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Magnetic properties of weakly doped antiferromagnets
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We study the spin excitations and the transverse susceptibility of a two-dimensional antiferromagnet doped
with a small concentration of holes in thet-J model. The motion of holes generates a renormalization of the
magnetic properties. The Green’s functions are calculated in the self-consistent Born approximation. It is
shown that the long-wavelength spin waves are significantly softened and the shorter-wavelength spin waves
become strongly damped as the doping increases. The spin wave velocity is reduced by the coherent motion of
holes, and not increased as has been claimed elsewhere. The transverse susceptibility is found to increase
considerably with doping, also as a result of coherent hole motion. Our results are in agreement with experi-
mental data for the doped copper oxide superconductors.@S0163-1829~99!07541-4#
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I. INTRODUCTION

After the discovery of high-Tc superconductors there ha
been intensive investigation of the magnetic properties1 of
doped copper oxide materials because of their connectio
high temperature superconductivity. The undoped co
pounds are antiferromagnetic~AF! insulators. Doping intro-
duces holes,2,3 the charge carriers, in the AF square lattice
the copper oxide planes. The long-range AF order rap
disappears at low doping, and superconductivity arises u
further doping. Strong two-dimensional AF fluctuations a
nevertheless observed4 even at fairly high doping, suggestin
a conducting phase that, in spite of being paramagnetic,
hibits short-range AF order. A striking feature of the copp
oxides is the strong sensitivity of their magnetic properties
the hole concentrationd. Experiments have shown importa
softening and damping in the spin excitations,5–7 as well as a
significant increase in the spin susceptibility,8–10 for the
doped copper oxides. It is therefore important to study
interplay between doping and antiferromagnetism for an
derstanding of these materials.

It is believed that the essential physics of strong elect
correlations in the copper oxide planes is described by tht-
J model

Ht-J52t (
^ i , j &,s

~cis
† cj s1H.c.!1J(

^ i , j &
S Si•Sj2

1

4
ninj D , ~1!

wherecis
† andcis are creation and annihilation electron o

erators acting on a reduced Hilbert space with no dou
occupied sites, the spin operator isSi

m5 1
2 (abcia

† sab
m cib ,

ni5ni↑1ni↓ and nis5cis
† cis . In the copper oxides,J

.1500 K andt;3J. For the undoped materials, i.e., at ha
filling, only the Heisenberg part of the Hamiltonian is re
evant and it describes a spin-1/2 AF insulator. With dopi
and nearly half-filling, the Hamiltonian describes holes mo
ing in an AF background, the holes strongly interacting w
the spin array. The motion of holes tends to disrupt the
PRB 600163-1829/99/60~17!/12329~6!/$15.00
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order, because a moving hole leaves behind a string
flipped spins. The charge carriers are then holes dressed
cloud of spin excitations.

The propagation of a single hole in a two dimension
antiferromagnet has been studied with a variety of
proaches. Considering thet-J model in a Schwinger boson
representation, hole motion was treated within a se
consistent Born approximation~SCBA!.11–15 It was found
that a hole can propagate coherently because of its st
coupling to the spin excitations, having a quasiparticle ba
width ;J and energy minima at momentaqi5(6p/2,
6p/2). The calculated spectral density shows a quasipart
peak of intensity;(J/t)2/3 and a broad incoherent multipl
spin wave continuum, of width;2zt (z is the coordination
number!, that is located at higher energies. These results
in good agreement with those from exact diagonalization
small clusters.16 The study of hole motion has been extend
for a finite concentration of holes, within th
SCBA.17–19 The results obtained show that, to first order
d, the quasiparticle characteristics remain essentially
same, supporting a description of the quasiholes as nonin
acting particles, filling up a Fermi surface consisting of fo
pockets located at momentaqi , having an enclosed area pro
portional tod. The spectral density for finite doping aga
contains a coherent and an incoherent part. The role of
coherent motion of holes on the magnetic properties of
copper oxides has been a matter of discussion. So
authors,17,20 in contradiction to others,21–23have claimed that
the coherent motion of holes leads to stiffening of the s
excitations, while it is the incoherent motion of holes th
generates significant softening, leading to an overall soft
ing.

In this work we study the effects of hole doping on th
spin excitations, calculating both the softening and the dam
ing, and determine the doping dependence of the transv
spin susceptibility of a two-dimensional antiferromagn
discussing in particular the contributions from the coher
and the incoherent motion of holes. Our study starts from
t-J model in the Schwinger boson representation and is
12 329 ©1999 The American Physical Society
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ried out in the SCBA. It is shown that the magnetic prop
ties are very sensitive to hole doping, as a result of the str
interaction between the hole and spin systems, and tha
coherent motion of holes leads in fact to softening of the s
excitations.

II. THE INTERACTION BETWEEN
HOLES AND SPIN WAVES

Our system is described by thet-J Hamiltonian~1! on a
two-dimensional square lattice. In order to enforce no dou
occupancy of sites we use the slave-fermion Schwinger
son representationcis5 f i

†bis , where the slave-fermion op
erator f i

† creates a hole and the boson operatorbis accounts
for the spin, subject to the constraintf i

†f i1(sbis
† bis52S.

We consider the low doping regime,d!1, where the
states are close to the pure AF state, and hence exhibit l
range order. The AF state is approximated by the Ne´el state,
which in the Schwinger representation can be interpreted
condensate of Bose fieldsbi↑5A2S andbj↓5A2S, respec-
tively, in the up and down sublattices, and the bosonsbi↓
5bi andbj↑5bj are then Holstein-Primakov spin-wave o
erators on the Ne´el state.

The Hamiltonian~1!, with S51/2, then becomes

Ht-J52t(
^ i , j &

@ f i f j
†~bi

†1bj !1H.c.#1
J

2 (
^ i , j &

~12 f i
†f i !

3~12 f j
†f j !Fbi

†bi1bj
†bj1bibj1bi

†bj
†2

1

2G . ~2!

The transfer part describes the reversal of spins as the
moves. In the Heisenberg part, the factor (12 f i

†f i)(1
2 f j

†f j ) accounts for a loss of magnetic energy due to d
ing, and for small hole concentrations it may be replaced
12 f i

†f i2 f j
†f j .

Applying Fourier transforms and the Bogoliubov-Valat
transformation for the spin variablesb2k

† 5ukb2k
† 1vkbk

and bk5vkb2k
† 1ukbk , where uk5$@(12gk

2)21/2

11#/2%1/2, vk52sgn(gk)$@(12gk
2)21/221#/2%1/2, and gk

5 1
2 (coskx1cosky), we obtain from Eq.~2! the effective

Hamiltonian

H52
1

AN
(
q,k

f qf q2k
† @V~q,2k!b2k1V~q2k,k!bk

†#

1(
k

vk
0bk

†bk . ~3!

Here, V(q,k)5zt(gquk1gq1kvk), vk
05(zJ/2)(12gk

2)1/2,
the coordination number isz54, the sums run over the Bril
louin zone for an antiferromagnet on a square lattice, anN
is the number of sites in each sublattice. In Eq.~3!, the first
term represents the interaction between holes and spin w
resulting from the motion of holes with emission and abso
tion of spin waves, and the second term describes spin w
in a pure antiferromagnet. In writing Eq.~3! we neglected an
interaction term involving the scattering of holes by sp
waves, proportional toJ, because its effect is small compare
to the other term, proportional tot.17 We note that at the bar
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level the holes have no dispersion. In fact, they propag
only after being dressed by spin waves. Here we study
renormalization of the magnetic properties induced by
dynamical interaction between the holes and the spin wa

III. GREEN’S FUNCTIONS
FOR SPIN WAVES AND HOLES

Given the magnitude of the couplings in the copper o
ides, we make use of the Green’s function formalism at z
temperature. The Green’s functions for the spin waves
defined as

D21~k,t2t8!52 i ^Tbk~ t !bk
†~ t8!&,

D12~k,t2t8!52 i ^Tb2k
† ~ t !b2k~ t8!&,

D22~k,t2t8!52 i ^Tbk~ t !b2k~ t8!&,

D11~k,t2t8!52 i ^Tb2k
† ~ t !bk

†~ t8!&,

where^ & represents an average over the ground state. T
Fourier transforms satisfy the Dyson equations

Dmn~k,v!5D0
mn~k,v!

1(
gd

D0
mg~k,v!Pgd~k,v!Ddn~k,v!,

wherem,n56. The free Green’s functions are

D0
21~k,v!5~v2vk

01 ih!21,

D0
12~k,v!5~2v2vk

01 ih!21,

D0
22~k,v!5D0

11~k,v!50,

with h→01, andPgd(k,v) are the self-energies generate
by the interaction between holes and spin waves.

We calculate the self-energies in the SCBA, correspo
ing to only ‘‘bubble’’ diagrams with dressed hole propag
tors. These diagrams describe the decay of spin waves
‘‘particle-hole’’ pairs. The approximation neglects corre
tions to the hole-spin interaction vertex, which have be
shown to be unimportant.12,15,17The self-energies are give
by

Pgd~k,v!52 i
1

N (
q

Ugd~k,q!E
2`

1` dvq

2p

3G~q,vq!G~q2k,vq2v!, ~4!

whereG(q,vq) is the Fourier transform of the Green’s fun
tion for the dressed holes,G(q,t2t8)52 i ^Tf q(t) f q

†(t8)&,
and

U12~k,q!5V~q2k,k!2, U21~k,q!5V~q,2k!2,

U22~k,q!5U11~k,q!5V~q,2k!V~q2k,k!.

The relationsP21(k,v)5P12(2k,2v) and P22(k,v)
5P11(k,v) are verified.



pi
th
a
a

he

er
im

l

f

l

th
n
e
ra
n

op
av
s

o-
e

tion
and
act
n in
the
.

e

f-
, as

the
re

me

er-
s

PRB 60 12 331MAGNETIC PROPERTIES OF WEAKLY DOPED . . .
In the SCBA the holes are dressed by pure AF s
waves. This approach implies a spectral function for
holes that is composed of a coherent quasiparticle peak
an incoherent continuum, with the quasi-holes filling up
Fermi surface that consists of pockets located atqi
5(6p/2,6p/2), as mentioned above. We shall take for t
hole spectral function the approximate form

r~q,v!5@rcoh~q,v!1r incoh~q,v!#F 6~q!u~6v!, ~5!

with, Fermi surfaceF 2(q)5( i 51
4 u(qF2uq2qi u), F 1(q)

512F 2(q), Fermi momentumqF5Apd, and

rcoh~q,v!5a0d~v2«q!,

r incoh~q,v!5hu~ uvu2zJ/2!u~2zt1zJ/22uvu!.

Here the energies are measured with respect to the F
level, and the quasiparticle dispersion can, near the min
at qi , be written as«q5«min1(q2qi)

2/2m, with an effec-
tive massm.1/J ~neglecting band anisotropy!. The quasi-
particle residue isa0.(J/t)2/3, and the remaining spectra
density appears in the incoherent continuum of width 2zt
and height h.(12a0)/2zt, satisfying the sum rule
*dvr(q,v)51.

The spin wave self-energies~4! are obtained in terms o
the hole spectral function~5! by

Pgd~k,v!5
1

N (
q

Ugd~k,q!@Y~q,2k;v!

1Y~q2k,k;2v!#, ~6!

with

Y~q,2k;v!5E
0

1`

dv8E
2`

0

dv9
r~q,v8!r~q2k,v9!

v1v92v81 ih
.

From Eqs.~5! and ~6! follows that the self-energies wil
present three contributions

Pgd~k,v!5Pc,c
gd ~k,v!1Pc,ic

gd ~k,v!1P ic,ic
gd ~k,v!,

corresponding, respectively, to transitions of holes within
coherent band, between the coherent and incoherent ba
and within the incoherent band. We have calculated th
different contributions to lowest order in the hole concent
tion d. The imaginary parts of these contributions are no
zero only in certain regions of the (k,v) space: ImPc,cÞ0
for @2kqF /m1k2/2m#,v,@kqF /m1k2/2m#, Im Pc,ic
Þ0 for zJ/2,v,zJ/212zt, and ImP ic,icÞ0 for zJ,v
,zJ14zt.

IV. MAGNETIC PROPERTIES

We now present the calculation of the effects of hole d
ing on the magnetic properties. The renormalized spin w
energyvk is given by the poles of the Green’s function
D(k,v), determined by the condition

@~D0
21!212P12#@~D0

12!212P21#2P11P2250.

In the region where ImP(k,v)50, we find to lowest
order ind,
n
e
nd

mi
a

e
ds,
se
-
-

-
e

vk5vk
01ReP12~k,vk

0!, ~7!

leading to

vk5vk
0@12r ~k!#, ~8!

where

r ~k!5da0
2S t

JD 2H S 1

2

k2

12gk
2D u~2qF2k!

1S sin2 kx1sin2 ky

12gk
2 D S 12gk

22~k/2!2

12gk
22~k/2!4D u~k22qF!J

1Ad
t

J

~12a0!2

2 F ln 21
a0

12a0
lnS 114

t

JD G
3H 1

2Ap
S k3

12g2
kD u~2qF2k!

1AdS sin2 kx1sin2 ky

12gk
2 D

3u~k22qF!J .

In r (k) the first term is generated only by the coherent m
tion of holes, i.e.,Pc,c

12 , whereas the second involves th
incoherent motion resulting from the sumPc,ic

121P ic,ic
12 .

One finds that both the coherent and the incoherent mo
of holes generate a reduction of the spin wave energy,
hence give rise to softening of the spin excitations. The f
that the coherent motion of holes leads to softening, eve
the regime where the spin wave velocity is larger than
hole Fermi velocity, is explained in detail in the Appendix

In the long-wavelength limit,k!1, one has

vk5ck, ~9!

with

c5Zcc0 , ~10!

where c05zJ/(2A2) is the spin wave velocity for a pur
antiferromagnet, and the renormalization factor is

Zc512da0
2S t

JD 2

. ~11!

For finite hole concentrations one hasZc,1, which implies
a reduction of the spin wave velocity with doping. This e
fect is generated only by the coherent motion of the holes
can be seen from Eq.~8!.

In the region where the spin wave dispersion crosses
pair excitation continuum, defined as the region whe
Im P(k,v)Þ0, one finds, to lowest order ind, that the spin
excitations become damped, acquiring an inverse lifeti
given by

G~k!5 22 ImP12~k,vk!. ~12!

One finds that the damping is determined only by the coh
ent motion of holes, i.e., ImPc,c

12 , because the contribution
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involving the incoherent motion, ImPc,ic
12 and ImP ic,ic

12 ,
vanish in the relevant region of the (k,v) space. Hence we
have

G~k!5zJAda0
2S t

JD 2 1

Apk~12gk
2!1/2

F12~k!

3$A12s2~gk!u„12us~gk!u…

2A12s2~2gk!u~12us~2gk!u!%, ~13!

with

F12~k!5~cosky2coskx!@cos~gkkx!

2cos~gkky!#22~12gk
2!1/2@sinkxsin~gkkx!

1sinky sin~gkky!#14~12gk
2!,

where s(gk)5(12gk)k/2qF , gk5(2vk/J)/k2, and vk is
given by Eq.~8!. We note the strong doping dependence
the damping;Ad, as compared to that of the reduction
the spin wave velocity (Zc21);d, d!1.

From Eq.~13! one has that for sufficiently small doping
long-wavelength spin waves remain well defined, wher
the shorter wavelength spin waves are damped, decaying
‘‘particle-hole’’ pairs. As the doping increases more sp
waves, in the shorter wavelength side, dive into the pair
citation continuum, and become damped. For hole conc
trations above a certain thresholdd* , such that the spin wave
velocity equals the Fermi velocity,Zc* c0 /(kF* /m)51, the
spin wave dispersion lies entirely in the pair excitation co
tinuum, and then even the long-wavelength spin waves
damped. In the limitk!1 one hasG;k, which implies that
the spin waves are overdamped.

The transverse spin susceptibility is defined by

x'5x'~k50,v50!, ~14!

where the dynamical susceptibility is given by

x'~k,v!5 i E
0

`

dteivt^@Sx~k,t !,Sx~2k,0!#&.

Writing the spin operator in terms of the electron creat
and annihilation operators,Si

x5(Si
11Si

2)/2 with Si
1

5ci↑
† ci↓ andSi

25ci↓
† ci↑ , using the Schwinger boson repr

sentation with the bose condensation associated with
Néel state, and performing the Bogoliubov-Valatin transfo
mation, one finds that the susceptibility can be expresse
terms of the spin wave Green’s functions by

x'52 lim
k→0

S 12gk

11gk
D 1/2

@ReD12~k,0!1Re D11~k,0!#.

~15!

In Eq. ~15! we have approximated̂f i
†f ibi

†&.d^bi
†&, and ne-

glected a prefactor (12d)2 which is caused by dilution o
the spin lattice by holes. To lowest order ind, the transverse
susceptibility is given by
f

s
to

-
n-

-
re

he
-
in

x'5 lim
k→0

1

zJ~11gk! F12
2

zJ~12gk
2!1/2

3@ReP12~k,0!1ReP11~k,0!#G . ~16!

One finds that only the coherent motion, i.e.,Pc,c
16 , contrib-

utes to the susceptibility in Eq.~16!, because the contribu
tions involving the incoherent motion,Pc,i

16 andP i ,i
16 , van-

ish in the limit k→0. We then obtain

x'5Zxx
'

0 , ~17!

wherex
'

051/(2zJ) is the transverse susceptibility for a pu
Heisenberg antiferromagnet, and the renormalization fa
is given by

Zx5114da0
2S t

JD 2

. ~18!

From Eq.~18! one sees that the transverse susceptibility
creases with hole doping, this effect being determined by
coherent motion of holes.

V. RESULTS AND DISCUSSION

We have considered a two-dimensional antiferromag
doped with a small concentration of mobile holes and cal
lated the renormalization of magnetic properties induced
hole motion. In our calculation it is assumed that there
long-range AF order in the system. In real materials tr
long-range AF order disappears at rather low concentratio
e.g., dc.0.02 for La22dSrdCuO4. However, experiments
have revealed that above such concentrations, there are
AF correlated regions in the system corresponding to the
of the magnetic correlation lengthj, scaling asj;1/Ad.24

Those regions can in particular sustain spin excitations w
wavelengths up to the region size. One expects that the
sults that we derived when there is long-range order, s
describe the physics on length scales less thanj, with j
large, when long range order is broken.

We find that the spin excitations are very sensitive
doping, with significant softening and damping occurring
a result of hole motion. In the low momenta region, t
reduction of the spin wave energy is mainly determined
the coherent motion of holes, while the contribution from t
incoherent motion becomes more significant with increas
momenta. The spin wave velocity decreases due to the
herent motion of holes, which fort/J53 and a concentration
d50.02 produces a renormalization factorZc50.96, while a
concentrationd50.05 leads toZc50.90. However, for mo-
mentak aroundqF , the slope of the spin dispersion shows
much higher reduction, by a factor 0.91 for a concentrat
d.0.02, and a factor 0.78 for a concentrationd.0.05, as a
result of the coherent plus the incoherent motion of hol
For d.0.02 there is little damping since only spin wav
near the upper end of the spin wave spectrum lie inside
pair excitation continuum. Ford.0.05 the spin dispersion
dives partially into the pair excitation continuum, so th
excitations withk.2qF are strongly damped. For concentr
tions above the thresholdd* .0.17, where the spin wave
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velocity equals the Fermi velocity, all the spin waves lie
the pair excitation continuum, and therefore are complet
damped. This occurs at a concentration well below the va
for which the spin wave velocity would vanish. One expe
that long-range order will collapse at a concentrationdc
,d* , implying a small value for the critical concentration
in agreement with experimental data. The disappearenc
the long-range magnetic order with doping will be discuss
elsewhere.25 Aeppli et al.5 and Haydenet al.6 investigated
the spin dynamics of pure and doped La22dSrdCuO4, with
d50.05, and found that spin excitations within the AF co
related regions in the doped material show softening a
damping with respect to the corresponding excitations in
pure material. Aeppliet al. found that the spin wave velocity
in the doped material is renormalized by a fact
0.74(60.08), while Haydenet al. found a renormalization
factor 0.60. These values are to be compared with the re
malization factor for the slope of the spin dispersion arou
qF , the momenta range associated to the AF correlated
gions, therefore our result, 0.78 ford50.05, is in good
agreement with experimental data. Experiments7 at a much
higher concentration,d50.14, have also revealed a larg
broadening of the spin excitations with doping.

For the transverse spin susceptibility we find a significa
increase with doping, having fort/J53 a renormalization
factorZx51.17 ford50.02, andZx51.42 ford50.05. This
effect is also due to the coherent motion of holes. Wh
long-range order is broken and the magnetic correlat
length diverges, the susceptibility of the system should
essentialy given byx' . An increase in the spin susceptibilit
with doping has in fact been observed experimentally,8–10 in
agreement with our results. Above the critical doping a g
gradually opens in the spin excitation spectrum, and one m
expect the magnetic correlation length in that regime to
determined by the imaginary part of the spin dispersion. A
cording to our results this implies an inverse correlati
length proportional to ImPc,c

12 and thereforej;1/Ad, pre-
cisely the scaling found experimentally.24

Spin excitations of a weakly doped antiferromagnet ha
been investigated elsewhere in the SCBA. In Ref. 21,
present authors considered the effect of the coherent mo
of holes only, and showed that it generates spin wave s
ening, in agreement with the results in the present wo
Other authors17,20 claimed, however, that the coherent m
tion of holes leads instead to stiffening of spin waves. T
contradicts our results, and may arise from approximatio
made in Refs. 17 and 20. The renormalization of the s
excitations has also been calculated by another group,23 but
their calculation contains a self-energy independent ofd, a
result difficult to understand. Becker and Mushelknautz
Ref. 22 also studied the effects of hole doping on the s
excitations, but using a different technique. They found so
ening and damping of the spin excitations, due to both
coherent and the incoherent motion of holes, in agreem
n
ly
ue
ts

,
of
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with our results. In conclusion, we have shown that the m
netic properties of a two-dimensional antiferromagnet
very sensitive to doping due to the strong interaction
tween holes and spin waves, the coherent motion of ho
leading to softening of the spin excitations, similar to t
incoherent motion.

APPENDIX

The contribution of the coherent motion of holes for t
renormalization of the spin waves excitations is given
RePc,c

12(k,vk
0). From Eqs.~5! and ~6! one has

RePc,c
12~k,vk

0!5a0
2 1

2N (
q

u~ uq2ku2qF!u~qF2uqu!

3(
i 51

4 FU12~k,k2q2qi !

vk
02~«q2k2«q!

2
U12~k,q1qi !

vk
01~«q2k2«q!

G ,

where«q5q2/2m. Given that

(
i 51

4

U12~k,k2q1qi !5(
i 51

4

U12~k,q1qi !2~zt!2

3(
i 51

4

~gq2k1qi

2 2gq1qi

2 !,

one has

RePc,c
12~k,vk

0!5a0
2 1

N (
q

u~ uq2ku2qF!u~qF2uqu!

3@A~k,q!2B~k,q!#,

where

A~k,q!5(
i 51

4

U12~k,q1qi !
2~«q2k2«q!

@~vk
0!22~«q2k2«q!2#

and

B~k,q!5~zt!2(
i 51

4

~gq2k1qi

2 2gq1qi

2 !
1

@vk
02~«q2k2«q!#

.

For sufficiently small doping the spin wav
velocity is larger than the Fermi velocity, and therefo
A(k,q)u(uq2ku2qF)u(qF2uqu).0. However, one has
that B(k,q).A(k,q), even in the long-wavelength limit
k!1, where B(k,q);2A(k,q). This implies that
RePc,c

12(k,vk
0),0, and therefore softening of the spin exc

tations, as given in Eq.~7!. The inclusion of band anisotrop
does not qualitatively change our results.
.
t
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