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Ground and excited states of the Fro¨hlich bipolaron in a multidimensional system
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A variational calculation is performed to obtain the ground state and the first excited state of the Fro¨hlich
bipolaron in a multidimensional polar crystal. Numerical and analytical results are derived for the ground state
and the first excited state. Results for the excitation energy are discussed with reference to the spectroscopic
absorption data in the oxide superconductors.@S0163-1829~99!10139-5#
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The study of the bipolaron has long been of general in
est both for academic reasons and for its importance in se
conductor technology. In 1975 Anderson1 advocated the bi-
polaron concept in negativeU centers to study the electron
properties of the amorphous semiconductor. Lakkiset al.2

extended the idea of Anderson to propose intersite b
larons to explain the mechanism of two successive me
insulator transitions in titanium oxide (Ti4O7). But perhaps
the greatest impetus to the renewed interest in the bipola
came from its possible connection with the highTc super-
conductivity, where singlet bipolarons, such as bosons
Bose condensation, have been conjectured as a pos
mechanism for highTc superconductivity.3–6 However, all
these important developments do not help to resolve
question of the first-principles existence of bipolarons in
solid. This probably sparked the recent state of interest in
study of the stability of a bipolaron. Regarding the quest
of the stability of the bipolaron, a general concensus, ho
ever, seems to be lacking; the majority of workers7–16 have
maintained that the Fro¨hlich bipolaron can indeed exist i
polar crystals, provided that certain conditions are satis
by the material parameters. Nevertheless, despite these
velopments, the Fro¨hlich bipolaron is far from completely
solved. It may be remarked that the excited states of
bipolaron have so far been studied less. Though the stab
of the bipolaron has been predicted by a majority of auth
addressing this problem, the experimental evidence of
bipolaron still remains controversial. Several key investig
tions on the optical properties of the oxide superconduc
have been performed by Herret al.17 and many other
groups.18–20 The mid-ir feature observed on spectrosco
data has been interpreted by different groups in differ
ways. Some of them have tentatively ascribed it to a pho
induced electronic transition from polarons
bipolarons.19,20 Knowledge of the excited states of the bip
laron is thus required for the interpretation of spectrosco
absorption data in the oxide superconductors if they are
sumed to be the charge carrier in the relevant materials
the framework of the intensively developing bipolaro
theory there has been a recent analysis21 of the optical ab-
sorption spectrum of large bipolarons in the presence
absence of the magnetic field. The peculiarities of the
sorption spectrum of the bipolaron as a function of the el
tromagnetic field are attributed to the transitions involvi
scattering states or internal excited states of the bipola
But much less is known so far about the excited states of
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bipolaron, though there has been a recent interest in
topic due the possible role they play in material reveal
high Tc superconductivity. The energy spectrum of the tw
dimensional large bipolaron is investigated in the high m
netic field in the framework of the adiabatic theory by Fom
and Devreese.22 More recently, Smondyrev and co-workers23

reported the energy spectrum of the one-dimensional b
laron in the strong-coupling limit. It is of urgent experime
tal relevance, as well as academic interest, to investigate
complex energy spectrum of the large bipolaron.

In the present paper we suitably develop the Land
Pekar variational method to get an approximation to the
ergy of the ground state and the first excited state of
Fröhlich bipolaron in a multidimensional ionic crystal in th
strong-coupling limit, and compare our result for the exci
tion energy from the ground state to the first excited st
with the value estimated from the optical absorption data
the oxide superconductors.

The Fröhlich Hamiltonian for the polaron inN dimensions
is generalized by Peeters, Xiaoguang, and Devreese.24 Ac-
cordingly, the relevant Hamiltonian for the case of two ele
trons in theN-dimensional~ND! polar crystal consists of the
kinetic energies of two electrons, their interactions with t
optical modes of the ionic lattice, and the screened Coulo
repulsion between them. Assuming the phonon frequenc
be dispersionless, the Hamiltonian for the ND Fro¨hlich bipo-
laron may be written as

H̃52
\2

2m
¹ r

18
2

2
\2

2m
¹ r

28
2

1
e2

e`ur182r28u
1\v(
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† bq8

1(
i 51

2

(
q8

@ j̃q8e
2 iq8•ri8bq8

†
1H.c.#, ~1!

where all vectors areN-dimensional,r18 ,r28 being the position
vectors of the electrons andm their band effective mass.e`

is the high-frequency dielectric constant of the medium.v is
the longitudinal optical phonon frequency.bq8

† (bq8) is the
creation~annihilation! operator for a phonon of wave vecto
q8. j̃q8 is the electron phonon interaction coefficient. T
explicit form of the interaction coefficient inN dimensions
has been derived in Ref. 24.

If the two electrons are capable of forming a bipolaro
the obvious dynamical variables are the relative and cen
of-mass~c.m.! coordinates defined by
10 803 ©1999 The American Physical Society
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r85r182r28 , ~2!

R85
~r181r28!

2
, ~3!

in terms of which the Hamiltonian~1! reads
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~4!

wherem is the reduced mass (m5m/2) andM is the total
mass (M52m).

Following Huybrechts25 we introduce creation and annh
lation operatorsaj

† andaj by

2ı\¹R
j8
5S M\l

2 D 1/2

~aj
†1aj !, ~5!

Rj85ıS \

2Ml D 1/2

~aj2aj
†!, ~6!

where the indexj refers to thex,y,z directions andl is a
parameter to be determined presently.

Then rewriting the Hamiltonian, one gets
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Introducing Fro¨hlich units @energy is scaled by\v and
length by (\/2mv)1/2#, the Hamiltonian becomes
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where H̄5H̃/\v, r5r8(2mv/\)1/2, q5q8(\/2mv)1/2, b
5(e2/\ve`)/(\/2mv)1/2,
jq522iS GS N21

2 D2N21p (N21)/2

VqN21
aD 1/2

cosS q

2
•rD ,

V is the volume of the ND crystal, anda is the electron
phonon coupling constant that depends on the dimension
of the system. In three dimensions~3D! a is given by

a5
e2

\v F 1

e`
2

1

eo
G S 2mv

\ D 1/2

, ~9!

while in 2D it takes the following expression:

a5
e2

\v
~Eo2E`!S 2mv

\ D 1/2

, ~10!

whereE05(e021)/(e011), E`5(e`21)/(e`11), ande0
is the static dielectric constant of the medium.

Now performing the unitary transformation

U5exp(
q

@ f qbq
†2H.c.# ~11!

with f q’s as variational functions, one gets
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where

j̄q5jqexpS 2
q2

4l̄2D ~13!

and

l̄5S l

v D 1/2

. ~14!

Determining the ground statec05f0(r)u0& in the new
representation25 by

aj u0&5bqu0&50, ~15!

one gets for the energyE0 for the ground state

E0522^f0u¹r
2uf0&1 K f0U b

r Uf0L 13
l̄2

4

1(
q

u f qu21(
q

~ j̄qf q* 1H.c.!. ~16!

By such a choice of the averaging state, one takes accou
those terms of the Hamiltonian describing the recoil ene
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of the bipolaron. The functionf q and l̄ have to be obtained
by a variational calculation of the ground-state energy. T
result for the ground-state energy will be compared with
existing theory in order to test the approximation made
Eq. ~15!.

Now from the variational principle we obtain

f q52 j̄q ~17!

and the following expression for the ground-state energy

E0522^f0u¹r
2uf0&1 K f0U b

r Uf0L 13
l̄2

4
2(

q
u j̄qu2.

~18!

We choose the electron ground-state trial wave function

uf0&5S k

Ap
D N/2

e2k2r2/2, ~19!

wherek is a variational parameter.
It then follows

E05Nk21kb

GS N21

2 D
GS N

2 D 24A2ak
t

A11t2

GS N21

2 D
GS N

2 D
1Nk2t2, ~20!

where

t5
l̄

2k
. ~21!

Now the minimum ofE0 with respect to the appropriat
variational parametersk and t would give the ground-state
energy. In order to test the validity of the model develop
above we compare our result for the ground-state ene
with that of Bassaniet al. ~Table I!. We can say that the
model that is presented here provides a good approxima
for the calculation of the binding energy of the bipolaro
Compared to Adamowskii10 and others26 the binding energy
of the bipolaron turns out to be of smaller magnitude in o
approach. This is because, apart from the difference in
proximation, we have considered the free motion of the c
ter of mass, while in the case of Adamowskii and others
bipolaron is intrinsically immobile. Therefore a large part
the binding energy in their case comes from the localizat
energy. Since we are interested only in mobile bipolaro
with their possible connection in highTc superconductivity,
we have not considered this possible source of binding

TABLE I. Binding energy~BE! ~in units ofa2\v) of the bipo-
laron for several values ofh as obtained from the present calcul
tion compared to the variational results of Bassaniet al. 12

h BE ~ours! BE ~Bassaniet al.!

0.000 0.0314 0.0314
0.035 0.0177 0.0177
0.070 0.0035 0.0035
e
e
y

d
y

on
.

r
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-

e

n
s
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ergy. In Table II we give the binding energy of 2D bipo
larons in the present approach. It can be observed that
results are consistent with the others.11,12 The change in di-
mensionality increases the binding energy of the bipolar
thus making the pair formation a much more realistic p
cess. Furthermore, the simple structure of the Hamilton
and the ground state makes it possible to elaborate the
ergy of the excited states of the bipolaron where the electr
are assumed to be excited into higher levels in the poten
well together with the readaptation of the ionic polarizati
to the new electronic configuration. This means that the
tential used to describe the excited state is relaxed with
spect to the initial potential built by the phonon field. The
types of excited states can be treated by the Landau-P
wave function.

In order to get a first approximation to the energy of t
first internal excited state we choose the first excited sta

c15f0~r!u1&, ~22!

where

u1&5aj
†u0& ~23!

and the energy of the first excited state becomes
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2 D
GS N

2 D
3H 12

1

N~11t2!
1

3

4N2~11t2!2J 1~N12!k2t2.

~24!

Thus we calculate the energy of the first excited stateE1
in the same model potential we used in determining the s
energy of the bipolaron. Using the same idea as that de
oped in the study of the absorption coefficient of continuu
polarons,27 that the polaron absorption spectrum is dom
nated by a sharp peak from the ground state to the first
ternal excited state, one can also understand and charact
the peaks observed in highTc materials, and from this work
on the optical properties one can estimate the differenc
energy between the first excited state and the ground sta

In Tables II and III we collect our result for the excitatio
energy (D5E12E0) along with the binding energy
(EB52Ep2E0 ; Ep is the ground-state energy of the sing
polaron! of the bipolaron. We find that the excitation energ
is smaller than the self-energy of the bipolaron. Thus we

TABLE II. Excitation energy (D) and binding energy~BE! ~in
units of a2\v) of the 3D bipolaron for several values ofh as
obtained from the present calculation.

h D BE

0.00 0.0615 0.0314
0.02 0.0640 0.0236
0.04 0.0665 0.0157
0.06 0.0690 0.0076
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conclude that this type of excited state may occur for
Fröhlich bipolaron, and the mid-ir feature in the highTc
superconductors can be tentatively ascribed to the phot
duced electronic transition from biploarons. As can be se

TABLE III. Excitation energy (D) and binding energy~BE! ~in
units of a2\v) of the 2D bipolaron for several values ofh as
obtained from the present calculation.

h D BE

0.00 0.5703 0.1163
0.02 0.5706 0.0875
0.04 0.5707 0.0582
0.06 0.5705 0.0282
J

e

in-
n,

there is good agreement between the excitation energy
culated in our model and the result estimated from the c
culation of the mid-ir peak obtained in the highTc supercon-
ductors. For a two-dimensional polar crystal witha55, b
53.5, and\v560 meV, we find that the excitation energ
turns out to be 0.584 eV in our calculation, where in t
experiments of Kimet al.18 and others a broad photoinduce
electronic absorption is found to be peaked around 0.5 eV
La2CuO4. Thus the existence of large bipolarons is not u
realistic in the copper oxides.The present paper supplies
oretical support for the fact that the Fro¨hlich bipolaron may
exist in the highTc superconductor as well.

The author is grateful to Dr. J. Chakrabarti, Departmen
Theoretical Physics, IACS, Calcutta, India, for the hospit
ity shown by his department.
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