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The ground-state phase diagram of the sibiﬁalicov-Kimball model(FKM) is studied in one dimension
using small-cluster exact-diagonalization calculations. The resultant exact solutions are used to examine pos-
sibilities for valence and metal-insulator transitions in this model. A number of remarkable results are found.
(i) The phase separation in the séilFKM takes place for a wide range Belectron concentrations andd-f
interactionsG, including G large. (ii) In the strong-coupling limit G>4) the model exhibits a pressure-
induced discontinuous insulator-metal transition from an integer-valence statel ] into another integer-
valence stater(;=0). (iii) For intermediate values @& (G~ 2.5) the FKM undergoes a few discontinuous
intermediate-valence transitions. There are several discontinuous insulator-insulator transitiong=ffbrto
n;=1/2 and a discontinuous insulator-metal transition froy 1/2 ton;=0. (iv) In the weak-coupling limit
(G<2) the model undergoes a few consecutive discontinuous and continuous intermediate-valence transitions
as well as a discontinuous metal-insulator transit{@0163-1829)12339-7

I. INTRODUCTION second term represents the on-site Coulomb interaction be-
tween the d-band electrons with densityng=Ng4/L
Recent measurements of the insulator-metal transitions ie- (1/L)3,;,d! d;, and the localized electrons with density
SmB; (Ref. 1) and in the transition-metal halidelsave once ny= Nf/L:(l/L)giUfi*gfiU, whereL is the number of lattice
again sparked an interest in valence and insulator-met@lies The third term stands for the localizécklectrons
transitions® These transitions are observed in a wide 9roURyKose sharp energy level & . The last term represents the

of substances formed by transition-metal oxides as well a8, ~:omic Coulomb interaction between the localided
rare-earth sulfides and borides, when some external Parafi. trons

eters(like pressure or temperatl)rare_ .Va”?d' They are in It should be noted that in addition to the FKM there are
many cases first-order phase transitions; however, second-

order transitions ranging from very gradual to rather steeqcither two-band moqel(;e.g:, the Anderson mo_de.l and the
are also observel. ondo model used in the literature for a description of va-

To describe all such transitions in a unified picture Fali.'ence and metal-insulator transitions. Unlike the FKM that

cov and Kimbalt introduced a simple model in which only emph_asmes the role of th_e_lnterband C°“'°”?b. Interaction
and ignores all effects arising from the hybridization be-

two relevant single-electron states are taken into accounf;

extended Bloch waves and a set of localized states center \Hn%eer;stohne ;ﬁgat"ﬁ:d,(fggotr.fneoé:;ngﬁftfansﬁaen?h:rgf:m;f the
at the sites of the metallic ions in the crystal. It is assume P

that insulator-metal transitions result from a change in thén;gt?g:dit :;y?rzglz:?ég?{)nétspsrteesrintén(;iierlirorllel\;nsthgnlg:fl\a/llr
occupation numbers of these electronic states, which remalf} y ’ y ’

themselves basically unchanged in their character. Th at is driving the transition, or whether it is driven by other

Hamiltonian of the model can be written as the sum of four ybr|Q|zat|on or. eIect'ron-phon())ne'ffects.' Recently, the
terms, question about discontinuous transitions in the spiRKM

has been answered in the affirmative for the special case of
infinite dimensions by Chung and Freeriidere we exam-
HO:Z tijdiT(r dj,+G > fl fi(rditr, di o+ EfZ 1 f, ine the opposite limitd=1) and only the zero-temperature
ijo io properties of the model are discussed.
U In spite of the fact that the FKM is one of the simplest
SR VR % I9% S S (1)  examples of interacting fermionic system, the theoretical pic-
2 7% ture of valence and insulator-metal transitions remains still
uncertain in the framework of this model. Even in the exist-
wheref] , f;, are the creation and annihilation operators foring literature on this model, different answers can be found
an electron of spinr in the localized state at lattice site  on the fundamental question whether the FKM can describe
with binding energyE; and diTU, d;, are the creation and both the discontinuous and continuous changes of the
annihilation operators of the itinerant electrons inthieand  f- (d)-electron occupation numbek (ng) as a function of
Wannier state at site thef-level energyE; .” It should be noted that this question is
The first term of Eq(1) is the kinetic energy correspond- indeed crucial for the systems mentioned above, since,
ing to quantum-mechanical hopping of the itineradntlec-  supposing that the external pressure shifts the energy level
trons between sitesand . These intersite hopping transi- E;, the valence changes observed in some rare-earth and
tions are described by the matrix elemetjfs which are transition-metal compound$mS, SmRB, Ti,O3, and so o
—t if i andj are the nearest neighbors and zero other@ise could be understandable purely electronic. Unfortunately, it
the following all parameters are measured in units)ofThe  was found that valence and insulator-metal transitions are

H !
loo
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very sensitive to the approximation used. Various Thus for a given f-electron configuration w
approximations [mean-field, virtual crystal, coherent- ={w;,w,...w,} defined on a one-dimensional lattice with
potential (CPA), etc] yield very different and often fully periodic boundary conditions, the Hamiltonigg) is the
controversial results. This indicates that the study of valenceecond-quantized version of the single-particle Hamiltonian
and insulator-metal transitions may be successful only witth(w)=T+GW, so the investigation of the mod€&?) is re-
methods that are relatively insensitive to the type of approxiduced to the investigation of the spectrumhofor different
mation used and, of course, with exact methods. configurations off electrons. Since the electrons do not

In our previous papefs we have showed that the method interact among themselves, the numerical calculations pre-
of small-cluster exact-diagonalization calculations is very efcede directly in the following step&ve consider only the
fective in describing ground-state properties of both the spineaseN;+ Ny=L, which is the point of the special interest for
less and spiry- FKM. For the spinless FKMRef. § the  valence and metal-insulator transitions caused by promotion
exact numerical calculation®ver the full set off-electron  of electrons from localized orbitals ("—f""1) to the
configurationg can be performed on relatively large clustersconduction-band states (i) Having G, E;, and w
(L~36), even without some special computational effort.={w,,w,...w.} fixed, we find all eigenvalues\, of
For such clusters the finite-size effects are practically neglih(w) =T+ GW. (ii) For a givenN;==;w; we determine the
gible and the _resglts_ can be sati_sfactc_)ry extrapolated to thground-state energE(w)zEt;le)\kJr E;N; of a particular
thermodynamics limit (—). Using this method we have ¢ gjecron configurationw by filling in the lowestNy=L
described successfully the ground-state phase diagram asy . gne-electron leveléthe spin degeneracy must be taken
well as the picture of valence and metal-insulator transitionsy,, account (i) We find thew® for which E(w) has a

in the spinless FKM. The situation for the spig-FKM is \inimum. Repeating this procedure for different values of
more complicated. The full Hilbert space of the sgiftKM N, G, andE;, one can immediately study the ground-state

is much larger than one of the spinless FKM and this fact)p-cq diagram of the model in thg-G plane as well as the
imposes severe restrictions on the size of clusters that can pendence of theelectron occupation numbet, = 3, w°
| I

studied by the exact-diagonalization method. Our recemt . o
merical computations performed for the sgircKM with U on thef-level positionE; (valence transitions
andG finite showed that clusters with> 24 are beyond the
reach of present day computers. Fortunately, the size of the
Hilbert space can be reduced considerably in some special,
but physically still interesting, limits, e.glJ—o. In the In this section we study the ground-state phase diagram of
limit U—c states with twof electrons at the same site are the sping FKM in the ns-G plane forE¢=0. This phase
projected out, thereby much larger clustets{(36) become diagram is the spin analogy of the canonical phase diagram
accessible for the numerical investigation in this reducedound by Gruberet all? for the spinless FKM and it plays
subspace. For this reason all calculations presented in thiee important role in theoretical studies of the model, for
paper have been done dt=«. The main goal for perform- both E{=0 and E#0. Indeed, the spectrum df(w)=T
ing these calculations was to construct the comprehensive GW does not depend of; and thus all nonzer&; prop-
phase diagram of the spin+KM. The second goal of our erties of the model can be directly calculated from the zero
numerical study was to find and describe all possible types of; phase diagram. For example, knowing theG phase
valence and metal-insulator transitions in this model. Wediagram(i.e., the ground-state configurations for e&thand
show that both the ground-state phase diagram as well as ti) for E;=0, one can easily compute tlkg dependence of
picture of valence and metal-insulator transitions obtained; (at fixed G), since onlyL configurations(instead of the
for U= strongly differ from ones obtained in our previous full set of 2- configurationy must be examined numerically
pape? for a restricted set of-electron configurations arld  at eachE; point, thereby the numerical calculations are con-
finite. In particular, the exhaustive numerical studies of thesiderably simplified.
model (at U=) performed on finite clusters up to 36 sites  To reveal the basic structure of the phase diagram in the
revealed some unexpected features like the phase separatiRp-G plane E;=0) we have performed an exhaustive study
for all nonzeroG and discontinuous metal-insulator transi- of the model on finitdeven clusters up to 36 sites. For fixed
tions for G small, to mention only a few. In the present paperL the numerical calculations have been done along the lines
we discuss these features in detail. discussed above with a steYN;=2 and AG=0.05. The
Since thef-electron density operatofégfi,, of each site results of numerical computations are summarized in Fig. 1.
commute with the Hamiltoniaft), thef-electron occupation These results show that the phase diagram of the Spin-
number is a good quantum number, taking only two valuesFKM consists of three main domains: the most homogeneous
w;=0,1 according to whether the sités unoccupied or oc- domain(MHD) (in Fig. 1 denoted as) and two-phase sepa-
cupied by the localized electron (configurations withw; ration domain? SD, (denoted a®, X, and+) andPSD,
=2 are projected out due td==). Therefore the Hamil- (denoted as\). In the MHD the ground states are configu-
tonian (1) can be replaced by rations in which the atomic an-molecule clusters of elec-
trons are distributed in such a manner that the distances be-
tween two consecutive clusters are eithéror d+2.
H=2> hydl,dj,+E> w, (2)  Furthermore, the distribution of the distances cbfand d
o ! +2 has to be most homogeneous. Two basic types of the
ground-state configurations that fill up practically the whole
whereh; j=t;; + Gw;§;; . MHD are displayed in Table I. In th&®SD, the ground

Il. PHASE SEPARATION
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FIG. 1. Ground-state phase diagram of the spiffKM ob- ] e <7 5 i
tained over the full set of-electron configurations. For 1#4n; 00 E t s
< 3/4 numerical calculations have been done on the lattice ith S g o 3T 4
=28 while for n;<1/4 andn;=3/4 they have been done on the G

lattice withL=36. Four different regions of stability corresponding
to mixturesw, & We, Wp& We, W& W, andwy& w; are denoted as
O, X, +,andA.

FIG. 2. Ground-state phase diagram of the s})iﬁKM ob-
tained on the extrapolated set Belectron configurations fot
=100. Four different regions of stability corresponding to mixtures
W& We, W& We, W.&W,, andwy& w; are denoted as, b, c,
andd. The dashed line through the exact numerical points is a guide
to the eye.

states are configurations in which &lelectrons are distrib-
uted only in one part of the latticev) while another(con-
necting part of the lattice () is free off electrons(phase
separatiop In accordance with Grubest al!® we call such  however, strongly different. While the phase separation in
configurations mixtures and denote them w&w,. Of  the spinless FKM takes place only for weak interactions
course, for finite systems this abbreviation has only forma(G<1.2), the spins FKM exhibits the phase separation for
meaning, since all ground-state quantitiesy., the ground- all Coulomb interactions. Even with increasi®the phase
state energyare calculated directly from the spectrum of separation shifts to highdrelectron concentrations. Particu-
h(w& wg) and not from the weighted densities of states cordarly, in the region 2.5:G<2.7 where the ground states are
responding tav andw, as for thermodynamic systems. We the mixtures of then-molecule configurationsv,, with the
have found three basic types of configuratiomswhich  empty configuration the phase separation takes place for all
form these mixturesy(i) the aperiodic atomic configura- N;<L/2, and in the regioiG>2.7 where the ground states
tions Waz{lq(llok2 ...1Q.1 .. Okzlokll} (with k;>0),  are the segregated configuratiomg=w.& w, even for all

(i) the aperiodic n;-molecule configurations wy, N;<L. At large f-electron concentrations; but in the op-
={1,.0,.1, 0 ...1,0.1, ...0.1, 01, } (with 1<n; posite limit (G<0.4) there exists another small domain of

1™ 2 "2 i i i 2 2 "M 1 . .

<N¢/2 andk;>0), and (i) the N;-molecule (segregated € Phase separatiddSD, (denoted ash). The numerical
configurationsw,={11 ... L. Three different regions of results on f|n.|te lattices up to 36 sites revealed °”|Y_ one type
stability corresponding to mixtures/,& w,, W& W,, and _of cqnﬂguratlpn that can be the groqnd—state conflgurgtlo_ns
w,& w, are denoted in Fig. 1 a8, X, and+. It is seen that in this domain, and namely, the mixtures of the periodic

the mixtures of the atomic configuration, and the empty n-molecule configurationg/y with the fully occupied lattice
configuration are stable only at lofaelectron concentrations W_fz{l_l T ]}h(the Ie_ngth Of. a ccl)nnected cluster of occu-
and the Coulomb interactions<2.2. A direct comparison pleThsnes in tdese m|_xtures Is at e_astlﬂ). dies has b h
of results obtained for the spi-and spinless FKMRef. 10 e second step In our numerical studies has been the
shows that this region corresponds roughly to a region Ofaxtrapolatmn of small-cluster exact diagonalization results
phase separation in the spinless FKM. Outside these regio large lattices. In Fig. 2 we present the ground-state phase

the phase diagrams of the sginand spinless FKM are, diagram of the spir FKM obtained forL =100 on the ex-
trapolated set of configurations that includes practically all

TABLE I. Two basic types of the most homogeneous configu-F.)O_S’Sibk:"_types of the ground-stat.e configurations fou.nd on
rations that fill up practically the whole MHD fdr = 24. fl_nlte lattices up to 36 sites. In pa_rtlcula_r, we have considered
(i) the most homogeneous configurationg of the typea
andb (see Table), (ii) all mixturesw,& w, with k; smaller

than 6,(iii ) all mixturesw,& w, with n; andk; smaller than
4 100001000000100001000000 110000000000110000000009, (|\/) all mixtureswd& Wi with periods smaller than 12, and

6  100100001001000010010000 110000001100000011000000y) all segregated configurations. One can see that all funda-
8 100100100100100100100100 11000011000011000011000fhental features of the phase diagram found on small lattices
10 110010011001001001100100 1100110000110011001100080ld on much larger lattices, too. Of course, the phase
12 110011001100110011001100 1100110011001100110011000undaries of different regions corresponding to mixtures
14 111001110011100111001100 W& W (a), wp& W, (b), w.&w, (c), andwy& w; (d) are
16 111100111100111100111100 now more obvious. Since the mixtures,& we, W& we,

a b
N¢ Wh W,

18
20

111111001111110011111100
111111111100111111111100

W& W, andwy& w; are metalli¢® one can expect that the
phase boundary between the MHD and PSD is also the
boundary of the correlation-induced metal-insulator transi-
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most homogeneous configurations of the tgmndb (see Table)l
FIG. 4. Dependence of theelectron occupation numbe; on
tion. To confirm this conjecture it is necessary to show thagne f-level positionE; for G=5 and three different values df.
the most homogeneous configurations from the MHD ar@nset: The behavior ofi; andA close to the insulator-metal transi-
insulating or, in other words, that there is a finite energy gapion point.
A at the Fermi energy in the spectra of these
configurations: The numerical results for the most homoge- numerical calculations are shown in Fig. 4. It is seen that in
neous configurations of typesandb that fill up practically  the strong-coupling limit the spih-FKM exhibits a discon-
the whole MHD are displayed in Fig. 3. The insulating char-tinuous valence transition from an integer-valence ground
acter of these configurations is clearly demonstrated by thetaten;=1 into another integer-valence ground state=0
finite A that exists for all nonzeré-electron concentrations atE;{=E;~1.273. The inset in Fig. 4 shows that the discon-
n; and Coulomb interaction&. Thus we can conclude that tinuous valence transition is accompanied by a discontinuous
the spin FKM undergoegon the phase boundary between insulator-metal transition since the energy gapvanishes
the MHD and PSI the correlation-induced metal-insulator discontinuously aE;=E_.. Thus we can conclude that the
transition that is accompanied by a discontinuous change afpin$ FKM in the pressure-induced case can describe the
the energy gap@\. This result is similar to what was found discontinuous insulator-metal transitions from an integer-
for the spinless FKM by numeric&land analytical calcula- valence stater(;=1) into another integer-valence state (
tions in the strong? and weak-coupling limit? =0). It should be noted that the same picture of valence and
metal-insulator transitions in the strong coupling limit was
found by Chung and Freerick$or the infinite-dimensional
case. The only difference between these two pictures is that
The existence of a large metallic domain in the strong-the discontinuous transitions from the noninteracting insulat-
coupling region is the main difference between the phaséng phase to the noninteracting metallic phase take place at
diagram of the spirk- and spinless FKM. In the spinless different values of; (E;=4/ in our casg
FKM (Ref. 10 the existence of the metallic phase was re- The situation forG=2.5 is slightly complicated. Al-
stricted only on a small regio&<1.2 andn{<1/4 (n;  though we know that the ground states for 245<2.75
>3/4), while the remaining part of the phase diagram wagandn;<1/2) are configurations of a type,& w,, the num-
insulating. The phase diagram of the spif=KM has a more  ber of configurations belonging to this class is still too large
complicated structure. In addition to the insulating phase corfor numerical calculations on large lattices and thus it should
responding to the homogeneous configuratismsthere are  be further reduced. For this reason we have performed nu-
four metallic phases corresponding to four different classeserical calculations for all finit€even clusters up to 48
of the ground-state configurationsv,&w,, wp,&w,,  sites at selected valuB=2.5. We have found that for any
W& W,, andwy& w; . Of course, this fact has to also lead to Ny>0 only one type of configuration and namely mixtures
a different picture of valence and metal-insulator transitiong110011@ . . .1103& w, are the ground states &=2.5.
induced by pressuréncreasingg;). Let us now discuss, in This allows us to avoid technical difficulties associated with
more detail, possible types of these transitions. In order t@ large number of configurations and consequently to study
examine possible types of valence and insulator-metal tranery large systemsL(~1200). The valence transition ob-
sitions induced by pressure we have chosen three differeti@ined for this set of configurationgnd wy, configurations
values of G (G=1, 2.5, 5) that represent three typical re- for n;>1/2) is shown in Fig. 5. It is seen that the valence
gimes of the spiry phase diagram. FoB=5 the valence transition forG=2.5 is very steep. A more detail analysis
transition can be constructed immediately. Indeed the grounghowed, however, that the transition fram=1 ton;=0 is
states in this region are only the segregated configurationsot a discontinuous integer-valence transition but it consists
and thus they can be used directly in numerical calculationsf several discontinuous intermediate-valence transitions.
instead of the full set of-electron configurations. This al- Particularly, there are several discontinuous insulator-
lows us to perform numerical calculations on large systeménsulator transitions fronrm;=1 to n;=1/2 and a discontinu-
and practically fully exclude finite-size effects. Results of ous insulator-metal transition from=1/2 ton;=0. To ex-

Ill. VALENCE AND METAL-INSULATOR TRANSITIONS
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1.2 1 1.2 1

FIG. 5. Dependence of theelectron occupation number; on FIG. 6. Dependence of tHeelectron occupation number; on
the f-level positionE; for G=2.5 and three different values &f the f-level positionE; for G=1 and three different values daf.
Inset: The behavior afi; andA close to the insulator-metal transi- Inset: The behavior ofi; andA close to the insulator-metal transi-
tion point. tion point.

clude the possibility that this structure is a consequence df changes continuously and vanishe€=at- Eo~—0.8.

the finite size of clusters used in numerical calculations wei It Sho‘éld be lnptedl that the vygak—couplmg ;()j|qturﬁ_of va-
have performed calculations on several large clustérs ( ence and metal-insulator transitions presented in this paper

=400,800,1200) but no significant finite-size effects on theStrongly Qiffers from the one found in our p_reyious witlar
valence transition were observed. the restricted set of configurations consisting of only the

The most complicated situation is for small and interme-MOSt hpmogeneous conﬂggratlomg. For suph a set of con-
diate values ofG. For example, at the selected value figurations the system exhibits the metal-insulator transition

of G=1 the ground states are the insulating configur-_onl.y atEs=Eg ar_1d this t@nsition is cont!nuous. _This_fact
ations w;, (for n;>0.16) and the metallic configurations indicated the serious deficiency 9f the SRIrFKM since in
W,& W, (for n;<0.16). However, for a construction of the SOMe rare-earth compounfis.g., in Smig (Ref. 1] just a

valence transition on large lattices this knowledge is toodiscontinuous insulator-metal tra_msition is obs_erved. Fortu-
general and thus fom;<n, it is again necessary to nately, a more accurate a.nalys.|S. performed in the present
perform an additional study of the model in order to deter-P2Per has not conflr_med this deficiency of the model. On the
mine the explicit type of ground-state configurations atcontrary, our numerl_ca_l results showed ;hat th_e SpPIKM
selected value ofG. The exhaustive numerical studies 'S capable of.(_jescnblng not_only i ”?9“""
that we have performed fom;<n, on finite lattices insulator transition but aII_baS|c types of valence.t.ran3|t|ons
up to 60 sites showed that only configurations ofobserved exper_lm_ent_ally in rare-earth_and tranS|t|or_ls-metaI
the type  w,;={101Q, 1010, . ..0, 1010, 100&w compounds. Thl_s indicates tha_t the spifFKM cpuld yield
1 n e

) X 1 2 2 1 the correct physics for describing these materials. However,
or configurations of the ype  Wa 5 make definite conclusions one should examine the model
={10,,1010,,101Q,, . . . 0,,101Q,,101Q, 1}&w, can be the iy higher dimensions, since most experimental systems are
ground states a=1. This fact allows us to use the set of two and three dimensional. Moreover, in this paper we dis-
configurationsw; and w, instead of the much larger set cussed only the zero-temperature properties of the model and
w,& W, and consequently to construct the valence transitiont still remains an open question whether this model is ca-
on large latticesI(~1200). The results of numerical calcu- pable of describing the nonzero-temperature behavior of
lations obtained for th&; dependence of theelectron oc-  rare-earth and transition-metal compounds. Recent results of
cupation numben; and the energy gap are displayed in  Chung and FreericRobtained in the limit of infinite dimen-
Fig. 6. Unlike the valence transitions obtained @&+5 and  sions show that the answer to this question could be positive
G=2.5 the valence transitions in the weak-coupling limit areat least for some anomalous behaviors that exhibit these
much wider and consist of several consecutive discontinuousompounds, e.g., the temperature dependence of the
and continuous valence transitions. The valence transitiond-electron occupation numbéconductivity).
for Ef<E.~—1.05 are insulator-insulator transitions since In summary, the extrapolation of small-cluster exact-
they realize between insulating ground states correspondingjiagonalization calculations has been used to examine the
to the most homogeneous configurations. At E;=E.the  ground-state phase diagram of the spifsKM in the one
spin$ FKM undergoes a pressure-induced discontinuous vadimension. A number of remarkable results have been found.
lence transition from an intermediate valence state with(i) The phase separation in the sgif=KM takes place for a
n{~0.19 into another intermediate-valence state with  wide range off-electron concentrations; and d-f interac-
~0.14 that is accompanied by a discontinuous insulatortions G, including G large. (i) In the strong-coupling limit
metal transition. Abové& . the f-electron occupation number (G>4) the model exhibits a pressure-induced discontinuous
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insulator-metal transition from an integer-valence state ( from n;=1/2 ton;=0. (iv) In the weak-coupling limit G

=1) into another integer-valence statg€0). (i) For in-  <2) the model undergoes a few consecutive discontinuous
termediate values o& (G~2.5) the FKM undergoes a few and continuous intermediate-valence transitions as well as a
discontinuous intermediate-valence transitions. There ar@iscontinuous metal-insulator transition.

several discontinuous insulator-insulator transitions from This work was supported by the Slovak Grant Agency
=1 ton;=1/2 and a discontinuous insulator-metal transitionVEGA under Grant No. 2/4177/97.
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