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Magnetic properties of weakly doped antiferromagnets
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We study the spin excitations and the transverse susceptibility of a two-dimensional antiferromagnet doped
with a small concentration of holes in tlte) model. The motion of holes generates a renormalization of the
magnetic properties. The Green’s functions are calculated in the self-consistent Born approximation. It is
shown that the long-wavelength spin waves are significantly softened and the shorter-wavelength spin waves
become strongly damped as the doping increases. The spin wave velocity is reduced by the coherent motion of
holes, and not increased as has been claimed elsewhere. The transverse susceptibility is found to increase
considerably with doping, also as a result of coherent hole motion. Our results are in agreement with experi-
mental data for the doped copper oxide supercondudtBesl63-182@09)07541-4

[. INTRODUCTION order, because a moving hole leaves behind a string of
flipped spins. The charge carriers are then holes dressed by a
After the discovery of highF. superconductors there has cloud of spin excitations.
been intensive investigation of the magnetic prope'tizfs The propagation of a single hole in a two dimensional
doped copper oxide materials because of their connection tantiferromagnet has been studied with a variety of ap-
high temperature superconductivity. The undoped comproaches. Considering tite] model in a Schwinger boson
pounds are antiferromagnetiéF) insulators. Doping intro-  representation, hole motion was treated within a self-
duces hole$;? the charge carriers, in the AF square lattice ofconsistent Born approximatiofSCBA)."'~%% it was found
the copper oxide planes. The long-range AF order rapidlythat a hole can propagate coherently because of its strong
disappears at low doping, and superconductivity arises upogoupling to the spin excitations, having a quasiparticle band-
further doping. Strong two-dimensional AF fluctuations arewidth ~J and energy minima at momenta = (= /2,
nevertheless observéeven at fairly high doping, suggesting + w/2). The calculated spectral density shows a quasiparticle
a conducting phase that, in spite of being paramagnetic, expeak of intensity~ (J/t)%° and a broad incoherent multiple
hibits short-range AF order. A striking feature of the copperspin wave continuum, of width-2zt (z is the coordination
oxides is the strong sensitivity of their magnetic properties tthumbey, that is located at higher energies. These results are
the hole concentratiod. Experiments have shown important in good agreement with those from exact diagonalization of
softening and damping in the spin excitationéas well as a  small clusterd® The study of hole motion has been extended
significant increase in the spin susceptibifity® for the  for a finite concentration of holes, within the
doped copper oxides. It is therefore important to study thesCBA1"~1° The results obtained show that, to first order in
interplay between doping and antiferromagnetism for an uns, the quasiparticle characteristics remain essentially the
derstanding of these materials. same, supporting a description of the quasiholes as noninter-
It is believed that the essential physics of strong electromcting particles, filling up a Fermi surface consisting of four
correlations in the copper oxide planes is described by-the pockets located at momengg, having an enclosed area pro-
J model portional to 5. The spectral density for finite doping again
contains a coherent and an incoherent part. The role of the
1 coherent motion of holes on the magnetic properties of the
S-S _Zninj), (1) copper oxides has been a matter of discussion. Some
authorst”?%in contradiction to others:~**have claimed that
. ] o the coherent motion of holes leads to stiffening of the spin
wherec;,, andc;, are creation and annihilation electron op- excitations, while it is the incoherent motion of holes that
erators acting on a reduced Hilbert space with no doublyenerates significant softening, leading to an overall soften-

Ht_Jz—t<_§_>‘, (CLCJU+H.C.)+J<_§:>
L))o 1]

occupied sites, the spin operatorﬁzéiaﬁcfaagﬁciﬁ, ing.
ni=n;;+n;; and niach“(,ci(,. In the copper oxides,] In this work we study the effects of hole doping on the

=1500 K andt~3J. For the undoped materials, i.e., at half spin excitations, calculating both the softening and the damp-
filling, only the Heisenberg part of the Hamiltonian is rel- ing, and determine the doping dependence of the transverse
evant and it describes a spin-1/2 AF insulator. With dopingspin susceptibility of a two-dimensional antiferromagnet,
and nearly half-filling, the Hamiltonian describes holes mov-discussing in particular the contributions from the coherent
ing in an AF background, the holes strongly interacting withand the incoherent motion of holes. Our study starts from the
the spin array. The motion of holes tends to disrupt the AR-J model in the Schwinger boson representation and is car-
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ried out in the SCBA. It is shown that the magnetic proper-level the holes have no dispersion. In fact, they propagate
ties are very sensitive to hole doping, as a result of the strongnly after being dressed by spin waves. Here we study the
interaction between the hole and spin systems, and that thenormalization of the magnetic properties induced by the
coherent motion of holes leads in fact to softening of the spirdynamical interaction between the holes and the spin waves.
excitations.
lll. GREEN'S FUNCTIONS
Il. THE INTERACTION BETWEEN FOR SPIN WAVES AND HOLES

HOLES AND SPIN WAVES _ , , _
Given the magnitude of the couplings in the copper ox-

Our system is described by tite) Hamiltonian(1) on a  ides, we make use of the Green’s function formalism at zero
two-dimensional square lattice. In order to enforce no doubléemperature. The Green’s functions for the spin waves are
occupancy of sites we use the slave-fermion Schwinger Bodefined as
son representatiooi,,zf;rbi(,, where the slave-fermion op-

eratorfiT creates a hole and the boson operdigraccounts D "(kt—t')= —i(T,Bk(t)ﬂl(t’»,
for the spin, subject to the constra’rh*tfﬁrz(,bfrabi(,:zs.

We consider the low doping regim&<1, where the D (k,t—t")=—i(TBT (1) B_(1")),
states are close to the pure AF state, and hence exhibit long-
range order. The AF state is approximated by thellstate, D™ (kt—t")=—i{TB (1) B_, (1)),
which in the Schwinger representation can be interpreted as a
condensate of Bose fields, = \2S andb;, = \2S, respec- D H(k,t—t")=—i(TB" (1) BL(t)),

tively, in the up and down sublattices, and the bosbps _
=b; andbj;=b; are then Holstein-Primakov spin-wave op- where( ) represents an average over the ground state. Their
erators on the Na state. Fourier transforms satisfy the Dyson equations

The Hamiltonian(1), with S=1/2, then becomes
D#"(k,w)=D§"(k,w)

J
Heg= —t%:) [fif](bf+b)+H.cl+ 5 % (1—1ff) + DEY(K, ) 17°(k, @)D" (K, w),
) ) v
1 _ , :
x(l—ijfj) b;rbi+b;rbj+bibj+b;‘b;‘— = @) whereu,v=*. The free Green'’s functions are

: . Do " (k,w)=(0—wf+in) *
The transfer part describes the reversal of spins as the hole o (ko)=(o=otin

moves. In the Heisenberg part, the factor—(ﬂ,Tfi)(l

- f]-Tfj) accounts for a loss of magnetic energy due to dop-

Tg,f?;wid_f%rfjsrnall hole concentrations it may be replaced by D; (K w)= D§+(k,w):O,

Applying Fourier transforms and the Bogoliubov-Valatin ywjth ,—0*, andI1?’(k,w) are the self-energies generated

transformation for the spin variables’ ,=u 8L +VviBc by the interaction between holes and spin waves.

and  be=viBL +uB,  where u={[(1-yp) We calculate the self-energies in the SCBA, correspond-

+11/21*2, v = —sgn(y){[(1— y2) " ¥2—1]/21*2, and y,  ing to only “bubble” diagrams with dressed hole propaga-

=%(coskx+cosky), we obtain from Eq.(2) the effective tors. These diagrams describe the decay of spin waves into

Hamiltonian “particle-hole” pairs. The approximation neglects correc-
tions to the hole-spin interaction vertex, which have been
shown to be unimportarit>'’ The self-energies are given

Dy (k,0)=(—w—wp+in)

1
H== 75 2 Tl V(@ -l Boc Via- koA by
1 +° dw
S5 i 5 q
+3 olBlBe. (3 7o) = =iy 2 U7 (k’q)ﬁx 2m

X G G(q—Kk,wq— 4
Here, V(Q,K)= 2yt vaeve), af=(232)(1- 7)™ (GegSa-lowgme). @

the coordination number =4, the sums run over the Bril- whereG(q, ) is the Fourier transform of the Green’s func-
louin zone for an antiferromagnet on a square lattice, lnd tion for the dressed holes(qg,t—t’)= —i<qu(t)f;(t’)>,

is the number of sites in each sublattice. In E), the first  and

term represents the interaction between holes and spin waves

resulting from the motion of holes with emission and absorp- U™~ (k,q)=V(q—k,k)?, U~ "(k,q)=V(q,—k)?,

tion of spin waves, and the second term describes spin waves

in a pure antiferromagnet. In writing E(B) we neglected an U~ (k,q)=U"*(k,q)=V(g,— K)V(g—k,k).
interaction term involving the scattering of holes by spin-

waves, proportional td, because its effect is small compared The relationsIT ™ * (k,0)=11""(—k,— ) and 1™~ (k,w)

to the other term, proportional td” We note that at the bare =I1""(k,w) are verified.
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In the SCBA the holes are dressed by pure AF spin wk=w8+ ReH*‘(k,wE), (7)
waves. This approach implies a spectral function for the
holes that is composed of a coherent quasiparticle peak arlgading to

an incoherent continuum, with the quasi-holes filling up a _ orq
Fermi surface that consists of pockets located cgt o= ol 1=rk)], ®)
=(xw/2,=w/2), as mentioned above. We shall take for thewhere
hole spectral function the approximate form
) t 2 2
p(d,0)=[p°q,0)+p"Nq,0)]F* () O(*w), (5) r(k)= dag 3 [ 51—72> 0(29r—k)
Yk

with, Fermi surfaceF ~(q)=3{_,6(ds—|a—al), F(q)

=1-—F(q), Fermi momentungg= /74, and +(sin2 ky+ sin? ky)(l—?’i—(k/Z)z o(k—2q )]
~ 2 2 4 - AHF
PG w)=a0d(w—¢g), =7 1= 7= (ki2)
. t (1—ag)? a t
PN, 0)=h6(|o|—2I2)0(2zt+ 22— |w|). +\/53( 5 o [In 2+ 1 Oa In 1+43 }
—ao
Here the energies are measured with respect to the Fermi
level, and the quasipatrticle dispersion can, near the minima s
atq;, be written aseq=emi,+(g—0;)%2m, with an effec- XN\ = | 0(20—K)
2\/; 1-v;

tive massm=1/J (neglecting band anisotropyThe quasi-

particle residue isay=(J/t)?®, and the remaining spectral Sir? k.- sir? k
density appears in the incoherent continuum of widitt 2 + \/5< #)
and height h=(1—ag)/2zt, satisfying the sum rule 1- Vﬁ
Jdop(q,w)=1.

The spin wave self-energidd) are obtained in terms of
the hole spectral functiotb) by X e(k_ZQF)] '

In r(k) the first term is generated only by the coherent mo-
tion of holes, i.e. Il ; , whereas the second involves the

incoherent motion resulting from the sufd. _+11..

M7o(k, ) = % 2 U(kalY(a. ko)

I Ic,IC "
+Y(q-kk—w)], () One finds that both the coherent and the incoherent motion
with of holes generate a reduction of the spin wave energy, and
hence give rise to softening of the spin excitations. The fact
+oo 0 p(g,0")p(q—k,0") that the coherent motion of holes leads to softening, even in
Y(q,—k:w)=J dw'f do” —. the regime where the spin wave velocity is larger than the
0 o otoi—o iy hole Fermi velocity, is explained in detail in the Appendix.
From Egs.(5) and (6) follows that the self-energies will In the long-wavelength limitk<1, one has
present three contributions
w,=ck, 9)
I179(k, 0) =T17%(K,0) +T125,(k, ) + 172 (K, 0), with
corresponding, respectively, to transitions of holes within the c=Z.Co, (10)

coherent band, between the coherent and incoherent bands,

and within the incoherent band. We have calculated thesehere cy=2zJ(22) is the spin wave velocity for a pure
different contributions to lowest order in the hole concentra-antiferromagnet, and the renormalization factor is

tion 8. The imaginary parts of these contributions are non-

zero only in certain regions of thé& (w) space: Iml; .#0 7 —1—5a2
for [—kge/m+k%2m]<w<[kge/m+k%2m], ImIl ¢ 0
#0 for zJ2<w<zJ2+2zt, and Imll;; ;;#0 for zJ<w
<zJ+4zt.

2

J

For finite hole concentrations one hag<1, which implies
a reduction of the spin wave velocity with doping. This ef-

fect is generated only by the coherent motion of the holes, as
IV. MAGNETIC PROPERTIES can be seen from E(‘QS)

We now present the calculation of the effects of hole dop- In the region where the spin wave dispersion crosses the

ing on the magnetic properties. The renormalized spin wanai;I (T(xcitation conft_in(ljjum, ldefined gls the hregir:)n where
energy wy is given by the poles of the Green’s functions Iml ( ."")#0' one finds, to lowest order id, that the spin
D(k,®), determined by the condition excitations become damped, acquiring an inverse lifetime

given by

(11)

—+t\-1_q7+- b Nt THEE o ik BHEE o (R SR o S
[(Do )"~ I 10D )"~ ] =1L =0. T(k)= —2ImIT* = (K,0p). (12
In the region where Inil(k,w)=0, we find to lowest One finds that the damping is determined only by the coher-

order iné, ent motion of holes, i.e., Ifl] . , because the contributions
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+ - +—

involving the incoherent motion, I ;. and ImII; ., 1 2
vanish in the relevant region of thé&,w) space. Hence we x.=1im 1-
have ’ ©) s T oo ZALE [T z)(1- P12
t)2 1 X [Rell*~(k,0)+Rell* *(k,0)]|. (16)
T(k)=zdsa3| | =——5F" (k)
I mk(1=yp)r? .
One finds that only the coherent motion, iH, ; , contrib-
X {\J1—-52(g) 6(1—|s(g)|) utes to the susceptibility in Eq16), because the contribu-
tions involving the incoherent motiod] ; ~ andII;"* , van-
_ _2( _ _ _ C,i i
V1=s5(=00(1=Is(=goD}. (3 gy in the limitk—0. We then obtain
Wlth X1 :Z)(XS 1 (17)
F**(k)=(cosky— cosk,)[ cos(gyky) wherexfz 1/(2zJ) is the transverse susceptibility for a pure
—cos(gkky)]—Z(l—yﬁ)l’z[sinkxsin(gkkx) Heisenberg antiferromagnet, and the renormalization factor

is given by

+sinky sin(gyky) 1+ 4(1— vp), t)2
Z,=1+45a;

3 (18)

where s(g,) = (1—g)k/20r, 9= (2w /J)/K?, and wy is
given by Eq.(8). We note the strong doping dependence of
the damping~ /8, as compared to that of the reduction of
the spin wave velocity4.— 1)~ 8, 6<1.

From Eq.(13) one has that for sufficiently small doping,
long-wavelength spin waves remain well defined, whereas
the shorter wavelength spin waves are damped, decaying into

“particle-hole” pairs. As the doping increases more spin  \ye have considered a two-dimensional antiferromagnet
waves, in the shorter wavelength side, dive into the pair exgoped with a small concentration of mobile holes and calcu-
citation continuum, and become damped. For hole concengieq the renormalization of magnetic properties induced by
trations above a certain threshaftl, such that the spin wave hole motion. In our calculation it is assumed that there is
velocity equals the Fermi velocityZg co/(kf/m)=1, the  |ong-range AF order in the system. In real materials true
spin wave dispersion lies entirely in the pair excitation con-jong-range AF order disappears at rather low concentrations,
tinuum, and then even the |0ng-WaV€|ength Spin waves ar@_g_, 502002 for L%iﬁsrg(:uo“_ However, experiments
damped. In the limik<1 one had’~k, which implies that have revealed that above such concentrations, there are large

From Eq.(18) one sees that the transverse susceptibility in-
creases with hole doping, this effect being determined by the
coherent motion of holes.

V. RESULTS AND DISCUSSION

the spin waves are overdamped. AF correlated regions in the system corresponding to the size
The transverse spin susceptibility is defined by of the magnetic correlation lengy scaling asé~ 1/1/8.24
Those regions can in particular sustain spin excitations with
X.= X1 (k=0,0=0), (14 wavelengths up to the region size. One expects that the re-
) . sults that we derived when there is long-range order, still
where the dynamical susceptibility is given by describe the physics on length scales less thamwith ¢

large, when long range order is broken.

We find that the spin excitations are very sensitive to
doping, with significant softening and damping occurring as
a result of hole motion. In the low momenta region, the
reduction of the spin wave energy is mainly determined by
the coherent motion of holes, while the contribution from the
incoherent motion becomes more significant with increasing
momenta. The spin wave velocity decreases due to the co-

xL(K,w)=i fomdtei“’%[sx(k,t),sx( -k,0)]).

Writing the spin operator in terms of the electron creation
and annihilation operators,S'=(S"+S7)/2 with S’
=clic;, andS| =cf|c;;, using the Schwinger boson repre-
sentation with the bose condensation associated with thﬁerent motion of holes, which fafJ=3 and a concentration

Neel state, and performing the Bogoliubov-Valatin transfor- 5—0.02 produces a renormalization faciy=0.96, while a

mation, one fmgjs that the SUS,Cepthlh_ty can be expressed N ncentrations=0.05 leads {@,=0.90. However, for mo-
terms of the spin wave Green’s functions by

mentak aroundqg, the slope of the spin dispersion shows a

12 much higher reduction, by a factor 0.91 for a concentration
Y. =—lim — Yk [ReD*~(k,0)+ReD**(k,0)]. 6=0.02, and a factor 0.78 for a concentrati®s0.05, as a
ko V1 vk ’ ' result of the coherent plus the incoherent motion of holes.

(15 For 6=0.02 there is little damping since only spin waves
near the upper end of the spin wave spectrum lie inside the
In Eq. (15) we have approximatetf|f;b/y=&(b[), and ne-  pair excitation continuum. Fo$=0.05 the spin dispersion
glected a prefactor (4 6)? which is caused by dilution of dives partially into the pair excitation continuum, so that
the spin lattice by holes. To lowest orderdnthe transverse excitations withk>>2qg are strongly damped. For concentra-
susceptibility is given by tions above the threshold*=0.17, where the spin wave
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velocity equals the Fermi velocity, all the spin waves lie inwith our results. In conclusion, we have shown that the mag-
the pair excitation continuum, and therefore are completelynetic properties of a two-dimensional antiferromagnet are
damped. This occurs at a concentration well below the valugery sensitive to doping due to the strong interaction be-
for which the spin wave velocity would vanish. One expectstween holes and spin waves, the coherent motion of holes
that long-range order will collapse at a concentrati§n leading to softening of the spin excitations, similar to the

< 6*, implying a small value for the critical concentration, incoherent motion.

in agreement with experimental data. The disappearence of

the long-range magnetic order with doping will be discussed APPENDIX

elsewheré® Aeppli et al® and Haydenet al® investigated o .
the spin dynamics of pure and doped,LgSr,Cu0,, with The C(_)ntr!buuon of the.coherent mot_lon.of hqles.for the
6=0.05, and found that spin excitations within the AF cor- renormallzat(l)on of the spin waves excitations is given by
related regions in the doped material show softening anfR€l1c.c (K,@i). From Egs.(5) and(6) one has

damping with respect to the corresponding excitations in the 1

pure material. Aepplét al. found that the spin wave velocity — Rell;; (k,0Q)=a2 = >, 6(|q—k|—qe)0(qe—|q|)

in the doped material is renormalized by a factor ' 2N “g

0.74(=0.08), while Hayderet al. found a renormalization 4
factor 0.60. These values are to be compared with the renor- x>
malization factor for the slope of the spin dispersion around i=1
Jg, the momenta range associated to the AF correlated re-

gions, therefore our result, 0.78 fa?=0.05, is in good U™ (k,g+q)

agreement with experimental data. Experimémisa much oL . o
higher concentrationg=0.14, have also revealed a large

broadening of the spin excitations with doping. wheresq:qZ/Zm. Given that

For the transverse spin susceptibility we find a significant 4
increase with doping, having farJ=3 a renormalization - _ - 2
factorZ, =1.17 for6=0.02, andz, = 1.42 for 6= 0.05. This EQLJ (k.k q+q”_szJ (k.g+a) = (z9
effect is also due to the coherent motion of holes. When
long-range order is broken and the magnetic correlation ) )
length diverges, the susceptibility of the system should be XZ& (7q7k+qi_7’q+qi)'
essentialy given by, . An increase in the spin susceptibility
with doping has in fact been observed experimentait)jn ~ one has
agreement with our results. Above the critical doping a gap 1
gradually opens in t'he spin e>§C|tat|0n spgctrum, anq one may ReHCfC’(k,w(k’)zag— > 0(|q—k| —ag) 8(ae—|al)
expect the magnetic correlation length in that regime to be N “q
determined by the imaginary part of the spin dispersion. Ac-
cording to our results this implies an inverse correlation X[A(k,a)=B(k,a)],
length proportional to Inﬂcfc_ and therefor&e~1/\/8, pre-  where
cisely the scaling found experimentafty/.

Spin excitations of a weakly doped antiferromagnet have ~ 2(eq-k—&q)
been investigated elsewhere in the SCBA. In Ref. 21, the A(k,q)=i21 u* (k,q+qi)[(w0)2_q(8 _qs 2]
present authors considered the effect of the coherent motion k a-k "a
of holes only, and showed that it generates spin wave sof@and
ening, in agreg(r)nent with the results in the present work. 4
Other author¥?° claimed, however, that the coherent mo B(k’q):(Zt)zzl (7§—k+qi_7’§+qi)[wo

- k

U™~ (k,k—g—a;)

0
oy—(gq-k—&g)

0
ot (gq-k—&q)
4

4

4

1

tion of holes leads instead to stiffening of spin waves. This
contradicts our results, and may arise from approximations
made in Refs. 17 and 20. The renormalization of the spin For sufficiently small doping the spin wave
excitations has also been calculated by another gfdbpt  velocity is larger than the Fermi velocity, and therefore
their calculation contains a self-energy independens,oé  A(k,q) 8(|a—k|—dg) 6(ge—|g|)>0. However, one has
result difficult to understand. Becker and Mushelknautz inthat B(k,q)>A(k,q), even in the long-wavelength limit,
Ref. 22 also studied the effects of hole doping on the spik<1, where B(k,q)~2A(k,q). This implies that
excitations, but using a different technique. They found soft-ReHC*,C’(k,w‘,g)<O, and therefore softening of the spin exci-
ening and damping of the spin excitations, due to both theations, as given in Eq7). The inclusion of band anisotropy
coherent and the incoherent motion of holes, in agreemerntioes not qualitatively change our results.

_(8qfk_8q)] .
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