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Thermodynamical properties of a spin-12 Heisenberg chain coupled to phonons
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We performed a finite-temperature quantum Monte Carlo simulation of the one-dimensional spin-1
2 Heisen-

berg model with nearest-neighbor interaction coupled to Einstein phonons. Our method allows us to treat easily
up to 100 phonons per site and the results presented are practically free from truncation errors. We studied in
detail the magnetic susceptibility, the specific heat, the phonon occupation, the dimerization, and the spin-
correlation function for various spin-phonon couplings and phonon frequencies. In particular we give evidence
for the transition from a gapless to a massive phase by studying the finite-size behavior of the susceptibility.
We also show that the dimerization is proportional tog2/V for T,2J. @S0163-1829~99!07241-0#
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I. INTRODUCTION
In this paper we study the finite-temperature proper

(T/J>0.1) of the spin-12 Heisenberg model coupled to~dis-
persionless! Einstein phonons,

H5
J

2 (
l 51

N

~sW lsW l 1121!@11g~bl
†1bl !#1V(

l 51

N

bl
†bl ,

~1!

in the parameter range of the spin-phonon couplings 0<g
<1.5 and phonon frequencies 0.2<V/J<20.

The phenomenological interest in this model dates bac
the fundamental work of Pytte,1 who showed that a spin-1

2

Heisenberg chain coupled to three-dimensional phonons
dergoes a dimerization transition, generally referred to
‘‘spin-Peierls’’ transition. Motivated by the discovery2 of a
transition of this type in the inorganic substance CuGe3,
the model proposed by Pytte and its modifications have b
widely studied in recent time, thus following a period wh
CuGeO3 was mostly discussed in the framework of a fru
trated and dimerized spin-Hamiltonian with a temperatu
dependent dimerization as a relic of the spin-phonon c
pling. In particular the low-temperature properties of t
model Eq. ~1! were evaluated recently by Lanczos a
density-matrix renormalization group~DMRG! techniques in
Refs. 3–7 and by a continuous time world-line Monte Ca
algorithm in Ref. 8. AtTÞ0 a stochastic series expansio
Monte Carlo was performed in Ref. 9.

In this paper we are mostly concerned with the fini
temperature properties of the model. We thus partly rep
duce results of Ref. 9 where the model Eq.~1! was studied at
finite T for g51/(4A2) andV50.2J. In contrast to Ref. 9
we analyze in this work both the adiabatic limit of the mod
and also its gapless region where the thermodynamic obs
ables are only slightly affected by the coupling to t
phonons. We also calculate the specific heat and the s
spin correlations and take advantage of the pronounced
odic patterns in the local phonon displacement to determ
the parameter range where the model is dimerized.
choice of parameters is motivated by Ref. 10, where
PRB 600163-1829/99/60~17!/12125~9!/$15.00
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dominating phonon modes for CuGeO3 are found to be
V1 /J52, V2 /J54, g1521/8, andg251/2.

The outline of the paper is as follows. In Sec. II we brie
describe the Monte Carlo loop algorithm we employed.
Sec. III we present the thermodynamic properties; in parti
lar we demonstrate the presence of a phase transition fro
gapless to a gapped phase by studying the finite-size be
ior of the magnetic susceptibility. We also show the effect
the spin-phonon coupling on the specific heat and disc
results for the phonon occupation number. In Sec. IV
consider the local phonon displacement operator and de
mine the approximate boundary of the dimerized phase
the model. We study the dependence of the effective c
pling Jeff on V andg and finally find an interesting crossove
in the spin-spin correlations between the high- and lo
temperature phase. Conclusions are given in Sec. V.

II. QUANTUM MONTE CARLO METHOD

For this work we developed an extension of the quant
Monte Carlo loop algorithm.11,12 As for the world-line
method, the key idea of the loop algorithm is a mapping
the partition function of an-dimensional quantum spin sys
tem onto a (n11)-dimensional classical system. Howeve
its substantial advantage is that compared to the world-
method it allows global spin updates, thus substantially
ducing the autocorrelation times. Also the variation of bo
winding number and magnetization is automatically
cluded.

For our simulation we used two Trotter layers for th
spin-spin and the spin-phonon part ofH and introduced a
third layer for the free phonon part. We then combined g
bal loop updates for the spin-phonon and spin-spin coup
with local heat bath updates modifying the phonon occu
tion number. It is obvious that detailed balance is satisfi
for the two steps and thus also for the whole procedure.
decomposition of the partition function which forms the b
sis of our calculation is given in the appendix.

We studied chains with 16 up to 128 sites using typica
105–106 spin updates for each temperature. Even though
12 125 ©1999 The American Physical Society
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12 126 PRB 60RAINER W. KÜHNE AND UTE LÖW
importance sampling technique was employed for the p
non update, its acceptance rate is still smaller than that o
spin update. Best results were obtained by making'20 pho-
non updates per spin update and using only the last of
phonon updates for the evaluation of the expectation val
Also for each temperature the first 10% of all the swee
were used for thermalization. We find that the measu
quantities depend linearly on the inverse Trotter num
squared. This can be seen in Fig. 1, where we show
susceptibility for aN516 system and Trotter numberM
510, . . . ,80 as afunction of 1/M2. In the present work we
either extrapolated our results in the Trotter number, acco
ing to the above law, or when we found the fluctuations to
larger than the effect of the finite Trotter number, we ga
the explicit value of the Trotter number in the figures.

III. THERMODYNAMIC PROPERTIES

A. Magnetic susceptibility

It is known that the magnetic susceptibility of CuGeO3 in
the temperature range above the spin-Peierls transition
be well fitted by a frustrated Heisenberg model.13–15 It is
often objected, however, that the excellent agreemen
theory and experiment is accidental, since it does not t
into account interchain interactions and spin-phonon c
plings. Motivated by this controversy we pursue the quest
to what extent the spin-phonon coupling influences the s
ceptibility.

We summarize our observations on the high-tempera
properties of the susceptibility in the following three poin

~i! For fixed phonon frequency, the overall height of t
susceptibility is lowered with an increasing spin-phonon c
pling ~Fig. 2!.

~ii ! For fixedg, the susceptibility is growing and its max
mum is shifted to lower temperatures with increasing f
quencyV ~Fig. 3!.

~iii ! As the spin-phonon coupling is increased, t
maxima of the susceptibility curves are shifted to higher te
peratures.

FIG. 1. Magnetic susceptibility for temperaturesT/J
50.2,0.5,0.8,1.1,1.4 as a function 1/(Trotter number)2 for N516
spins, phonon frequencyV5J, and spin-phonon coupling consta
g50.2.
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Point ~i! is not surprising, since an increase of the sp
phonon coupling is expected to decrease the magnetic o
Point ~ii ! can be explained by the fact that forV@gJ the
magnetic and phononic degrees of freedom decouple. So
V→` ~and gJ fixed! the magnetic properties are aga
dominated by the antiferromagnetic Heisenberg model. P
~iii ! is of some phenomenological consequence becaus
means that for a substance where the spin-phonon coup
cannot be neglected, the value of the spin-spin coupling
overestimated, if determined by comparing the experime
data with the susceptibility calculated in a pure spin mod
~We assumed thatJ is determined by matching temperatur
where the experimental and theoretical susceptibility cur
have their maxima, which is a standard procedure; see,
example, Ref. 15.!

FIG. 2. Magnetic susceptibility vs temperature forV52J and
spin-phonon couplingg between 0.2 and 1.5. The number of sites
N564 for low temperatures,T<J, and N516 for high tempera-
tures. For comparison we show the exact results for the Heisen
model ~Ref. 16!.

FIG. 3. Magnetic susceptibility vs temperature forg51.0 and
phonon frequency betweenV5J andV520J. The number of sites
is N564 for low temperatures,T<J (T<1.5J for the V5J
chain!, and N516 for high temperatures. Forg50 we show the
exact result from Ref. 16.
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PRB 60 12 127THERMODYNAMICAL PROPERTIES OF A SPIN-12 . . .
Also it should be noted that for frustrated modelsTmax/J
is shifted to lower temperatures with increasing frustrat
parameter, i.e., the effect of the spin-phonon coupling is
posite to that of frustration. Together with the argume
given in Sec. IV B it is obvious that the susceptibility o
CuGeO3 cannot be fitted with a model of the type Eq.~1!.

To draw definite conclusions from the susceptibilities
low T, finite-size effects have to be studied carefully.

In Fig. 4~a! we show results forV52J and g50.5 and
chain lengthsN516,32,64,128. The tendency of the susce
tibility curves is to approach a finite value atT→0. Thus the
sharp decrease in the curves forN516,32,64 is a finite-size
effect, i.e., the energy gap causing the drop is due to
discreteness of the spectrum of the finite system, it is no
intrinsic property of the spin chain@Fig. 4~a!#.

The situation is drastically changed if we considerg
51.5 andV5J @lower curve in Fig. 4~b!#. Here the drop is
unchanged when going to larger systems. This means
the gap in the spectrum is larger than the gap generate
the finite size of the chain. The upper curve in Fig. 4~b!
shows results forg50.8 and V5J, which exhibit clear
finite-size effects but where the nature of the gap canno
determined from systems of sizeN<128. Since forg50 the
model is gapless and in the adiabatic limit the model
known to be massive, the finite-size behavior shown in F
4~b! gives clear evidence that the transition between the
phases occurs at finiteg. This transition to a gapped phase
a signature of the lattice distortion. Indeed we will show
Sec. IV A that in the gapped phase we find well develop
dimerization patterns at lowT.

The existence of this phase transition has been previo
reported atT50 in Ref. 8 where by means of a continuo

FIG. 4. Finite-size behavior of the magnetic susceptibility.~a!
shows a chain with phonon frequencyV52J and spin-phonon cou
pling constantg50.5; ~b! shows chains withV5J and g50.8
~upper curve! andg51.5 ~lower curve!.
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time world-line algorithm it is shown that a critical couplin
between gapless and spin-fluid phase exists for a fixedV.
Also for a model with a slightly different spin-phonon cou
pling the phase diagram was determined in Ref. 17 by me
of DMRG technique and for a model including a frustrat
spin-spin coupling, evidence for the transition can be fou
in Ref. 5.

B. Specific heat, phonon occupation number

The idea to get further information about magnetic pro
erties by considering besides the susceptibility also the s
cific heat suggests itself since the specific heat is an obs
able, which can be as easily measured and calculated a
susceptibility. However, in practice only for substances w
very small J @Cu~L-alanine)2 with a J50.55 K , for
example18# the specific heat can be directly compared w
experiment. For most of the inorganic substances~in particu-
lar for CuGeO3) which have spin-spin couplings of the ord
of 100 K, lattice vibrations dominate the specific heat and
is an unsolved problem to extract its magnetic part. As a fi
approximation19 it was assumed for CuGeO3 that it is suffi-
cient to subtract the contribution of the phonons and cons
the rest as the contribution of the spins. We show that s
an approximation is not justified even in the simple case
dispersionless phonons.

To demonstrate this we plot in Fig. 5 the specific heac
for a chain withV5J andg51.0 together with the specific
heatcf of the free Einstein phonons

cf5S V

T D 2 eV/T

~eV/T21!2
, ~2!

with V5J and the contributioncH of the isotropic Heisen-
berg model.16 As can be clearly seen the Einstein phono
are dominant at high temperatures; in particular the c
stancy of the specific heat, as expected according to
Dulong-Petit rule, is visible. However, also the effect of t
spin-phonon coupling can be perceived, since we find t
the maximum atT'J of thecf(T)1cH(T) ~dot-dashed line!

FIG. 5. Temperature dependence of the specific heat for a c
with phonon frequencyV5J and spin-phonon coupling constan
g51.0. The number of sites is 16 and 64, respectively.
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12 128 PRB 60RAINER W. KÜHNE AND UTE LÖW
becomes less pronounced and is shifted toward higher
peratures by the presence of the spin-phonon coupling. W
going to larger frequencies~andg fixed!, the contribution of
the spin-phonon coupling decreases, but only forV>4J and
g51.0 we find thatc(T) can be approximated bycf(T)
1cH(T). Of course when considering the specific heat
phonon dispersion, which is not taken into account, is m
important and more work on realistic models is needed
compare theoretical results in a quantitative way with exp
mental data.

Further insight in the model can be gained, by studying
what extent the phonon-occupation number is influenced
the spin-phonon coupling.

n~T!5
1

N (
l 51

N

^bl
†bl&. ~3!

We first considerV54J andg51, parameters for which we
found above that the specific heat can be approximated w
out the spin-phonon coupling. Forn(T) we find in this case
that the effect of the spin-phonon coupling is solely to sh
the contribution,

nf~T!5
1

eV/T21
, ~4!

of the free phonons by a constant valuen0 ~see Fig. 6!. We
determined from the low temperature data thatn0
52(gJ/V)2, which in agreement with Ref. 7, where th
relation was found for a chain with a singlek5p phonon
mode. However, forg51 andV/J51,2 deviations from the
free phonon case become visible. In particular the slope
n(T) at high T is substantially smaller than 1/V. Also the
constant shift deviates from 2(gJ/V)2. Note that the drop of
n(T) at low T is an effect of both finite Trotter number an
the finite size of the system.

FIG. 6. Mean phonon occupation number as a function of te
perature for phonon frequencyV54J and spin-phonon coupling
constantg51.0. The number of sites is 16 and 64, respective
The solid line showsnf(T)1n0(T), wheren0(T)[n(T)2nf(T)
was approximated by the temperature-independent valuen0(0)
52(gJ/V)2.
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We conclude this section with a more technical rema
concerning truncation errors. As the dimension of the s
spaces is quickly growing with the number of phonons
limits of a method requiring truncation is soon reached; t
is relevant when using exact diagonalization which allows
to treat only'16 spins and a few phonons per site. At ze
temperature the truncation problem can be partly overco
by using coherent phonon states4,20 or employing the DMRG
technique, which allows us to treat system sizes of up to
spins.17 At finite temperatures, however, the truncation pro
lem is even more important. With the probability distributio
of the phonon occupation number shown in Fig. 7 we d
matically demonstrate that high cutoffs are essential w
studying finite temperature properties. For the correct tre
ment of a chain withV>J andg51.0 atT5J a truncation
at '30 spins is needed~as can be seen from the figure th
probability for more than 28 phonons per site is less th
1027). For V/J50.5 the truncation is<50 spins/site and
only very high phonon frequencies asV/J520 can be
treated with 4 phonons per site.

IV. DIMERIZATION AND SPIN CORRELATIONS

Addressing now the question of the dimerization, we e
pect that the ground state of the model Eq.~1! in the massive
phase shows short range correlations and strong signatur
dimerization. We extract the boundaries of the phase d
gram in theg-V plane by studying the dimerization pattern
at low temperatures and corroborate the results by consi
ing the divergence of the structure factor atq5p. We also
give an account of the averaged phonon displacement o
referred to as an ‘‘effective coupling,’’ which is nonzero fo
all gÞ0 andVÞ0.

A. Dimerization

To begin, let us recall the definition of the local phono
displacement operator

-

.

FIG. 7. Probability of the phonon occupation number for ph
non frequencies betweenV/J50.5 and 20 for a chain withN564
sites, Trotter number 80, spin-phonon coupling constantg51.0,
and temperatureT5J.
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d l5g^bl
†1bl&, ~5!

which corresponds in the adiabatic limit to the dimerizati
in a Heisenberg model with alternating couplings. Its aver
over all sitesl,

d5
1

N (
l 51

N

d l , ~6!

represents the uniform phonon displacement and is clo
related to the effective spin-spin coupling1,9

Jeff5J~11d!. ~7!

It is well known that in spin-Peierls substances li
CuGeO3 the transition from the uniform to the dimerize
phase occurs at finite temperatures; here however, we
sider a strictly one-dimensional model with a dimerizati
transition atT50. So to encounter dimerization one needs
go to temperatures as low as possible.

By studyingd l at low temperatures in the parameter ran
0<V/J<3 and 0<g<2 we can clearly distinguish two dif
ferent phases of the model. We find either pronounced p
odic patterns ind l ~see Fig. 8! or random fluctuations with no
perceivable periodicity down to temperatureT/J50.05. We
note that asT rises to higher temperatures the periodic p
terns weaken and at higherT domains of periodic fluctuation
are perceivable, which reflect a ‘‘reminiscence’’ of the pe
odic fluctuations present atT50 ~see second and third grap
of Fig. 8!.

FIG. 8. Upper three graphs: local displacement^bl
†1bl& for T

50.3J,0.4J,0.5J. Lower three graphs: spin-spin-correlatio

^sW l•sW l 11& for the same temperatures. All graphs are forN564,
M580, V52J, g51.5, and averaged over 10 000 spin update
e
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It is of interest to see how the periodic patterns in t
phonon displacement are connected with the formation
spin dimers. So to complete the picture we calculated
local spin-spin correlationŝsW l•sW l 11&. We find that the pe-
riodic patterns in the local displacementd l are well in phase
with the formation of spin singlet states, which demonstra
the coupling of the phononic degrees of freedom and the s
degrees of freedom. This is also ana posterioricheck of the
consistency of our combined spin and phonon updates~see
the lowest three graphs of Fig. 8. As can be seen from Fi
the dimerization is not complete, since the correlation
tween the singlet states is not zero!.

Thusd l proves to be a valuable tool, which allows mo
easily than the susceptibility to decide, for fixed parame
values, whether the model is in a dimerized state.

We use this property to determine the approximate ph
boundaries in theg-V plane. To be concrete, we calculate
d l for a 64 site system at temperaturesT/J50.4, . . .,0.1 and
inferred from the periodic fluctuations the phase diagr
shown in Fig. 9. Since for all pointsd l either shows random
patterns or the periodic fluctuations, we can unambiguou
determine whether the model at a certain point in param
space is in a dimerized phase. We cannot, however, s
definitely that the model is gapless if we encounter no dim
ization, because we are limited both in system size and t
perature. So rigorously the separation line between the
phases in Fig. 9 gives the minimal extension of the dimeriz
phase, i.e. in the thermodynamic limit the dimerized pha
will be larger and the separation line in Fig. 9 will be shifte
to the left. Comparing with the results of Fig. 4 we find th
the pointg51.5 andV5J, where from the susceptibility we
found that the model must be in a massive phase, sh
clear patterns of dimerization, and the pointg50.8 andV
5J, for which the finite size argument was not conclusiv
turns out to be in the dimerized phase.

B. Effective coupling Jeff

We turn now to the averaged quantityd and study the
effective couplingJeff as given by Eq.~7!. It is worth noting

FIG. 9. Phase diagram of the model in theg-V plane. Circles
mark points with dimerization, squares points where no dimeri
tion was found forN564 andT>0.1J.



th
ow

n

t a
1,
o

-

e

re
th
th

h
lu
ve

m
of a
that
ical

us-
l

r-

ver-

cal

is
I A
of

he
r of
sta-

s

ple
ns

12 130 PRB 60RAINER W. KÜHNE AND UTE LÖW
that both in the dimerized and the undimerized phased is
nonzero, i.e., the spin-spin coupling is always shifted by
presence of the spin-phonon coupling. Our analysis sh
that for all choices of parametersJeff is a slowly decreasing
function of temperature~Fig. 10!; this behavior has bee
noted before forg51/(4A2) andV50.2J in Ref. 9.

From the phenomenological point it is interesting tha
lowering ofJ with temperature is in agreement with Ref. 2
where a comparison of inelastic neutron scattering data
CuGeO3 with calculated dynamic structure factorsS(q,V)
gave evidence for a decrease ofJ with increasing tempera
ture. A similar behavior ofJ has been reported in Ref. 22.

With our results forJeff we are in the position to study th
question to what extentJeff is an effective coupling in the
proper sense; in other words, whether it can be used to
cale the thermodynamic quantities in such a way that
results for the Heisenberg model are regained. We find
the rescaled susceptibilitiesx(T)Jeff(T) plotted versus tem-
perature as shown in Fig. 11 do not fall together with t
curves of the Heisenberg model. So one is forced to conc
that the effective coupling cannot be used to bring the cur

FIG. 10. Effective spin-couplingJeff /J vs temperature.

FIG. 11. Rescaled susceptibilitiesx(J,g,T,V)Jeff(T)/N vs
T/Jeff(T).
e
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with different parameters together. One cannot infer fro
this, however, that essential new physics—maybe a sign
frustration—is perceivable. The above result means only
Jeff is not the correct variable to rescale the thermodynam
observables.

On the other hand we find that to high precision the s
ceptibilities ~for not too lowT) can be rescaled by a globa
and temperature independentJeff

g /J ~Fig. 12!. That is, we find

x~J,g,T,V!Jeff
g 5JxAFH~T/Jeff

g ,Jeff
g !, ~8!

where Jeff
g is a global effective coupling, which we dete

mined by comparing the temperaturesTmax where the sus-
ceptibilities of the Heisenberg model and the model Eq.~1!
have their maxima

Jeff
g 5J

Tmax~g,V!

Tmax
AFH

. ~9!

We note that there is a discrepancy to Ref. 9 where an o
all g factor was required to obtain a similar scaling law.

This scaling of the susceptibilities is of phenomenologi
importance also for CuGeO3, since it is well known that the
susceptibility of a frustrated model13,15cannot be mapped by
a rescaling ofJ onto that of the Heisenberg model. Th
lends further evidence to the argument given in Sec. II
that no agreement with the experimental susceptibility
CuGeO3 can be achieved. By checking with data from t
frustrated model we estimate that a frustration paramete
'0.12 might go undetected in our analysis, because the
tistical fluctuations hide the small effect onx for frustrations
less than 0.12.

As a last point we show thatd is proportional tog2/V in
the temperature rangeT,2.0J. @See Fig. 13. The constant
of proportionality for the data shown in Fig. 13 arec(T
50.3J)5(2.3860.04)J and c(T5J)5(2.2860.02)J.] At
higher temperatures we found deviations from the sim
law. This result is in qualitative agreement with observatio
by Welleinet al.5, who found a lowering of the dimerization
with growing frequency atT50; it also confirms calcula-
tions of Pytte1 and Uhrig,23 who found the spin-phonon

FIG. 12. Rescaled susceptibilitiesx(J,g,T,V)Jeff
g /N vs T/Jeff

g .
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PRB 60 12 131THERMODYNAMICAL PROPERTIES OF A SPIN-12 . . .
Hamiltonian ~for translationally invariant phonons! equiva-
lent to an effective spin Hamiltonian with spin-spin couplin
}g2/V.

C. Correlations

With our method it is straightforward to calculate spi
spin correlation functionŝSW i•SW j& as a function of tempera
ture. We postpone a fit of the correlation functions in t
strongly dimerized phase and a detailed discussion of
critical exponents in the gapless phase to a later publica
and highlight at the end of this work the most spectacu
features of the correlation functions only.

~i! We find that the spin-spin correlations as a function
distance show a pronounced steplike behavior~see Fig. 14!
in the gapped phase. This is again a signature of the dim
ization of the ground state.~Note that for a completely
dimerized state we would have one step only; however,
find a finite correlation between the dimers.!

FIG. 13. Displacementd5Jeff /J21 vs g2 ~left side! and vs
J/V ~right side! for N564 and Trotter numberM580.

FIG. 14. ^SW i•SW j&(21)i 2 j , as a function of distance forg51.0
for a 64 site chain,M580, phonon frequencyV50.5J, . . . ,20J at
T50.3J.
e
n
r

f

r-

e

~ii ! For increasingV at fixedg one finds the correlations
more and more unaffected by the spin phonon coupli
which is due to the decoupling of spins and phonons, as
observed before when studying the susceptibility.

~iii ! As a function ofg we observe a crossover betwee
the high-temperature and the low-temperature range. At
temperatures the correlations decrease with growing s
phonon coupling~Fig. 15!. This is analogous to the dimer
ized model where one finds a lowering of the correlati
with growing dimerization. For high temperatures, howev
the inverse behavior occurs: the correlations forg51.5 are
highest and forg50.2 are lowest.@For V52J the transition
between low- and high-temperature regions occurs aT
5(0.5560.05)J.]

~iv! In the gapless region of the model the correlatio
decay exponentially with a correlation length that coincid
for g<0.2 with the known Heisenberg result

j~T!5cT2n with n51 for N→` ~10!

@see Fig. 16~b!#. For largerg we encounter deviations from
Eq. ~10! which can best be fitted by allowingn to differ from
1 ~e.g.,n50.92 for g50.5 andV52J). In Figs. 16~a! and
16~c! we showj as a function ofg and 1/V. We find that for
temperatures 0.5,T/J,1 the correlation lengthj increases
slightly with g and 1/V. However, a more careful investiga
tion is needed to give conclusive evidence for the functio
dependence ofj(g,V,T)5c(g,V)T2n(g,V).

~v! The pronounced maxima of the static structure fac
S(q,T) at q5p for g50 as shown in Fig. 17 originate from
the logarithmic divergence ofS(q,T50) of the isotropic
Heisenberg model.~For a study as to what extent this dive
gence can be seen at finiteT we refer to Ref. 24.! For the
model Eq.~1! in the gapless phase the peak inS(q) at q
5p is only slightly diminished as compared to the Heise
berg model, indicating that the models show a similar div
gent behavior. On the contrary, in the gapped phase
structure factor shows a broad maximum hinting at a regu
behavior ofS(q5p,T50).

FIG. 15. Spin-spin correlation̂SW i•SW j&(21)i 2 j , as a function of
distance forg50, . . .,1.2 for a 64 site chain,M580, phonon fre-
quencyV52J at T50.3J.
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V. CONCLUSIONS

We have developed a modified quantum Monte Ca
loop algorithm to study the finite-temperature properties
the one-dimensional isotropic antiferromagnetic Heisenb
model coupled to Einstein phonons. We have investigate
detail the magnetic susceptibility, specific heat, phonon
cupation number, dimerization, and spin correlation
chains with 16 up to 128 sites down to temperaturesT
50.05J.

We found evidence for a phase transition from a gapl
to a massive phase and used the periodic fluctuations in
local displacement to determine the approximate phase
gram of the model. Furthermore, the dimerization patte
we encountered were accompanied by the formation of s
singlet states.

The temperature dependence of the effective spin-s
coupling Jeff was calculated and it was shown thatJeff(T)
5@11c(T)g2/V#J, for T/J<2.0.

At low temperatures the mean phonon occupation num
was found to be proportional to the square of the sp
phonon coupling constant and inversely proportional to
square of the phonon frequency.

We demonstrated that the susceptibility of CuGeO3 can-
not be described by the model.
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APPENDIX

The Trotter decomposition of the partition functionZ we
used as basis of our quantum Monte Carlo method read

Z5 lim
M→`

(
k0 , . . . ,k3M21

)
j 50

M21

3S )
l 50

N21

^k3 j ,l ue2bV(bl
†bl )/Muk3 j 11,l& D

3S )
l 50

N/221

^k3 j 11,2l ue2bH2l /Muk3 j 12,2l&

3^k3 j 12,2l 11ue2bH2l 11 /Muk3 j 13,2l 11& D . ~A1!

k denotes the spin and phonon configurations of the lo
and upper edge of the interacting plaquettes, the inverse
perature isb, the Trotter numberM, and the Hamiltonian for
the spin-spin and the spin-phonon interaction is

Hl5
J

2
~sW lsW l 1121!@11g~bl

†1bl !#. ~A2!

FIG. 17. Structure factorS(q) vs momentumq.
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