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Coulomb staircase and total spin in quantum dots
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The dependence of the Coulomb staircase on the total spin of a quantum dot is calculated at a current step
corresponding to a transition between the ground states of two successive electron numbers. The ratio of the
step heights for the positive and negative bias is simply the ratio of the spin degeneracies of the ground states,
when tunneling rates across the two barriers are strongly asymmetric. This can be used for determining
experimentally the total spin and therefore identifying the spin blockade. The in-plane magnetic-field depen-
dence of the Coulomb staircase is also calculated, and it is shown that the relative height of spin-split steps can
be used alternatively to determine the total spB0163-18209)11639-4

Growing interest has been attracted to transport through 8 and theN + 1-electron ground state with spiand show
quantum ddt? and has recently been extended to roles of thahat |./I_ is simply the ratio of their spin degeneracies

spin degree of freedom in this system. A transition of a spir\(z@_ 1)/(2S+1). We employ the following assumptions in
singlet to triplet staté;* a triplet state due to Hund's rufe, our calculation.(i) In the nonlinear regime with different
and the even larger spin polarizatidrhave been observed. chemical potentials in the emitter and the collector, the elec-
The Kondo effect has been observed when the localized sSpifign distribution in the dot depends op, and y., and the

in the dot interacts with conduction-electron spins in I€als. cyrrent is, in general, a complicated functiongfand .

The decoherence of the single-electron phase due to spirherefore, we assume asymmetric tunneling rates such that
flips at a dot has been studied theoreticaliAnother promi-  y,< .. Owing to this, the electron distribution in the dot is
nent example is the spin blockdde? studied theoretically ~determined by the collector chemical potentidl) We also

by many authord’~'® The spin blockade is the disappear- employ, for simplicity, an assumption that the tunneling is
ance of a peak in the Coulomb oscillations of the linear conweak so that the level broadening is much smaller than the

ductance, which occurs when the total Sp&and’é of the thermal energy. HOWeVer, it may not be essential to the final
ground states foN and N+1 electrons in the dot do not result, if correlations such as in the Kondo effect are not

: : . 2 : i tant.
satisfy the spin selection rul8=S=*1/2, which can occur impor .
due to many-body effects. In spite of considerable experi- We also calculate the magnetic-field dependence of the

mental efforts made, there has not yet been success in opurrent for the magnetic field parallel to the two-dimensional
taining decisive evidence of the spin blockade. Although it isplane. We assume thali ) the in-plane magnetic field affects

. ~ . . . only the spin degree of freedom in our two-dimensional elec-
necessary to know the total spifands to identify the spin 5 systems. It is shown that the normalized current at a step

blockade, most experimental assignments of the spin havgs \he Coulomb staircase is aniversal functior?* that de-

been made indirectly from the addition spectrum reflectingpendS only or5.S, the spin splitting, and the chemical po-

. _7 . 7
the orbital charactér’ and the spiff of each added electron tentials of two leads divided by the thermal energy. A variety

and leave a limitation in determining the total spin. This £ methods to determine the total Spi able f i
paper shows that the relative step heights of the Coulomf}' Methods 1o determine the total Spin are availab'e from this
niversal function: for example, employing the relative step

staircase can determine directly the total spin of the ground . . . .
eights of the spin-split Coulomb staircase.

state for any electron numbers. Our HamiltonianH ists oM. for the dot H. for th

The step height of the Coulomb staircase, or the saturatio dur ‘Zr_in' fonltan c|<_)n3|§ S OlFq for the dot,A, torhe
current, is in general different between the positive and th eads, anai, for tunnefings:
negative bias and reflects the degeneracy of the states rel- H=H.+H, +H

" . . —ld L ty

evant to the transition. This has been shown theoretically
first for the case with a single orbft'®and extendet to the

case withM orbits (M>1). The saturation current at the HdzE sm,cl(,cm,ﬂL Hint,

transition betweeiN andN+ 1 for the positive and negative ne

bias is |, =(—e/h)(M—=N)y(N+1)y./[(M—N)7ye+ (N

+1)y.] and |_=(—e/A)Nyos(M—=N+1)y./[Ny.+(M Ho=> E1koChsClkor s (1)
—N+1)vy.] with y, andy, the level broadening due to tun- Lk o

neling into the emitter and the collector, respectively. This is
the case even in the presence of many-body effects in states _ T
in the dot. The result becomes particularly simple when Ht_l,k,En,a (ViknCikoCno +H-C.),
<vy.togivel, /| _=(M—N)/N . ; . o

In this paper we consider the Coulomb-staircase step avherec,, (c,,) are creatiorannihilatior) operators for an
the transition between th-electron ground state with spin electron with spino- in orbit n in the dot, ancbfkl,(qk,,) are
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those for an electron in stakein lead| (I =e for the emitter In the absence of spin-orbit interactions, dependences on
andl=c for the collectoj. The spin splitting produced by «, S, andS, of matrix elements oH, are expressed using
the in-plane magnetic field is reflected in thedependence the Clebsch-Gordan coefficient since
of energy levelse,, and g, . Hiy iS the interaction term

whose explicit form is not necessary in the following general —

discussion. We only need to assume that the energy separa- (N,SS[Cno|N+1SS,)= < SSZE 2
tion between the ground-state multiplet and the first excited

state forN electrons in the dot and that foi+ 1 electrons with h,yssindependent ofr, S,, andS,. We neglectk

are larger than the thermal energy, so that the current idependence df,,,, and the energy dependence of the density
exclusively due to transitions between the ground states fasf states(per spin p, in leadl in its narrow range of interest
the two electron numbers. Each state in the ground-stat@f the order of the spin splitting and the thermal engmyyd
multiplet (spin S) is labeled by thez component of the spin introduce a constant describing the level broadening of the
many-body states:

55z> honss (9

In the weak-tunneling regime we consider, the level
broadening due to tunneling is much smaller than the thermal e ? E Vi 2 6
energy, so that electronic states and electron distribution in INSS™ €TP1| & VinTInNsg - ©)
leads are little modified by tunnelings and correlations be-
tween the leads and the dot, such as in the Kondo effect, can Finally, the current around the corresponding step is ex-
be neglected. In this regime we can calculate the current bigressed as
applying our previous theor}, which employs the
transition-rate formula for elect_ro_n tunnelings bet_vveen _the I=C,F(S,S,Ye,Yc.b) (7)
two leads by incorporating the finite level broadening of in-
termediate many-body states. This method gives the samé=(u—&0)/ksT and b=g* ugB/kgT] with a universal
result as obtained from the master equation, or the kinetifunction

equation-8:23:24 L 5
In calculating the transition rate, the initial state|i$ _ ‘ i == -
=|eks,L;N,SS) in which eko state is occupied anfl) F % SS 57/5%)| (Ons,FOn13)

representing the occupation of the other levels in the two

leads. One of intermediate stategrig=|L;N+1,55,) with X[feleo) = Tele,)] ®)
S,=S,+ /2. The final state i$f)=|ck’'o’,L;N,SS) with  (S,=S,+¢/2) and a prefactor

S, +0'/2=S,+ ¢/2. The transition rate is given by (—e)

om Ci=—FTenss 9
Pi,f=7|<i|T|f>|25(Ei—Ef) )
The addition energye, is given by e,=En.13 —Ens,
with =go+0* ugBo/2, ande, is that in the absence of the mag-
. netic field. The prefactoC, depends on tunneling matrix
(i|TIf)=(i|Hm)(m|G|m){m[H[f). (3)  elements and the ground-state wave functions Wtiand

The propagator is defined I§y= (E;— H+i7) ! with 7 the N+ 1 electrons. Because of the rule for the addition of two
=(Ei— . ~ ~ ~

positive infinitesimal.(m|G|m) is replaced by its average SP"S: W€ haves=S*1/2. Results foiS=S+1/2 and forS

with respect tdL) at the local equilibrium of the leads and — S~ 1/2 are related by

evaluated in the weak-tunneling regime using the noncross- ~

ing approximatiorf>:2° (25+1)F((S,S,Ye,Yc,b)

The current is then expressed as ~ ~
P = (2B DF(3.S,~Ve,~Ve,b). (10

_ The above formula for the current is also applicable to ma-
l=— P, ;f 1—feop g
ek;sZ k,’g"sr [Pifet (1= few ) Ons, terials with the valley degree of freedom in which single-
‘ electron states in leads are labeleddsndyv, if we redefine
—Psifekror(1— fekg)gNS;], (4)  the constant as
where f,=f (ei,) ={1+exd(ex,—m)keTl} " is the o - ?
Fermi distribution function with the chemical potentia, F'NSS_E 2mpiy ; Vivahnss (1D

and gys, is the probability of finding theN-electron state
with z component of spirs,. Since the calculation of the

current is made up to the first order ¢f, Ons, is evaluated . . . i .

. . 2 . analytical expressions. First consider the following two
in the zeroth order ofy,, that is, at equilibrium with the g5 (i) Positive bias.The current is saturated when the
collector and is given bygns,=exfd —(Ens~Nud/ksTVZy  emitter chemical potentiak, is well above the addition en-
with Z; given by ZsgnstZsdn+15,=1. Similarly  ergiese, of the N+ 1th electron and the collector chemical
(m|G|m) in Eq. (3) is evaluated in the zeroth order ¢f. potential . is well below them. In this case the electron

wheren labels all single-particle states in the dot.
The step height of the normalized currdfit has simple
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FIG. 1. Normalized currenE, through a quantum dot fo§ FIG. 2. Normalized currenE, through a quantum dot foB
=0 andS=1/2 as a function of the emitter chemical poteniial =1/2 andS=1.

and the spin splittindp= g* ugB/ksT (S andS are the spins ilN-
and N+ 1-electron ground states, respectiyel§a) Positive bias. +1/2, while it does not split foB=S—1/2. This has been
The coll_ector chemical potential, is atey— 10kgT. (b) Negative used” 2 to distinguish betweel= S+ 1/2 andS=S—1/2.
bias. u.=eg+ 10kgT. . -

The step height at; <u.<e| is shown as

number in the dot is close 8 since the electron distribution
is determined by the collector chemical potential due to the
assumed asymmetric tunneling rates<€ y.). Although the

Fi(S,SYe.Yc,0)=1, for S=S+1/2,

electron distribution among differer®, (gns) depends on =0, for S=S-1/2. (14)
b, the saturation current is independentboénd is obtained  The vanishing step height occurs in the latter case because of
as the violation of the spin selection rule for the lower addition
B 5541 energy with o=+1 (S,+0/2=S+ 1/2>S with S,=9).
Fi(S,SYe,Yc.b)= 5571 (12 For S=S+1/2, the step of the Coulomb staircase as a func-

tion of e splits into1:(2S+ 1)~ %, which can also be used
(i) Negative biasThe saturation current when, is well  to determine the total spif.When . is well aboves,,, on
belowe, andu. is well above them is similarly obtained as the other hand, the step splits into(25+1)~* for S=S
B —1/2, while it does not split fob= S+ 1/2.
Fi(S,SYe,Yc,b)=—1, (13 Examples of the normalized curreRj are plotted as a

independent ob. Experimently, we measure the ratio of the function of the emitter chemical potenti,ale for several val-
saturation current between the positive and the negative bias of the spin splitting fo6=0, S=1/2 in Fig. 1 and for
|, /l_, which is to be equal to (3+ 1)/(2S+1). S=g S=1/2, S=1 in Fig. 2. For both cases, the results are given
+1/2forl, /1 _>1, whileS=S—1/2 forl, /I _<1. In both for the_z positive bias W|thuc_ flxegl WeI_I below the addition
Sands d ined energies and for the negative bias wijth well above them.
casessands are etermined. . At large spin splittings, there appears one or two steps de-
An additional current step appears as a functionugf

. o pending on the bias polarity as described above. The step
when the spin splitting is large enoughX1 andS,=S),  \yigth here is determined by the thermal eneigyT. The

depending ornu, and S=S*1/2. Whenp, is well below  result demonstrates that the total spin can be determined
e,, the Coulomb staircase splits into two steps &S  from the universal dependenég, when it is observed, us-
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ing the above formulas. The ratio of the spin-split step The in-plane magnetic field producing the spin splitting
heights can be determined even from data of low magnetiwith little change in orbits is a useful tool in studying many-
fields, since curves for different magnetic fields cross nearlpody effects in transport through a quantum dot and has
at the same point. already been employed in several experiméhfdnfluences

In conclusion, we have shown that the relative stepof the spin splitting on tunnelings have been theoretically
heights of the Coulomb staircase provides a simple methogtudied for a single orbi and for more than one ortit,and
to determine the total spin of the many-body ground state ishown to be useful in clarifying the Coulomb correlation
a quantum dot. The first example is to use the difference imetween tunnelings of electrons with opposite sﬁﬁ@ythe
height for different bias polarities and the second is to uselephasing due to spin ﬂiﬁgyand the spin blockade as de-
the spin-split steps due to the in-plane magnetic field. Thecribed in this paper.
knowlegde of the total spin is essential to confirm the spin
blockade experimentally. To identify the spin blockade at the
transition betweerN, and Ny+1 electrons in the dot, we The author would like to thank N. Tokuda and Y. Asano
need to know the spins of the corresponding ground state$or valuable discussions. This work was supported in part by
We can determine the spin of th)-electron ground state a Grant-in-Aid for Scientific Research on Priority Area
from the current step due to the transition betwd&g-1 “Single Electron Devices and Their High Density Integra-
andNg and that of theNy+ 1-electron ground state from the tion” from the Ministry of Education, Science, Sports and
step betweemMy+1 andNgy+ 2. Culture, Japan.
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