holes! with a plasma
frequency comparable to ordinary metals. We explain va
ous unconventional features of the microwave response
superconducting cuprates within the NFL theory framewo
of electrons scattering on nested paths with a Coulomb c
pling that is comparable to the bandwidth.

The dramatic drop of the microwave surface resistance
the superconducting state of YBCO and BSCO cuprate
attributed to the opening of an energy gap withd-wave sym-
metry which depletes available scattering states for the ta
as well as the scattering electron. However, the calcula
frequency variation as well as the temperature variation
the NFL damping in the superconducting state are com
ible with the measured high-Tc cuprate conductivity only if
the energy gap is quite large. Although many other grou
have properly identified the source of the microwave d
crease with a surprising damping reduction, our analy
yields conductivity features at higher frequencies which d
fer from the results of tight-binding calculations and som
Boson spectral models.

Our theoretical basis for the damping involves a pecu
scaling of the spin susceptibility—as a function
v/T—which has been observed by neutron scattering in
prates. The scaling yields the strange non-Drude form of
conductivitys'v21 which persists to 1 eV. At lowv the
d-wave energy gap dominates the spectral response, so
results for this region are similar in many respects to pre
ous calculations based on tight-binding models or Bos
style spectra. In view of many competing explanations
the low-frequency conductivity, further systematic analy
of the frequency andT variation in the superconducting sta
is warranted.

Theoretical proposals for a large gap ratio in cupra
generally make a connection to the strong electron damp
that is a key feature of the cuprates. Lee and Read54 origi-
nally noted that inelastic damping would reduce the sup
conducting temperature. Calculations for tight-bindi
energy-band models55,56 find that exchange of spin fluctua
tions can generate a large gap ratio by using the RPA
hancement of the spin susceptibility. Self-energy contrib
tions in a square nesting model57 yield a temperature
variation of the spin susceptibility which produces a lar
gap ratio in the leading orderd-wave pairing theory.

Both the magnitude of the NFL collision damping and t
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large superconducting gap ratio require a theoretical ana
of higher-order self-energy and vertex corrections on a c
sistent basis. Recently Aeppliet al.29 discovered a suscept
bility which diverges asT2a whenT is lowered toward the
superconducting transition in La1.86Sr0.24CuO4. This low-
frequency anomaly stimulated a theory28 for a nested surface
which produces a singular spin susceptibility, where theT
variation exponenta is proportional to the Coulomb repu
sion. The latter analysis sums leading logarithmically div
gent vertex corrections to all orders inU using the Parque
method, and demonstrates the failure of the RPA in the c
of nesting. Remarkably, a similar divergence in the lo
frequency susceptibility was observed by neutron scatte
near the nesting vector in chromium many years ago.58 Re-
cent neutron data59 on the itinerant antiferromagnet V2O3
discovered a spin susceptibility that diverges with a pow
law exponent that is almost identical to the situation for
high-Tc LSCO cuprate. Clearly the Parquet series of gra
should be examined in future extensions of the present an
sis of the microwave properties.
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Experiments with cuprates under applied pressure sho
provide interesting tests of thed-wave structure as well a
the present theoretical proposals. Pressure increasesTc by as
much as 50 K in some mercury based cuprates, so the
responding enlargement of the energy gap should prod
rather significant modifications in the microwave response
these high-temperature superconductors.
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