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Theory of phonon spectroscopy in the fractional quantum Hall regime
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We describe a theoretical framework for the interpretation of time-resolved phonon absorption experiments
carried out in the fractional quantum Hall regime of a magnetically quantized two-dimensional electron system.
The only phonons which can be absorbed at low temperature are those whose energies exceed the magnetoro-
ton gap predicted by Girvin, MacDonald and PlatzniRhys. Rev. B33, 2481(1986]. The rate of energy
transfer from the phonons to the electron liquid is entirely controlled by the creation of these collective
excitations. Using simple isotropic approximations for the phonon propagation and electron-phonon coupling,
we obtain analytic results for the regime in which the electron temperature and the characteristic temperature
of the phonons are much less than the gap, and identify the way in which the dispersion curve of the
magnetorotons could be extracted from time- and angle-resolved experifi&0163-182@99)09839-4

[. INTRODUCTION of electrons and phonons in semiconductor materials will be
briefly reviewed, while Sec. IV will review the standard pic-
Most of what we know experimentally about two- ture of the fractional quantum Hall state. We hope that this
dimensional electron systems has been gleaned from tHeaper will be of interest to both the community which studies
analysis of dc transport measurements. Typically, a constaifie fractional quantum Hall effect and the community which
electric current is passed though a two_dimensiQEBD sys- studies phononS: Sec. lll and IV are intended to introduce the
tem, while the |0ngitudina| and Hall V0|tages are monitoredrelevant ideas and to fix our notation. Section V will discuss
as the temperature, magnetic field, or density are varied. Rébe phonon transport aspects of the experiments. In Sec. VI
cently there has been a move toward the development dhe basic formulas for the rate of energy transfer from
complementary techniques for acquiring information aboufhonons to the electron liquid in the fractional quantum Hall
the states of electronic matter that arise when these 2D sy§tate will be introduced and the kinematics of the absorption
tems are subject to strong magnetic fields. One such tectliscussed. In Sec. VIl asymptotic expressions for the energy-
nique is phonon absorption Spectrosc&pilA pu|se of non- transfer rate will be derived employlng an |SOtrOp|C approxi-
equilibrium acoustic phonons is injected into the substrate ofhation for the phonon properties. In Sec. VI the time-
a semiconductor sample which has a 2D electron Syste@ependent aspects of the experiments are discussed. In Sec.
formed at a heterojunction. The phonons travel ballistically!X the processes leading to equilibrium within the 2DES are
across the substrate until they encounter a sheet of electrofliscussed qualitativelya more quantitative discussion of
where a small number of them are absorbed. Acousti€ome aspects of this matter will appear elsewhe&ection X
phonons are particularly well suited to the study of 2D elec-contains a summary of our picture of what happens in the
tron systems2DES'S since they have energies and wave phonon absorption experiments, and what information could
vectors that are We" matched to the |Ow_energy C0||ectivé)e extracted from them. Various technical details of the cal-
excitations of these systems. Measurements of the rate §tlations are relegated to appendixes. .
which energy is absorbed by the electrons therefore contain Throughout this paper we will be discussing phonons
important spectroscopic information about the states of théharacterized by three-dimensional wave vectors and collec-
2D electron system. tive excitations of the electronic system characterized by
The aim of this paper is to develop a framework for thetwo-dimensional wave vectors. In order to distinguish these
interpretation of phonon absorption experiments carried outve Will use underlined characte@to represent 3D vectors,
in the fractional quantum Hall regime. These experiments ar@nd bold characterg to represent 2D vectors. Where a 2D
now at a sufficiently sophisticated stage that both fimed,  vector arises as the projection of a 3D vector onto xie
more recently, angle-resolved measurenfeats be made. plane(see the inset to Fig.)1this will be denoted byQ
This paper will focus on our basic picture of what is happen-=(q,q,). B
ing in the experiments. The calculations presented will be
entirely analy_tic, based on as_ymp_to'gic analyse_s of_ general Il EXPERIMENTAL DETAILS
formulas making a wealth of simplifying approximations to
expose the qualitative features to be expected. A more de- An ideal phonon spectroscopy experiment would employ
tailed numerical analysis which avoids some of the crudea monochromatic source of phonons on one side of a device,
approximations is currently in progress, and will be pub-and a tunable phonon detector on the opposite side with the
lished as a sequel to this work. 2D electron system lying between them. The fraction of
The structure of this paper is as follows. In Sec. Il anphonons absorbed from each mode could then be measured.
outline of the procedure employed in the phonon absorptiotn practice there are no sources of monochromatic phonons
experiments will be given. In Sec. Ill, the pertinent featureswhich operate in high magnetic fields and, similarly, no
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monitored. The experiments are conducted at the center of
the quantum Hall plateau at=1/m. At zero temperature the
two-terminal resistance would be identical to the quantized
Hall resistancdr,=1/o, on=e’/mh. At a finite tempera-
————————————— ! ture the resistance is
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FIG. 1. Schematic view of the devices used in phonon spectros- i . .

copy experiments showing the 2DES connected by long lines to 3[‘{Vhere5‘7uv(Te) is the finite-temperature correctlon.to quan-

contact pads and two heatet$1 andH2 mounted on the back tized conductance tensor for a square 2DES, and the

face. The inset shows the 2D and 3D wave-vector conventions useBUmber of squares in series in the device. One expects that at

the plateau centebo,,(T,) will be small and hence, given

spectrally sensitive phonon detectors. The best that one C%h(.)at N 30, the change in the two-terminal resistance is

hope to do at present is to inject a pulse of phonons with a minated by&UXX(.Te).'

distribution of modes and detect it on the far side of the Before the apphcanpn of the pulse to the heater, the volt-

2DES with a bolometer. In fact, even this has yet to be done29€ across the 2DES is constant and has the value character-
’ ' istic of the base temperatufg, of the system. When the

What is actually done at present involves the use of the . : A
2DES itself as a bolometer. current is applied to the heater, a pulse of phonons is injected

Do . . ipto the substrate which travels ballistically across until it
A schematic picture of the samples used in the experiment, . v >pES only when this occurs does the voltage
is shown in Fig. 1. The basic device consists of a f

. . . “change. The substrate is sufficiently thick that the component
s o P Ao, 1 th phonon pule wich coniains e fast LA modes spa
of the 2DES is defined lithographically together with long iotemporally separates from the slower component contain-

connections to heavily dopg@D) contacts. The active area ing the TA modes. Some of the phonons from the pgjse

is patterned into a Ior)1/ mpeander line of éDES <o that elec™® absorbed by the electron sheet leading to a change in the
. patterne 9 : . two-terminal resistance which is recorded. Once the phonons

trically it is a long, thin, Hall bar with an aspect ratio of

; o L . _have passed the 2DES they hit the top face of the device,
~30:1. This patterning increases the sensitivity of the dev'c%vherepthey undergo a varie);y of proce[;ses including mode

as a bolometer by increasing the longitudinal resistance. Tgonversion, diffuse scattering, and reflection. The top face of

compensate for this, exceptional care is taKen f0 redtice th[ﬁe device is usually very close to the 2DES, so that this
capacitance of the sample and the leads with respect to trbe '

round so that the time constant of the measuring circuit i&CCUrs virtually simultaneously with the encounter with the
9 - 9 2DES. The reflected pulse travels back towards the rear face
not too large’ Small area metallic films are evaporated onto

the back face of the device and separate pairs of contacs]c the_ sample _Where It again undgrgoes a var|ety_ c.)f
made to each of these to allow them to act as heaters. T ecatterlng/reflec'uon processes. What is left of the ballistic
application of a current pulse to a heater leads to Joule he%pm_ponent of the pulse, having suffered wo boundary re-
ing within the film. Phonons are emitted from the film into ections, heads back towards the 2DES. A clear response o
the GaAs with a Blackbody distribution of energies charac-the. twice-reflected phonons can be seen in the experiments,
terized by a pulse temperatufe. . which can be accuratel This is an _expenmentgl verlflcat|on_of the fact that the
yap P @ y phonons of importance in these experiments really do propa-

tr;éegqli(;tr?]itfcrﬁr?h?;ﬁpower dissipated in the film using acous—gate ballistically. At longer times the ballistic component is

A tic phonons in miconductor material h essentially gone and the time evolution of the two-terminal
G aA?sOtL:ZvZI %a?lis(?ciczlly if\l tshee bﬁ?k oﬁhoe m;ceeris ler“f:re_a%ltage is simply due to the general heating of the lattice by
quencies up to-1 THz (this limit is set by the onset of the energy dissipated in the heater; at very long times the

Rayleigh scattering from isotopic impuritiesrhich is much temperature control of the refrigeration system extracts this

higher than the frequencies of interest here. The constaritnergy’ returning the system to its base temperature. The

frequenc ffaces i ace are sianificantly nonsoherical ontacts that feed current to the 2DES are deliberately placed
quency su S i@ sp signitt y SPhencal, ¢or from it so that the phonon pulses do not hit the contacts

so that the phonon group and phase velocities are marked|yntjl long after they have passed the 2DES, since the con-
different except along high-symmetry directions. In fact, thetacts will have a large response to the phonons.
curvature of the constant frequency surfaces changes sign so

that phononlwave packets vy|th <'.;1 range@fectors tend to L. ELECTRONS AND PHONONS

be focused_ into preferred dlrectlo?_\sAnother consequence IN HETEROSTRUCTURES

of the elastic anisotropy of the semiconductors is that phonon

modes are only strictly transverse or longitudinal along high- The electrons which accumulate at a GaAg3d, ,As

symmetry directions. heterojunction at low temperatures form a two-dimensional
Throughout the experiment a constant current is passeelectron system.Each electron has the same wave function

through the 2D electron system and the two-terminal voltagéor motion in the direction perpendicular to the junctign
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direction which we will denote byf(z). The acoustic pendix A along with the detailed expressions dr(Q).

phonons in GaAs are well described by the anisotropic DeThe simplified forms for the electron phonon couplings that
bye approximation in which each phonon mode is labeled bymerge from the isotropic Debye approximation are dis-
a branch index =1, 2, and 3roughly speaking 1 LA mode cyssed in Appendix B.

and 2 TA modesand a 3D wave vecto. A given mode
has frequency IV. FRACTIONAL QUANTUM HALL LIQUID

w(Q)=¢;(Q/Q)Q D The fractional quantum Hall effect was the first experi-
L ) ) o mentally observed manifestation of the incompressible quan-
and polarization¢/(Q/Q), whereQ=[Q|, and¢;(R) is @  ym liquid state that occurs in 2D electron systems subject to
direction-dependent speed of sound. In this paper we wilh strong magnetic fiel®, such that the Landau level filling
neglect focussing effects and use the isotropic approximatiofactor VZZW'?F (p is the area density of electrons, ahd
that replaces;(Q/Q) by a constant. This oversimplification —./%/eB is the magnetic lengthis close to a low-order,
will be removed in subsequent numerical works. The mairodd-denominator fractiofi.*? Laughlin*® proposed a trial
guantitative errors introduced by this approximation are exwave function for the ground state of this liquid at filling
pected to be in the relative magnitudes of the features asséactors of the formv=1/(2m+ 1), which clearly gave these
ciated with TA and LA phonons and their detailed depen-fractions an especially low energy. Laughlin also described
dance on phonon angle of incidence. the charged quasiparticle excitations above this ground state
There are two mechanisms by which electrons ands fractionally charged objects that obey fractional statistics.
phonons interact in GaAsDeformation-potential coupling These quasiparticles require a finite energy for their creation,
arises because the presence of a long-wavelength lattice disven in the thermodynamic limit, which accounts for the
tortion locally alters the band parameters, particularly theéncompressibility of the state. The energy gap for the cre-
energy of the conduction-band edge. This is described by ation of these objects\,, determines the longitudinal con-
phenomenological expression for the potential energy expeductivity of the system, which has an activated temperature

rienced by an electron, dependence,,~ ope T in ideal systems. In real systems
_ this form is not observed at the lowest temperatures because
Vap(R)=Z,,8,(R),  m,v=x,y,2, 2 of the Anderson localization of the quasiparticles. Instead,

whereZ ,,, is the deformation potential tensor a8gl,(R) is conduction is supposed to occur via variable range hopping.
fice strai i Ciam arises Girvin, MacDonald and Platzmahturned their attention

the lattice strain tensor. Another coupling mechanism arises r VAL ! N

from the fact that, in materials whose lattice structure doedC the possibility of low-energy collective excitations of the

not possess a center of symmetry, elastic distortions give rise@ughlin liquid. They employed a modification of the tech-

to local charge rearrangements which are characterized by &idue used by Feynmahto describe the collective modes of
electric polarization field superfluid helium-4. They proposed neutral excited states

characterized by a 2D wave vectgrof the form

1
PM(R):;th)\Sy)\(R)! (3) |q>:Nq—1/2p_q|‘l’|_>, (7)

wherex is the relative permittivity of the material arg,, where| W) is Laughlin’s ground state anﬁifq‘”2 is a nor-
is the piezomodulus tensor. This polarization field also givesnalization factor. The operatgr, is the Fourier component
rise to a one-electron potential. In GaAs the deformatiorof the electronic density, projected onto the lowest Landau

potential tensor is actually a simple scalar, level (see Ref. 16 for details of this projectiormhe expec-
_ _ tation value of the energy in this state was expressed exactly
Ew=Eo0u,, 4 in terms of the lowest-Landau-level-projected static structure

with =,~7 eV, while the piezomodulus tensor has the formfactors(g). This quantity has an exact relation to the ordi-
nary static structure factor which is known from Monte Carlo

hiy um#Fv#A hypernetted chain calculations on the Laughlin wave func-
hun=] 0 otherwise, (5 tion. The dispersion curve that arose from that anal{sis
presented schematically in Fig. 2. This dispersidiq) has a
with h4~0.14Cm. number of important features. The collective mode has a gap

In second quantized form, the combination of theseat all wave vectors; unlike superfluid helium, there is no
mechanisms gives rise to an electron-phonon couplinginearly dispersing, gapless phonon regime. This is a mani-
Hamiltonian of the form festation of the incompressibility of the state. The gap is a

minimum, A*, at a finite wave vectoq*, which corre-
H= _2 Mj(Q)Z(qz)p—q[a;‘(Q)_Faj(_Q)]v (6) ;ponds gpproxim.ately to a wavelength equal to thg average
iQ - - - interparticle spacing. By analogy with superfluid helium, the
At i ) ) _ excitations close tg* are referred to a magnetorotons.
whered; (Q) creates a phonon in the given mode,is the The supposition that the trial statieg are true eigenstates
Fourier component of theé2D) electron densityM;(Q) is s equivalent to using the single mode approximation for the
the matrix element for phonon absorption and emission andynamic structure factof
Z(q,) is a form factor for the finite thickness of the 2DES.
Details of the derivation of this form are presented in Ap- S(q,w)=s(q)flw—A(Q)], w<wg, (8
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V. PHONON TRANSPORT

0.14 |-

—A(“). We can treat the propagation of a phonon pulse across a
""""" ¢,q/sin(6) device semiclassically. A formal solution of the phonon
""" ca/sin(@) Boltzman equation is not difficult, but the absence of elastic
scattering at the frequencies of interest renders even this
level of sophistication unnecessary. We assume that the
0.6 heater emits phonons isotropically @-space. This assump-
tion is known to be incorrect in detailbut will not lead to
qualitative errors here. In fact the most obvious effect of the

012 |

0.10 |-

0.08 |-

e,

0.04 -

0.02 - anisotropic emission is the suppression of phonon emission

at large angles to the normal to the interface between heater

. T) o5 To ve and substrate, these phonons would “miss” the 2DES sys-
lg tem anyway(in a more careful treatment they would miss by

an even greater margin because of phonon focisifige
FIG. 2. Schematic graph illustrating the dispersion relation fOfanisotropy in the emissivity for LA phonong,(6,¢), is
magnetorotons with the dispersion curves f¥30° phonons. generally weak. The anisotropy in the emissivity for the TA
modes,e,(6,¢) andes(6,¢), is stronger, but the total TA
where o.=eB/m* is the cyclotron frequency which deter- emissivitye,+ e; is only weakly anisotropic so that, at least
mines the Landau-level spacing. within the isotropic Debye approximation used here, we do
At largeq the collective mode is more properly thought of no real harm by neglecting it.
as an exciton composed of a pair of oppositely charged We describe the phonons in terms of wave packets whose
Laughlin quasiparticles separated by a distdrﬁqév.l"' The  spatial scale determines a normalization voluxieWhen
energy of the exciton will be essentially the mutual Coulombthe phonons are created at the heater they are characterized

energy of the charged constituents by a distribution function
32 N2 (Q) =gl w;(Q)/T4]9(dy), (13)
A(Q)~Au— 7, 10—, C) . o .
4aegklcq where ng is the usual Bose-Einstein distribution function,

and the step function simply accounts for the fact that only

whereA., is the energy needed to create an infinitely sepaphonons propagating into the sample are creéteslsample
rated pair of quasiparticles, i.&\..=A,;. is mounted in a vacuumThe determination of which wave

Since, as we shall argue, the interaction between bullpackets have reached the location of the 2DES at timea
acoustic phonons and the Laughlin liquid is dominated bygeometric problem. In principle the distribution of phonons
the creation of magnetorotons with wave vectors closgto  in contact with the 2DES is given by
we employ the standard roton form for the energy in the

 ng(w;(Q)/T,)

vicinity of the minimum?® A L L
nj(Q;t)= VO] ﬁ(t Q) ﬁtp+——vjz(9) t

A(q)~A*+ @ay q—0* (10) vI(Q)
2p ' dezr r (r———- L, 14
x2(") xh vITe) (14
L [d*A(Q) 1y WhereL is the thickness of the substrate, the group velocity
R T o (1D associated with mode Qis

VI(Q)=[V(Q),vXQ)],

From now on we will use units which are most natural for
the system in question by takinfg=1.=&.=1 where&, is 90:(Q)
the Coulomb energy scale for the system whiclSiystene Vi (Q)= @it ,
Internationalunits has the form mes aQ,

t, is the duration of the pulse, angh and x;, are character-
istic functions for the 2DES and the heafee., y,(r) is
unity if r is within the area of the 2DES and zero otherwise,
etc.]. The two step functions ensure that the front of the pulse
The unit of velocity is thenv,=1.£./A which is conve- has reached the far side of the device but the back of the
niently independent of magnetic field and density. In thesgulse has not, while the integral ensures that the group ve-
reduced units the average speeds of soundcar€0.0305 locity points from somewhere on the heater to somewhere on
and c,=c3~0.0196, while the magnetoroton minimum for the 2DES; the energy distribution is still that of a blackbody
v=1/3 is (in the absence of any finite thickness, disorder,because no inelastic processes have occurred. In general
and Landau-level mixing effedts\* ~0.075, andq* ~1.3.  n;(Q) is a complicated object to calculate because the group
In a real system the expectation is tidt will be reduced by  velocity is a nontrivial function of the wave vector. In the
all these effects. isotropic approximation used here we have

= ¢ 12
¢ Amegkl, (12)
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Q. all modes that have sufficient energy to couple to the collec-
0 tive mode so that stimulated emission is always negligible.
The phonon-magnetoroton conversion process is subject
so that to the conservation of in-plane wave vector and energy, so
that when a phonon with wave vect®@=(q,q,) is ab-

sorbed, a magnetoroton of wave vectpris created only
Q ﬁ(t QL ) ﬁ(,[ QL t) whenw(Q)=A(q). It is often very useful to visualize such
< =~ ] _ <

ICJ-qZI Cid, processes in terms of the crossing of dispersion curves. Here

Vi(Q=¢

n;j(Q;t)=ng(c;Q/Ty)
there is the subtlety that the magnetoroton energy depends on

XJ dzsz(f)Xh(f— EL) the 2D wave vectoq, while the phonon energy depends on
d; the 3D wave vectoQ. We can, however, create such a pic-
= Na(¢;QIT ) x;(A ), (15) ture by concentrating on phonons with a given angle of in-

cidenced (see the inset to Fig.)1For these phonons the
energy depends on the in-plane component of the wave vec-
which defines the characteristic functigf(q,q,;t) for the  tor via
phonon pulse. In practice, what will matter for the purposes
of this paper are the maximum and minimum angles of inci-

denced=tan (|q|/q,), for which y; is nonzero at any in-
stant. ’ ] w=¢Q= . (18)

VI. PHONON ABSORPTION IN THE FRACTIONAL ) ) ) ) )
QUANTUM HALL REGIME In Fig. 2 the dispersion relation for the magnetorotGnghe

) ideal case for the case=1/3) is plotted along with the
Let us now suppose that at some instant the phonons igjspersion curves for LA and TA phonons incident &t
contact with the 2DES are characterized by a nonequilibrium- 30> | this case the LA phonon with the quoted angle of
distribution functionn;(Q) as described above, and that the jncidence andj=1.25 or 1.65 couple to the electron liquid
2DES is in internal equilibrium at some temperatifg  but no TA phonons at this angle cdiThe dispersion curves
<T,. In Appendix C it is shown that the rate at which will eventually cross because tig(q) curve flattens out at
energy is transferred from the phonon pulse to the incomtargerq, but this crossing will happen at such lamgéhat the
pressible liquid is given by the golden rule expression projected static structure fact@(q), which decays ag™ "
for gql.>1, will be negligibly small] The actual location of
the crossing point, of course, depends on the energy at the
PZZWFQZ wj((_?)lMj(Q)IZIZ(qZ)IZS[q,w,-(Q)] magnetoroton minimum. In real systems there are three ef-
iQ fects which all act to reduce the size of the magnetoroton
gap: finite thickness modifications to the effective interelec-

_ e~ 0j(Q)ITy , : ) > _
X{n;(Q)—e I e 1+n;(Q)]}, (16)  tron interaction, Landau-level mixing, and disord®r.
where M;(Q) is the electron-phonon matrix element dis- VIl. ASYMPTOTIC EXPRESSIONS
cussed above, arf{q, w) is the dynamic structure factor of FOR THE ENERGY-TRANSFER RATE
the electron liquid. In Appendix D it is shown that in the ) . .
regime T,<A*, the leading asymptotics d® can be ob- Let us concentrate on the reginTg,, T,<A*. In this

tained by using the zero-temperature form for the structuréase we can neglect stimulated phonon emission and replace
factor for which we will use the single-mode the Bose-Einstein factomg(w/T,) by the exponential
approximation:* Hence we find e~ “/Ts for all phonons that can couple to the electron liquid.

Hence, converting the sum over wave vectors into an inte-
gral, we obtain

P=2mp0 2, (Q)|M;(Q)[*Z(q,)|*S(a) .V
o) IV Ih= P"“pﬂm; fd39w1(9)|M](Q)|2|Z(qz)|2§q)

x{n;(Q)—e i@ 1+n;(Q) T} o[ w;(Q) —A(q)],
17

which has the straightforward interpretation that the pro-

cesses involved are the direct conversion between phonom this point we will make a drastic simplification which will
and magnetorotons  with the matrix elementsurely lead to quantitative error, but will allow swift analytic
IM;(Q)|%Z(a,)|?s(q). The two terms within the brackets progress and qualitative understanding: we will make the
involving the phonon occupation numbers represent phonoi$otropic Debye approximation and sef(Q) =c;Q. As can
absorption and emission, respectively. We are concentratinge seen in Appendix B this greatly simplifies the form of
on the regimeT,, T,<A*, which ensures that;(Q)<1 for  [M;(Q)|? leading to

X (€@ Moy (0,7 — e M) 0,(Q) — A(q)].
(19
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P=Pa=PLa+Pra—Pra,
+ — Ve (= _
Ps‘~p04—wzfo dQQPe T«
xj désinb|Z(Q cosh)|*s(Q sin )
0

X S[C.Q— A(Q'sin a)]fohd(/)rs(Q,sin 0,)

X x;(Q,sing,¢), (20
where s is either LA or TA, and wher@(fzxj, X; =1,
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magnetoroton dispersion curveddt but this is only true for
the absorption integral provided

TZ([A(q*)/es) (e IA(q*)]) #0,

in other words that there are phonons in the pulse in contact
with the electrons that can couple at the magnetoroton mini-
mum. If we characterize the pulse by maximum and mini-
mum angles of incidencé,,,, and 6,,,;, then we can distin-
guish three cases.

(1) In the case that;q*/sin O, <A(G)<cg*/sin Oyiq
then there are phonons in the pulse that can couple to the
magnetoroton minimum and the absorption integral will be
dominated by the poing*: we refer to this as type-I absorp-

T,=T,, andT_=T,. The ¢ integral averages the electron tion.
phonon coupling over available in-plane directions; hence (2) In the case that\(g*)<c;q*/sin fna<c;g*/Sin Oy,

we define

~ . 1 (2n . . .
Fs(Qisind)=5— | = doI'y(Q.sind, ¢)x; (Q.sind, &),

leaving us with the simplified expression

Vg [
> —csQ/T+
2 |, 4QQ%e

Psi=pQ

x fwdasin T2 (Q,sin6)|Z(Q cosh)|2s(Q sin6)
0

X 8[cQ—A(Qsinb)], (21)

which can be recast into the forfaee Appendix E

Pz FQfod Fd o
s 2mci Jo q9 e wqé(w,q)

~[w ¢ )
xrs(gs,%)lzms(w,qnlz

xXs(g)e T o—A(Q)], (22)
where we have used the convenient shorthand notation

c (23

Js(,q)=

Carrying out the trivialw integration then gives

P§~JF§(q)§q)e‘“‘””qu, T.=T4, T_=T.,

(24)
. VPO [A(9)|*=(A(q) cq .
FS(Q)_?(C_S) Fs(C—SyA(q))|Z[qs(A(Q),Q)]|2
F(A(q)—cq)
0s(w,q) (29

which is still a rather formidable integral. However, we can

make use of the fact that we are in the regifg T,

there are no phonons in the pulse that can couple to the
magnetoroton minimum and the absorption integral is domi-
nated by coupling to the collective mode with the lowest
energy which can couple to phonons in the pulse, these have
wave vector given by the lowest-energy solution of

A(Q)SiN Opa=Ci0; (26)

this solution will always haveg<qg*: we refer to this as
type-1l absorption.

(3) In the case that;q*/sin Oy<Cig*/Sin Oin<A(q*)
there are simply no phonons in the pulse that can couple to
the electronic system and there is no absorpttgpe Il1).

For the emission integral the same cases apply except that
Omax= 12 and 6,,,,=0 [so that cas€3) does not arisk This
of course ignores the possibility that for some directions
(6,¢) the characteristic functiog for the pulse may be non-
zero but the coupling to the electrons may vanish because of
a zero in theA(8) or B(¢) coefficients defined in Appendix
B.

We thus have two integrals to estimate:

fo Fi(q)e *@Tdq 27

and

q
fo " (q)e 2@ Tdg, go<q*. (28)

In the first case we expand around the minimum and find
P,—*~J Fi(q)e”*@T=dq

~Fji(<l*)e‘””rfoo e 2T =gy

— o0

= BT Ff (a)e T

In the second case the integral is dominated by the upper end
point and we must expand around here:

T.—0. (29

<A* and use the method of steepest desc@mtsestablish A(Q)~A(do) +Vo(d—0o), (30)
the leading behavior of the integral. Naively, we would ex- a
pect the integrals to be dominated by the minimum in thewhere, becausgy<q*, we will have
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Vq=(M) <0. (31 010

d q q=dg 0.09

— A(q)
------ ¢, a/sin(8,
......... C1q/Sin (e

mln)
)

max

0.08 .-
Hence 007 |

oo |
do 0.05 |
- £ —A()/T+ I
P jo Fi(qe dq T L

0.03 |-

NFji(qo)e*A(CIO)/th' e*|VqO‘X/T1dX 0.02_— ..’4,:;‘;_./'
0 0ot |

0.00 <" . 1 R 1 . 1
0.0 05 1.0 1.6

Ke|

+

= —F(qge 2@ T,0. (32
Vgl
Y

From the above analysis we can see that, at least in principal, FIG- 3. Extreme LA linescorresponding t®pi, and 0,g,) Su-
phonon absorption experiments have the potential to reve&€rPosed on the magnetoroton dispersion corresponding*to
detailed spectroscopic information about the magnetoroton 0.0%c -

dispersion curve, at least in the vicinity of the minimum. By

choosing the geometry of the experiment such that one is the dTe(t) _ P[Ty,Te(D)]
situation where the phonon band delimited éy,, and 6., dt ClTe()]
does not include the magnetoroton minimum, the rate of en-

) . where P is the rate of energy transfer to the 2DES, and
eray transfer shou_ld _be dominated by phonons with th (To) is the heat capacity of the electronic system at tem-
maximum angle of incidence.

! . . eratureT.. We will focus on the early-time behavior when
In order to illustrate these ideas let us consider the sampl N y

I . «<T4,<A* and suppose that the geometry of the heater
geometry shown in Fig. 1, and estimate the response 10 thg,  4ctive device are such that the absorption is type I. If we
angled heateH 2, taking the maximum and minimum angles suppose that we have a uniform system in thel/m (m
of incidence to b&),,j,= 7/5 and 6,,,,,=27/7. Suppose that odd) state then we have
the magnetoroton gap is somewhat smaller than its ideal
value, sayA* =0.05.. Figure 3 shows the extreme LA C(T.)=Coe 2*/Te
lines on top of the magnetoroton dispersion curve, while Fig. ¢ 0
4 shows the extreme TA lines. From these we can see thdbr the electron gas itself. However, the electron gas will be
there will be no TA absorptiofitype 1) while the LA ab-  in thermal contact with metallic contacts with heat capacity
sorption is(just) type Il with g, very close tog*. Of course  Acontacl e SO that we assume
the details of which type of process dominates in a given
geometry will depend on the actual phonon dispersion rela- dTu(t) E\/T_¢e—ﬁ*/T¢
tions including the effects of anisotropy. dt Coe_A*/Te(t)+Acomacfre(t) '

(33

At early times the denominator will be dominated by the
linear term, so that we expect

Let us now consider in more detail the experimental situ-
ation. In the experiments the quantity that is directly mea- 010 —AQ)
sured is the two-terminal resistance of the device as a func- T e N I c,a/sin(e
tion of time. We appeal to the wide separation between the S N s
time scales for the electron systemy {0 *s) and that of oo
the experiment£ 10 8s), and the relatively weak coupling 007
to the phonons to assert that on experimentally resolvable 0.06 [-
time scales the electronic system is always in local equilib- oos [
rium at some well-defined temperatdrg. We suppose then, 0.04 |
that the effect of the phonons is to heat up the electron gas os |
and all that we observe is a consequence of the time variation .
of the electron temperaturé.(t). The resistance of the I
sample as a function of temperature can be obtained in a Ll
straightforward transport experiment in which the equilib- 0.00 et ' . : : L
rium temperature of the whole device is varied while the ' ' '
current is kept constant. Hence the results of the phonon
experiments can be converted directly into a plofeft). FIG. 4. Extreme TA linegcorresponding t@,;, and 6,,,,) Su-

The time dependence of the electron temperature is giveperimposed on the magnetoroton dispersion correspondin* to
by =0.05,.

VIIl. ELECTRON HEATING

min)

we,
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Te(t)~ \/T§+

NTO

E of the order of a nanosecond. Our confidence in the belief
2_ \/T_efA*/le
A ¢

t that the electronic systems is always in local equilibrium at
temperatureT, is based on recent systematic experiments
= which show that the results obtained in the phonon absorp-
_ \/T—(r,,eA*’be)t}, t—0. tion experiments do not have any significant dependence on
A the duration of the phonon pulsg.?® We will, however, at
least consider the equilibration processes involved.
Equilibration within the compressible regions will be
minated by quasiparticle scattering and therefore rapid ex-
; ) CTRr TR - - cept at the very lowest temperatures. Equilibration within the
Thomas-Fermi aPPVOX'm?t'O%J'- This predicts that, in the jhcompressible regions is more problematic. One could
quantum Hall regime withv=1/2m+1, the bulk of the jmagine a process whereby the creation of magnetorotons by
sample will consist of a percolating “lake” of incompress- the absorption of phonons from the high-energy tail of the
ible fluid. Embedded within the lake will be isolated “is- Bose distribution leads directly to the formation of unbound
lands” of compressible fluidperhaps themselves containing charged quasiparticles. This process would involve a magne-
fully depleted regions Similarly at the boundary of the ac- toroton being scattered into a higher-energy state by the ab-
tive area there will be strips of compressible fluid betweensorption of a low-energy phonon from the bulk of the Bose
the incompressible lake and the fully depleted region outsidédistribution, and that this gives rise to a steady “heating” of
the device. Lety be the fraction of the area occupied by the a magnetoroton until its size exceeds some screening length,
electrons which is covered by the percolating incompressibl@t which point it dissociates into a pair of oppositely charged

1+

In a real high mobility device the 2DES is subject to poten-
tial fluctuations which are slow on the scale of the magnetigy
length |, so that their effect can be described within the

liquid, then we write quasiparticles. A simple estimafdor the rate of this kind of
process was made which simply assumed a magnetoroton
PTy, Te(D)]=9Pi[T4, Te() ]+ (1= n)P[T,, Te(t) ], “density of states” with the result that the growth in the

(34  number of quasiparticles was sublinear (t). A more care-
ful analysis of this process including phase space restrictions

ClTe(O)]=nCil Te() ]+ (1= mCcl Te(V)], (39) on magnetoroton-phonon scatterftighowever, shows that

where P; and C; are the energy-transfer rate and the heathis process will not heat _the magnetorotons to size; in ex-
capacity of the incompressible fluid ai} andC, the cor-  ¢€ss 0f~3l. and hence will not lead to any free quasiparti-
responding quantities for the compressible regions. In thé&les. This process could of course still dominate in “dirty
Samp'es used in the experimenvsmay not be so Sma”’ situations in which conservation of magnetoroton momen-
because the active 2DES is patterned into a meander line #§M is not necessary due to the effects of short-range corre-
increase its overall resistance and hence its sensitivity as ated disorder. The dominant mechanism for equilibration is
bolometer. In the previous sections we have developed therefore likely to involve collisions between magnetorotons.
theory forP; . Its counterpart in the compressible regiohs This rate should be proportional ® 22™Te and so could

will have the form become rather slow at low electron temperatures. Equilibra-
tion between the percolating sea of Laughlin liquid and the
PC[T¢,Te(t)]vao{T[},—[Te(t)]”}, (36)  compressible regionéncluding the contacjsis presumably

by conversion processes in which a ballistically propagating
agnetoroton encounters a compressible region and is con-
rted into a particle-hole excitation.

where the powen depends on the dominant coupling pro-
cess and on the nature of the correlations in the compressib,
state. The heat capacity of the compressible regions will also

be metallic with
X. SUMMARY

Ce(Te)=AcTe. (37 In this paper we have developed a basic framework for
Hence we have that the interpretation of phonon absorption experiments in the
fractional quantum Hall regime. Our basic picture is the fol-
dTe(t) 7F T¢e_A*/TaS+(1— MUo{TH—[Te(t)1"} lowing. Phonons with a blackbody distribution of energies
dt AT — . are injected into the GaAs substrate of a device containing a
7Co€ (1= 7)Act+ Acontact Te 2DES at a GaAs/AlGa_,As heterojunction. The phonons
(38) propagate ballistically with spatiotemporal separation of the
Thus we see that the presence of compressible regions caA and TA phonons. Those phonons that have the appropri-

greatly complicate the interpretation of results. ate group velocities eventually come into contact with the
2DES. The transfer of energy from the part of the phonon
IX. ELECTRON EQUILIBRATION pulse that meets the electron gas is controlled by the process

in which phonons are destroyed and magnetorotons created.
All of the above is based on the supposition that there is &he energy that is transferred to the electronic system via
wide separation between the time scale for experimentahis bottleneck rapidly equilibrates, with metallic contacts
measurements of the resistance and the intder@rgy re-  (and possibly islands of compressible fluatting as thermal
laxation time for the 2DES. Normally one supposes thateservoirs, leaving the electronic system at a raised tempera-
electronic relaxation times are of the order of 3®s, while  ture with a consequent increase in the two-terminal resis-
the instrumental resolution of current phonon experiments isance. We predict that the rate at which the electronic system
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absorbs energy from the phonon pulse will have a depenwhere p(r) is the area density of electrons in the lowest

dence on the heater temperature of the fgfﬂf_be*A*/Td), vertical subband. It is convenient to work in the Fourier rep-
whereA* is the gap at the magnetoroton minimum, providedresentation
there are phonons in the pulse that can couple at the mini-
mum (type-| absorptio]n_ If this is_not the case then the en- p(r)= iz i)qeiq»r, pq:f p(re 197d?r,  (A3)
ergy absorption rate will be dominated by the lowest-energy 043
hm;:/genﬁ:gr?é?rﬁ_ tg_‘g"(ﬂgﬁﬁ¢thvevhz"r‘§”°f‘s can couple and W"\'NhereQ is the area of the 2DES. In this connection we will
4 ’ do is the lowest energy ¢, require the form factor

solution of Eq.(26). Hence, by judiciously positioning heat-
ers on the bottom face of a device so that a range of angles _
can be sampled, it should be possible to map the dispersion Z(qz)zf |f(2)|2€'97dz. (A4)
relation A(q) for g=<q* at appropriate discretg values. It
has also been argued that the presence of compressible f&is common to use the Fang-Howard form
gions within the active area of the 2DES will introduce ad-
ditional phonon absorption with a power-law dependence on 1
the heater temperature. J2a°

All of the detailed calculations in the preceding sections
have been carried out in the asymptotic regifig, T,  for a heterojunctioriwith the ALGa, _,As on thez<0 sidg
<A*, and have made isotropic approximations for thewherea is a measure of the “thickness” of the 2DES in
propagation of the phonons. Numerical calculations are irwhich case
progress to rectify these deficiencies and these will appear as
a subsequent publication. Another shortcoming of the Z(q,)=(1+iaq,) ~°. (AB)
present work is that we have based everything on the single- o . ) .
mode approximation of Girvin, MacDonald and Platzman The elastic displacement at positi®nis written in terms
which is only reliable for fractional states with filling factors ©f Phonon operators as
v=1/3, 1/5, etc. Work is in progress to investigate the use of

f(z)= ze 7229(z) (A5)

other frameworks for the collective modes of fractional UM(R):E u (Q)elR (A7)
quantum Hall systems based on composite fermion itfeas. Q “
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APPENDIX A: ELECTRON-PHONON COUPLING SMV(B)=§( IR, + iR, ) (A9)
The two mechanisms by which the electrons and phonons
couple lead to similar forms of Hamiltonian; fortunately, =3 SLV(Q)G@'B, (A10)

they appearn/2 out of phase so that they do not interfere iQ
with one another quantum mechanically. We will first con-

sider the deformation-potential coupling and then the piezo- , i h , _

electric coupling; however, a number of preliminary quanti- ~ S),,(Q)= > \/m[éL(Q)Qﬁ Q.6.(Q)]
ties are used in both. The second quantized Hamiltonian for 07T

electrons subject to a one-body potenigR) has the form % [ﬁjT(Q)Jr a(-Q)1. (A11)

H :f V(R)p(R)A®R, (A1) 1. Deformation potential coupling
The deformation potential due to a lattice straip, is

where p(R) is the electron density. In order that we only -
have to deal with two-dimensional quantities when referring Vap(R)=Z ,5,(R), (A12)
to the 2DES, it is useful to take the expectation value withsg that, in second quantization, we have

respect to the verticdk) part of the electron wave function

so that N R 5
Hdp=f Ugp(N)p(r)d?r (A13)

H:fﬁ(”:fV(r.Z>|f<z>|2dz}d2r=fb(r)umdzr, )
(A2) :wa ﬁ(r)f £(2)|%8,,(r,2)dzcfr (A14)
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=iqu Ei(Q)Z(d)p-{[8](Q) +2;(—Q)], =—JZQ A{(Q)Z(a)p-{[4](Q)+2;(—Q)],
(A15) (A24)
where where
=)= %Eﬂvx/m[a@)@yw#ﬂ(@)], M@=t ZNOVf;j =
(Al16) ) B
which, for GaAs, reduces to XQ’L[&(Q)QPLQV%‘(Q)]

Q* ’

I

=,(Q)=E, /2NOVZJ-(Q)[51(Q)'9]' (A17) which for GaAs reduces to

_ehl4 h
The conventional value for the deformation potential param- A= keg Y 2NoVwi(Q)

eter isEy~7 eV but the variance between different measure-

ments is quite large. y QQyENQ) +QyQ,EH(Q) +Q,QxE,(Q)
Q? '
2. Piezoelectric coupling (A25)

The polarization due to a lattice straff),, is ) ) ) o
In conventional work on phonons in semiconductors it is

1 customary to regularize the Q/dependence by including
P.(R)= - h,nSin(R). (A18)  screening of the interaction in the Thomas-Fermi approxima-

tion, leading to
The electrostatic potential associated with this polarization b
field is ¢(R), which corresponds to an electric fiell= IA(Q)[2~ |7j
—V ¢. These are related by the Maxwell equation Ihs Q+Qrf’

-~ _ where Q¢ is the usual inverse screening length. We shall
V-D=V-(20E+P)=0, (AL9) not do this here, partly because there is no coupling to small
so that Q phonons because of the presence of a gap, but mostly on
the grounds that we are directly employing an approximation
goV2p=V-P. (A20) (and_ a very good one in the regime of intejefstr the dy-
namic structure factor which includes all screening effects.
Now In practice, of course, the incompressible nature of the frac-
tional quantum Hall state means that potentials such as this
[ - . are hardly screened at all.
- j QR . .
V-P(R)= P hwh% QLS (Q)e™, (A21) Hence we can write the overall electron-phonon coupling
- Hamiltonian as

a| 2
(A26)

so that
=—2 Mi(QZ(a)p{[&(Q)+&(~Q)], (A27)
i Q
$(R)=2 $(Qe?F, (A22) "
Q where
where Mi(Q)=A[(Q)—iE(Q). (A28)
_ Q2SI (Q) If we choose a basis for single-particle electron stéii@s,
$(Q)=— 'h;m#- (AZ3)  then we can write
The electron phonon Hamiltonian is then i)(r):%‘a é%én<m|r><r|n>, (A29)
Hpa=—ef $(RH(RIAR
Pa= 2 D)€ Eh, (A30)
=X HQ) [ perid [ e
_ieh QAUSWQ). I o) =(mle |n), (A31)

JIADN
_JZ
KeQ % Q? P (4 so that
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pa\2
Hog=— 3 T @M (QE1&[8](Q)+2(~Q)) M@0 = (A8 (T =2 and 3
i (A32)

. ) ) Since the only separate dependence on the two TA modes is
which bears the usual interpretation of a phonon absorpn the A and B coefficients we define, using the fact that
tion/emission causing an electron to scatter from state A;(6) can be written solely as a function of sin
statem.

| (¥02)2 o
APPENDIX B: ISOTROPIC DEBYE APPROXIMATION L' a(Q,sing, ¢) = [A1(0)B1()]°+(¥*P)"Q,
In the isotropic Debye approximation we neglect the an- (7222
. . . . YTA
isotropy in the speeds of sound and &g(Q) c!Q, .Where TA(Q,sinG, ) = ([A(0)By()]2
C1=C_a and c,=cz=cts. The phonon polarizations be- Q
come strictly transverse and longitudinal. A suitable set of 2
o +[A3(0)B .
orthonormal polarization vectors would be [As(0)Ba(4)]7
g_l(Q)=Q/Q=(sinecos¢,sinesin ¢,c0s6), APPENDIX C: ENERGY-TRANSFER RATE
VP In order to derive an expression for the rate at which
S_(Q)_( sin¢,c0s¢,0), energy is transferred from the phonon pulse to the electron
3~ i , gas, we will use standard linear-response theory. We make
£°(Q)=(cosd cosg,cosfsing, —sind), the usual adiabatic switching-on assumption, and suppose

that in the distant pastt{> —«) the electron and phonon
systems were uncoupled with the electrons in equilibrium at
gTAl(Q):COS(a)gZ(Q)+3in(a)§3(9), temperaturg'l’e. We will take 'Fhe initiql state of the phonons
— - - to be described by the density matrix

but any combination of the form

£72(Q)=—sin(@) Q) +cog a)£(Q)

is equally good. Fortunately in final expressions for energy-

transfer rates, all dependence erdisappears. ) o ]
In this approximation the deformation potential coupling whereP, is a projection operator which excludes states cor-

1
0 ¢=Z—¢Pxe’H¢’T¢PX : (C1)

has the form responding to phonons that have not reached the vicinity of
the 2DES, and 4 is the phonon Hamiltonian.
E,(Q)=7"81Q, The initial density matrix of the system is then
where 1 1
QO=Z—e‘HE’Te® Z—PXe‘H¢/T¢PX, (C2)
[ ¢ ¢
yP=E, 2NpVc,’ whereH, is the Hamiltonian for the electron liquid. The time

evolution of the density matrix is governed by the von Neu-
so that the electrons only couple to the LA phonons via thenann equation
deformation potential, and the coupling is isotropic. Simi-

larly the piezoelectric couplings have the forms _do(t)
y the p piing —gr —[He+HytHeg 0(0)]. (C3
pa
A(Q)= EAl( 0)B1( ), As usual it is convenient to change to the interaction picture
\/6 of quantum mechanics from the usual Schrodinger one by
defining
_FA o _ , '
AJ(Q)—TQAJ(Q)B]((]s), ]—2 and 3, O(t)=e'H0tOe_'H0t, (C4)
where # and ¢ are the polar angles of th@ vector, and Ho=He+H,, (CH
A (6)=3sir? 0cosd, Bi(¢)=12sin(24), so that
A,(8)=sinfcosl, B,(¢p)=cog2¢), do(t) ~
A0 )= coszd) S = [Fey0,3(0], ©8)

Az(0)=sinA(3sirf 6—2), Bz(p)=31sin24¢).
* ° : which has the iterative solutiofio lowest order in the elec-

Hence, in the isotropic approximation, we have tron phonon coupling
2 (’YE,%)Z 2 dp\ 2 ~ _ s b ’ nt’ 47
IM1(Q,6,9)[*= 0 [A1(6)B1() 17+ (¥*P)"Q, e()=Qo=1 | [Hey(t').@ole” dt, (C7)
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where 7 is the adiabatic switch-on rate. The rate of energy 1 1 )
transfer to the electron gas is S(—Q,—w)=— = > I( 'y|p7q|a>|ze_(Ea_/"’Na) Te
pQ Ze oy
d d ~  —
P=qi(He)=— g (Ha) =i t{B(O[H 4(1), Hey(D ]} d-o—(E,~EJ]; (D2)

interchanging the dummy variables gives

t —~— —~—— ~ ’
= f tr{QollH y(t), Heg()],Hey(t ) ™ dt’. (C8) 11
- g —) = — — 20—E,/Te
Now S( q1 w)_FQ ZeaEy |<a|p*q|’)/>| €
X~ w—(E,~E,)]
[H¢,He¢]=—% i (Q)[M;j(Q)p_qa/(Q)

1 1
h: =__QZ_E |< ,y|pq|a>|2e7(Ea+w)/Te
—M;(=Q)pqaj(Q)], (C9) pQ Zo o

! ' Xflw—(E,—E,)]
<5?(Q,t)'éj,(9r,tr)>:5“_,599,nj(9)e|wj(g)(t—t ] »

(C10 =e “/TeS(q, ) (D3)
and as required in Appendix C.
Now let us write
M;(-=Q)=M7(Q). (C11
Hence, after some rather tedious algebra and setin®, Ze=2, e FalTe=g Fo/Te[ 1+ >, e Ea FTe|,
we find @ a#0
(D4)
P=27TFQ_E w,-(Q)IMj(Q)IZ{nj(Q)S[q,wJ-(Q)] where E, is the ground-state energy. We know thaj,
iQ - B B B —Ep>A*VYa>0, so that
—[1+n, —q,— o : C1 .
(@IS =0 e Q1) (12 Z~e 5/T[1+0(e”*'T9)], Te—0. (DY)
where

Similarly

1 )
S(q,(l)): —_f <p_ (t)p (0))e"”tdt (C13) 1
2700 q\t)Pq B
P ZeS(0,0) == > K¥lpgla)fPe F'Tedlw—(E,~E,)]
is the dynamic structure factor. As usisée Appendix D’ P2 ay

S(—q,—w)=e “TeS(q,w), (C19 =e_E0/Te{;QE [(|pgl0) Sl w—(E,—Ep)]
Y

so that

1
o 4+ —(E,—EQ)/Te 2
P=2mp0 3 w)(QIM;(QIS(@.0;(Q) 52 © 2 K7ledol

x{n;(Q)—e i@ 1+n,(Q)]}. (C15 Xé[w—(Ey—Ea)]},

D6
APPENDIX D: SPECTRAL ANALYSIS OF THE DYNAMIC o)

1
STRUCTURE FACTOR S(q,w)~F—QE (%] pqlO) P8l 0—(E,—Ep)]
Y

Let us consider the exact energy and electron number .
eigenstates of the electronic systfm}. The dynamic struc- +0(e 2Te), To—0,

ture factor can then be written ) o
where the leading term is simply the zero-temperature struc-

1 . . ture factor.
_E <a|e—He/Tee|Hetp_qe—|Het| ’)’>
e ay

1
S(q,w):m Z

) APPENDIX E: SIMPLIFICATION OF P INTEGRAL
X(¥lpdl aye“idt

11
-5 7.3 [lpd Pe EeTeao—(E,~E)].
(D1)

whereZ,=3% ,e”=«''e is the partition function for the elec-
tronic system. Now We introduce new variables=c;Q andq=Q sin 6. Now

We have an integral of the form

P= f:dQszOﬂdesina F(c;Q,Qsin6,Q cosb).

E,/T (E1)
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a(w’q) _ Cj 0 B ~ ; i
9(Q,0)| |sind Qco —C,-Qcosa_\/w—_Cqu_,
(E2)
from which
Q?sin9dQdI= — 2 dwdg -
C]m !
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PRB 60
so that
w (= Vo?—c0?| 0qd(w—Ccq)
P-=f dwf d F(a),, ] L,
1o 8 ), ST ijwz—chz(m)

which leads to the formula quoted in the text.
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