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Phase separation and metal-insulator transitions in the spin-12 Falicov-Kimball model
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~Received 20 January 1999; revised manuscript received 1 June 1999!

The ground-state phase diagram of the spin-1
2 Falicov-Kimball model~FKM! is studied in one dimension

using small-cluster exact-diagonalization calculations. The resultant exact solutions are used to examine pos-
sibilities for valence and metal-insulator transitions in this model. A number of remarkable results are found.
~i! The phase separation in the spin-1

2 FKM takes place for a wide range off-electron concentrationsnf andd-f
interactionsG, including G large. ~ii ! In the strong-coupling limit (G.4) the model exhibits a pressure-
induced discontinuous insulator-metal transition from an integer-valence state (nf51) into another integer-
valence state (nf50). ~iii ! For intermediate values ofG (G;2.5) the FKM undergoes a few discontinuous
intermediate-valence transitions. There are several discontinuous insulator-insulator transitions fromnf51 to
nf51/2 and a discontinuous insulator-metal transition fromnf51/2 to nf50. ~iv! In the weak-coupling limit
(G,2) the model undergoes a few consecutive discontinuous and continuous intermediate-valence transitions
as well as a discontinuous metal-insulator transition.@S0163-1829~99!12339-7#
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I. INTRODUCTION

Recent measurements of the insulator-metal transition
SmB6 ~Ref. 1! and in the transition-metal halides2 have once
again sparked an interest in valence and insulator-m
transitions.3 These transitions are observed in a wide gro
of substances formed by transition-metal oxides as wel
rare-earth sulfides and borides, when some external pa
eters~like pressure or temperature! are varied. They are in
many cases first-order phase transitions; however, sec
order transitions ranging from very gradual to rather ste
are also observed.4

To describe all such transitions in a unified picture Fa
cov and Kimball5 introduced a simple model in which onl
two relevant single-electron states are taken into acco
extended Bloch waves and a set of localized states cent
at the sites of the metallic ions in the crystal. It is assum
that insulator-metal transitions result from a change in
occupation numbers of these electronic states, which rem
themselves basically unchanged in their character.
Hamiltonian of the model can be written as the sum of fo
terms,

H05(
i j s

t i j dis
† dj s1G (

iss8
f is

† f isdis8
† dis81Ef(

is
f is

† f is

1
U

2 (
is

f is
† f is f i 2s

† f i 2s , ~1!

wheref is
† , f is are the creation and annihilation operators

an electron of spins in the localized state at lattice sitei
with binding energyEf and dis

† , dis are the creation and
annihilation operators of the itinerant electrons in thed-band
Wannier state at sitei.

The first term of Eq.~1! is the kinetic energy correspond
ing to quantum-mechanical hopping of the itinerantd elec-
trons between sitesi and j. These intersite hopping trans
tions are described by the matrix elementst i j , which are
2t if i andj are the nearest neighbors and zero otherwise~in
the following all parameters are measured in units oft). The
PRB 600163-1829/99/60~15!/10776~6!/$15.00
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second term represents the on-site Coulomb interaction
tween the d-band electrons with densitynd5Nd /L
5(1/L)( isdis

† dis and the localizedf electrons with density
nf5Nf /L5(1/L)( is f is

† f is , whereL is the number of lattice
sites. The third term stands for the localizedf electrons
whose sharp energy level isEf . The last term represents th
intra-atomic Coulomb interaction between the localizedf
electrons.

It should be noted that in addition to the FKM there a
other two-band models~e.g., the Anderson model and th
Kondo model! used in the literature for a description of va
lence and metal-insulator transitions. Unlike the FKM th
emphasizes the role of the interband Coulomb interac
~and ignores all effects arising from the hybridization b
tween the localized and the conduction-band orbitals! the
Anderson and the Kondo model emphasize the role of
interband hybridization. At present, it remains uncle
whether it is the electronic system, modeled by the FK
that is driving the transition, or whether it is driven by oth
~hybridization or electron-phonon! effects. Recently, the
question about discontinuous transitions in the spin-1

2 FKM
has been answered in the affirmative for the special cas
infinite dimensions by Chung and Freericks.6 Here we exam-
ine the opposite limit (d51) and only the zero-temperatur
properties of the model are discussed.

In spite of the fact that the FKM is one of the simple
examples of interacting fermionic system, the theoretical p
ture of valence and insulator-metal transitions remains
uncertain in the framework of this model. Even in the exi
ing literature on this model, different answers can be fou
on the fundamental question whether the FKM can desc
both the discontinuous and continuous changes of
f - (d)-electron occupation numbernf (nd) as a function of
the f-level energyEf .7 It should be noted that this question
indeed crucial for the systems mentioned above, sin
supposing4 that the external pressure shifts the energy le
Ef , the valence changes observed in some rare-earth
transition-metal compounds~SmS, SmB6, Ti2O3, and so on!
could be understandable purely electronic. Unfortunately
was found that valence and insulator-metal transitions
10 776 ©1999 The American Physical Society
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very sensitive to the approximation used. Vario
approximations7 @mean-field, virtual crystal, coheren
potential ~CPA!, etc.# yield very different and often fully
controversial results. This indicates that the study of vale
and insulator-metal transitions may be successful only w
methods that are relatively insensitive to the type of appro
mation used and, of course, with exact methods.

In our previous papers8,9 we have showed that the metho
of small-cluster exact-diagonalization calculations is very
fective in describing ground-state properties of both the sp
less and spin-12 FKM. For the spinless FKM~Ref. 8! the
exact numerical calculations~over the full set off-electron
configurations! can be performed on relatively large cluste
(L;36), even without some special computational effo
For such clusters the finite-size effects are practically ne
gible and the results can be satisfactory extrapolated to
thermodynamics limit (L→`). Using this method we have
described successfully the ground-state phase diagram
well as the picture of valence and metal-insulator transiti
in the spinless FKM.8 The situation for the spin-1

2 FKM is
more complicated. The full Hilbert space of the spin-1

2 FKM
is much larger than one of the spinless FKM and this f
imposes severe restrictions on the size of clusters that ca
studied by the exact-diagonalization method. Our recent9 nu-
merical computations performed for the spin-1

2 FKM with U
andG finite showed that clusters withL.24 are beyond the
reach of present day computers. Fortunately, the size of
Hilbert space can be reduced considerably in some spe
but physically still interesting, limits, e.g.,U→`. In the
limit U→` states with twof electrons at the same site a
projected out, thereby much larger clusters (L;36) become
accessible for the numerical investigation in this reduc
subspace. For this reason all calculations presented in
paper have been done atU5`. The main goal for perform-
ing these calculations was to construct the comprehen
phase diagram of the spin-1

2 FKM. The second goal of ou
numerical study was to find and describe all possible type
valence and metal-insulator transitions in this model. W
show that both the ground-state phase diagram as well a
picture of valence and metal-insulator transitions obtain
for U5` strongly differ from ones obtained in our previou
paper9 for a restricted set off-electron configurations andU
finite. In particular, the exhaustive numerical studies of
model ~at U5`) performed on finite clusters up to 36 site
revealed some unexpected features like the phase sepa
for all nonzeroG and discontinuous metal-insulator trans
tions forG small, to mention only a few. In the present pap
we discuss these features in detail.

Since thef-electron density operatorsf is
† f is of each sitei

commute with the Hamiltonian~1!, the f-electron occupation
number is a good quantum number, taking only two valu
wi50,1 according to whether the sitei is unoccupied or oc-
cupied by the localizedf electron ~configurations withwi
52 are projected out due toU5`). Therefore the Hamil-
tonian ~1! can be replaced by

H5(
i j s

hi j dis
† dj s1Ef(

i
wi , ~2!

wherehi , j5t i j 1Gwid i j .
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Thus for a given f-electron configuration w
5$w1 ,w2 . . . wL% defined on a one-dimensional lattice wi
periodic boundary conditions, the Hamiltonian~2! is the
second-quantized version of the single-particle Hamilton
h(w)5T1GW, so the investigation of the model~2! is re-
duced to the investigation of the spectrum ofh for different
configurations off electrons. Since thed electrons do not
interact among themselves, the numerical calculations
cede directly in the following steps~we consider only the
caseNf1Nd5L, which is the point of the special interest fo
valence and metal-insulator transitions caused by promo
of electrons from localizedf orbitals (f n→ f n21) to the
conduction-band states!. ~i! Having G, Ef , and w
5$w1 ,w2 . . . wL% fixed, we find all eigenvalueslk of
h(w)5T1GW. ~ii ! For a givenNf5( iwi we determine the
ground-state energyE(w)5(k51

L2Nflk1EfNf of a particular
f-electron configurationw by filling in the lowest Nd5L
2Nf one-electron levels~the spin degeneracy must be tak
into account!. ~iii ! We find thew0 for which E(w) has a
minimum. Repeating this procedure for different values
Nf , G, andEf , one can immediately study the ground-sta
phase diagram of the model in theNf-G plane as well as the
dependence of thef-electron occupation numberNf5( iwi

0

on thef-level positionEf ~valence transitions!.

II. PHASE SEPARATION

In this section we study the ground-state phase diagram
the spin-12 FKM in the nf-G plane for Ef50. This phase
diagram is the spin analogy of the canonical phase diag
found by Gruberet al.10 for the spinless FKM and it plays
the important role in theoretical studies of the model,
both Ef50 and EÞ0. Indeed, the spectrum ofh(w)5T
1GW does not depend onEf and thus all nonzeroEf prop-
erties of the model can be directly calculated from the z
Ef phase diagram. For example, knowing thenf-G phase
diagram~i.e., the ground-state configurations for eachNf and
G) for Ef50, one can easily compute theEf dependence of
nf ~at fixed G), since onlyL configurations~instead of the
full set of 2L configurations! must be examined numericall
at eachEf point, thereby the numerical calculations are co
siderably simplified.

To reveal the basic structure of the phase diagram in
Nf-G plane (Ef50) we have performed an exhaustive stu
of the model on finite~even! clusters up to 36 sites. For fixe
L the numerical calculations have been done along the l
discussed above with a stepDNf52 and DG50.05. The
results of numerical computations are summarized in Fig
These results show that the phase diagram of the sp1

2

FKM consists of three main domains: the most homogene
domain~MHD! ~in Fig. 1 denoted as•) and two-phase sepa
ration domainsPSD1 ~denoted ass, 3, and1) andPSD2
~denoted asn). In the MHD the ground states are config
rations in which the atomic orn-molecule clusters off elec-
trons are distributed in such a manner that the distances
tween two consecutive clusters are eitherd or d12.
Furthermore, the distribution of the distances ofd and d
12 has to be most homogeneous. Two basic types of
ground-state configurations that fill up practically the who
MHD are displayed in Table I. In thePSD1 the ground
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10 778 PRB 60PAVOL FARKAŠOVSKÝ
states are configurations in which allf electrons are distrib-
uted only in one part of the lattice~w! while another~con-
necting! part of the lattice (we) is free of f electrons~phase
separation!. In accordance with Gruberet al.10 we call such
configurations mixtures and denote them asw& we . Of
course, for finite systems this abbreviation has only form
meaning, since all ground-state quantities~e.g., the ground-
state energy! are calculated directly from the spectrum
h(w& we) and not from the weighted densities of states c
responding tow andwe as for thermodynamic systems. W
have found three basic types of configurationsw which
form these mixtures:~i! the aperiodic atomic configura
tions wa5$10k1

10k2
. . . 10ki

1 . . . 0k2
10k1

1% ~with ki.0),

~ii ! the aperiodic ni-molecule configurations wb
5$1n1

0k1
1n2

0k2
. . . 1ni

0ki
1ni

. . . 0k2
1n2

0k1
1n1

% ~with 1<ni

<Nf /2 and ki.0), and ~iii ! the Nf-molecule ~segregated!
configurationswc5$11 . . . 1%. Three different regions o
stability corresponding to mixtureswa& we , wb& we , and
wc& we are denoted in Fig. 1 ass, 3, and1. It is seen that
the mixtures of the atomic configurationwa and the empty
configuration are stable only at lowf-electron concentration
and the Coulomb interactionsG,2.2. A direct comparison
of results obtained for the spin-1

2 and spinless FKM~Ref. 10!
shows that this region corresponds roughly to a region
phase separation in the spinless FKM. Outside these reg
the phase diagrams of the spin-1

2 and spinless FKM are

FIG. 1. Ground-state phase diagram of the spin-1
2 FKM ob-

tained over the full set off-electron configurations. For 1/4,nf

,3/4 numerical calculations have been done on the lattice witL
528 while for nf<1/4 andnf>3/4 they have been done on th
lattice withL536. Four different regions of stability correspondin
to mixtureswa& we , wb& we , wc& we , andwd& wf are denoted as
s, 3, 1, andn.

TABLE I. Two basic types of the most homogeneous config
rations that fill up practically the whole MHD forL524.

Nf wh
a wh

b

4 100001000000100001000000 110000000000110000000
6 100100001001000010010000 110000001100000011000
8 100100100100100100100100 110000110000110000110
10 110010011001001001100100 110011000011001100110
12 110011001100110011001100 110011001100110011001
14 111001110011100111001100
16 111100111100111100111100
18 111111001111110011111100
20 111111111100111111111100
l

-

f
ns

however, strongly different. While the phase separation
the spinless FKM takes place only for weak interactio
(G,1.2), the spin-12 FKM exhibits the phase separation fo
all Coulomb interactions. Even with increasingG the phase
separation shifts to higherf-electron concentrations. Particu
larly, in the region 2.5,G,2.7 where the ground states a
the mixtures of then-molecule configurationswb with the
empty configuration the phase separation takes place fo
Nf,L/2, and in the regionG.2.7 where the ground state
are the segregated configurationswS5wc& we even for all
Nf,L. At large f-electron concentrationsnf but in the op-
posite limit (G,0.4) there exists another small domain
the phase separationPSD2 ~denoted asn). The numerical
results on finite lattices up to 36 sites revealed only one t
of configuration that can be the ground-state configurati
in this domain, and namely, the mixtures of the period
n-molecule configurationswd with the fully occupied lattice
wf5$11 . . . 1% ~the length of a connected cluster of occ
pied sites in these mixtures is at leastL/2).

The second step in our numerical studies has been
extrapolation of small-cluster exact diagonalization resu
on large lattices. In Fig. 2 we present the ground-state ph
diagram of the spin-12 FKM obtained forL5100 on the ex-
trapolated set of configurations that includes practically
possible types of the ground-state configurations found
finite lattices up to 36 sites. In particular, we have conside
~i! the most homogeneous configurationswh of the typea
andb ~see Table I!, ~ii ! all mixtureswa& we with ki smaller
than 6,~iii ! all mixtureswb& we with ni andki smaller than
6, ~iv! all mixtureswd& wf with periods smaller than 12, an
~v! all segregated configurations. One can see that all fun
mental features of the phase diagram found on small latt
hold on much larger lattices, too. Of course, the pha
boundaries of different regions corresponding to mixtu
wa& we (a), wb& we (b), wc& we (c), andwd& wf ~d! are
now more obvious. Since the mixtureswa& we , wb& we ,
wc& we , andwd& wf are metallic10 one can expect that th
phase boundary between the MHD and PSD is also
boundary of the correlation-induced metal-insulator tran

FIG. 2. Ground-state phase diagram of the spin-1
2 FKM ob-

tained on the extrapolated set off-electron configurations forL
5100. Four different regions of stability corresponding to mixtur
wa& we , wb& we , wc& we , and wd& wf are denoted asa, b, c,
andd. The dashed line through the exact numerical points is a gu
to the eye.
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PRB 60 10 779PHASE SEPARATION AND METAL-INSULATOR . . .
tion. To confirm this conjecture it is necessary to show t
the most homogeneous configurations from the MHD
insulating or, in other words, that there is a finite energy g
D at the Fermi energy in the spectra of the
configurations.11 The numerical results for the most homog
neous configurations of typesa andb that fill up practically
the whole MHD are displayed in Fig. 3. The insulating ch
acter of these configurations is clearly demonstrated by
finite D that exists for all nonzerof-electron concentration
nf and Coulomb interactionsG. Thus we can conclude tha
the spin-12 FKM undergoes~on the phase boundary betwee
the MHD and PSD! the correlation-induced metal-insulato
transition that is accompanied by a discontinuous chang
the energy gapD. This result is similar to what was foun
for the spinless FKM by numerical10 and analytical calcula-
tions in the strong-12 and weak-coupling limit.13

III. VALENCE AND METAL-INSULATOR TRANSITIONS

The existence of a large metallic domain in the stron
coupling region is the main difference between the ph
diagram of the spin-12 and spinless FKM. In the spinles
FKM ~Ref. 10! the existence of the metallic phase was
stricted only on a small regionG,1.2 and nf,1/4 (nf
.3/4), while the remaining part of the phase diagram w
insulating. The phase diagram of the spin-1

2 FKM has a more
complicated structure. In addition to the insulating phase c
responding to the homogeneous configurationswh there are
four metallic phases corresponding to four different clas
of the ground-state configurations:wa& we , wb& we ,
wc& we , andwd& wf . Of course, this fact has to also lead
a different picture of valence and metal-insulator transitio
induced by pressure~increasingEf!. Let us now discuss, in
more detail, possible types of these transitions. In orde
examine possible types of valence and insulator-metal t
sitions induced by pressure we have chosen three diffe
values ofG (G51, 2.5, 5) that represent three typical r
gimes of the spin-12 phase diagram. ForG55 the valence
transition can be constructed immediately. Indeed the gro
states in this region are only the segregated configurat
and thus they can be used directly in numerical calculati
instead of the full set off-electron configurations. This al
lows us to perform numerical calculations on large syste
and practically fully exclude finite-size effects. Results

FIG. 3. nf dependence of the energy gapD calculated for the
most homogeneous configurations of the typea andb ~see Table I!.
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numerical calculations are shown in Fig. 4. It is seen tha
the strong-coupling limit the spin-1

2 FKM exhibits a discon-
tinuous valence transition from an integer-valence grou
statenf51 into another integer-valence ground statenf50
at Ef5Ec;1.273. The inset in Fig. 4 shows that the disco
tinuous valence transition is accompanied by a discontinu
insulator-metal transition since the energy gapD vanishes
discontinuously atEf5Ec . Thus we can conclude that th
spin-12 FKM in the pressure-induced case can describe
discontinuous insulator-metal transitions from an integ
valence state (nf51) into another integer-valence state (nf
50). It should be noted that the same picture of valence
metal-insulator transitions in the strong coupling limit w
found by Chung and Freericks6 for the infinite-dimensional
case. The only difference between these two pictures is
the discontinuous transitions from the noninteracting insu
ing phase to the noninteracting metallic phase take plac
different values ofEf (Ef54/p in our case!.

The situation for G52.5 is slightly complicated. Al-
though we know that the ground states for 2.45,G,2.75
~andnf,1/2) are configurations of a typewb& we , the num-
ber of configurations belonging to this class is still too lar
for numerical calculations on large lattices and thus it sho
be further reduced. For this reason we have performed
merical calculations for all finite~even! clusters up to 48
sites at selected valueG52.5. We have found that for an
Nf.0 only one type of configuration and namely mixtur
$11001100 . . .1100%& we are the ground states atG52.5.
This allows us to avoid technical difficulties associated w
a large number of configurations and consequently to st
very large systems (L;1200). The valence transition ob
tained for this set of configurations~and wh configurations
for nf.1/2) is shown in Fig. 5. It is seen that the valen
transition forG52.5 is very steep. A more detail analys
showed, however, that the transition fromnf51 to nf50 is
not a discontinuous integer-valence transition but it cons
of several discontinuous intermediate-valence transitio
Particularly, there are several discontinuous insulat
insulator transitions fromnf51 to nf51/2 and a discontinu-
ous insulator-metal transition fromnf51/2 tonf50. To ex-

FIG. 4. Dependence of thef-electron occupation numbernf on
the f-level positionEf for G55 and three different values ofL.
Inset: The behavior ofnf andD close to the insulator-metal trans
tion point.
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10 780 PRB 60PAVOL FARKAŠOVSKÝ
clude the possibility that this structure is a consequence
the finite size of clusters used in numerical calculations
have performed calculations on several large clustersL
5400,800,1200) but no significant finite-size effects on
valence transition were observed.

The most complicated situation is for small and interm
diate values ofG. For example, at the selected valu
of G51 the ground states are the insulating config
ations wh ~for nf.0.16) and the metallic configuration
wa& we ~for nf,0.16). However, for a construction of th
valence transition on large lattices this knowledge is
general and thus fornf,nc it is again necessary to
perform an additional study of the model in order to det
mine the explicit type of ground-state configurations
selected value ofG. The exhaustive numerical studie
that we have performed fornf,nc on finite lattices
up to 60 sites showed that only configurations
the type w15$1010n1

1010n2
. . . 0n2

1010n1
101%& we

or configurations of the type w2
5$10n1

1010n2
1010n3

. . . 0n3
1010n2

1010n1
1%& we can be the

ground states atG51. This fact allows us to use the set
configurationsw1 and w2 instead of the much larger se
wa& we and consequently to construct the valence transi
on large lattices (L;1200). The results of numerical calcu
lations obtained for theEf dependence of thef-electron oc-
cupation numbernf and the energy gapD are displayed in
Fig. 6. Unlike the valence transitions obtained forG55 and
G52.5 the valence transitions in the weak-coupling limit a
much wider and consist of several consecutive discontinu
and continuous valence transitions. The valence transit
for Ef,Ec;21.05 are insulator-insulator transitions sin
they realize between insulating ground states correspon
to the most homogeneous configurationswh . At Ef5Ec the
spin-12 FKM undergoes a pressure-induced discontinuous
lence transition from an intermediate valence state w
nf;0.19 into another intermediate-valence state withnf
;0.14 that is accompanied by a discontinuous insula
metal transition. AboveEc the f-electron occupation numbe

FIG. 5. Dependence of thef-electron occupation numbernf on
the f-level positionEf for G52.5 and three different values ofL.
Inset: The behavior ofnf andD close to the insulator-metal trans
tion point.
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nf changes continuously and vanishes atEf5E0;20.8.
It should be noted that the weak-coupling picture of v

lence and metal-insulator transitions presented in this pa
strongly differs from the one found in our previous work9 for
the restricted set of configurations consisting of only t
most homogeneous configurationswh . For such a set of con
figurations the system exhibits the metal-insulator transit
only at Ef5E0 and this transition is continuous. This fa
indicated the serious deficiency of the spin-1

2 FKM since in
some rare-earth compounds@e.g., in SmB6 ~Ref. 1!# just a
discontinuous insulator-metal transition is observed. Fo
nately, a more accurate analysis performed in the pre
paper has not confirmed this deficiency of the model. On
contrary, our numerical results showed that the spin-1

2 FKM
is capable of describing not only a discontinuous me
insulator transition but all basic types of valence transitio
observed experimentally in rare-earth and transitions-m
compounds. This indicates that the spin-1

2 FKM could yield
the correct physics for describing these materials. Howe
to make definite conclusions one should examine the mo
in higher dimensions, since most experimental systems
two and three dimensional. Moreover, in this paper we d
cussed only the zero-temperature properties of the model
it still remains an open question whether this model is
pable of describing the nonzero-temperature behavior
rare-earth and transition-metal compounds. Recent resul
Chung and Freericks6 obtained in the limit of infinite dimen-
sions show that the answer to this question could be pos
at least for some anomalous behaviors that exhibit th
compounds, e.g., the temperature dependence of
d-electron occupation number~conductivity!.

In summary, the extrapolation of small-cluster exa
diagonalization calculations has been used to examine
ground-state phase diagram of the spin-1

2 FKM in the one
dimension. A number of remarkable results have been fou
~i! The phase separation in the spin-1

2 FKM takes place for a
wide range off-electron concentrationsnf and d-f interac-
tions G, including G large. ~ii ! In the strong-coupling limit
(G.4) the model exhibits a pressure-induced discontinu

FIG. 6. Dependence of thef-electron occupation numbernf on
the f-level positionEf for G51 and three different values ofL.
Inset: The behavior ofnf andD close to the insulator-metal trans
tion point.
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insulator-metal transition from an integer-valence statenf

51) into another integer-valence state (nf50). ~iii ! For in-
termediate values ofG (G;2.5) the FKM undergoes a few
discontinuous intermediate-valence transitions. There
several discontinuous insulator-insulator transitions fromnf

51 to nf51/2 and a discontinuous insulator-metal transiti
ys

v

re

from nf51/2 to nf50. ~iv! In the weak-coupling limit (G
,2) the model undergoes a few consecutive discontinu
and continuous intermediate-valence transitions as well
discontinuous metal-insulator transition.
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