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Correlation-renormalized electron-phonon interaction in the two-dimensional Hubbard model
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~Received 26 April 1999; revised manuscript received 18 June 1999!

We have addressed the problem of the influence of Coulomb correlations on the electron-phonon interaction
in the two-dimensional Hubbard model. Both the energy and momentum dependence of the renormalization
factor have been taken into account. We find that the superconducting properties of the system depend strongly
on the phononic momentum and energy transfer values. This dependence is related to the symmetry of the
superconducting order parameter. On one hand, the renormalization of the electron-phonon coupling function
acts to the detriment of superconductivity in thes-wave channel. On the other hand, an enhancement of pairing
correlations for anisotropic extendeds-wave andd-wave superconductivity is observed.
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I. INTRODUCTION

The proximity of the superconducting and antiferroma
netic phase in high-temperature superconductors sugg
that Coulomb correlations may be responsible for the su
conducting state at low doping. There is increasing exp
mental evidence fordx22y2 symmetry of the superconductin
order parameter~see Ref. 1 for recent results! with antifer-
romagnetic spin fluctuations2 as a possible phonon-free pai
ing mechanism. However, one can also invoke phon
mediated pairing because of modification of phono
properties below the superconducting transition tempera
Tc ~Refs. 3 and 4! due to strong electron-phonon coupling5

In order to discuss superconductivity originating from stro
electron-phonon interaction, one has to go beyond me
field theory by using an Eliashberg-type of approach.6 The
problem that arises is how to develop the strong-coup
theory in systems with Coulomb correlations that are resp
sible for narrow quasiparticle bands, lifetime effects of on
particle states close to the Fermi energy, and opening of
insulating gap close to half-filling. Usually one conside
phonon-mediated superconductivity, whereby Coulomb c
relations are taken into account by using auxiliary bos
fields7 in the U→` limit of the two-dimensional~2D! Hub-
bard model.8–14 The case ofd-wave pairing has been consid
ered in Refs. 10–14. In Ref. 14 an extension of the Elia
berg formalism has been presented and vertex correct
have been taken into account. In particular, the inclusion
vertex corrections to the electron-phonon interaction gi
rise to a pronounced reduction of the exponent of the isot
shift a at optimal doping. As there are experimental indic
tions that in the copper oxidesa is inversely correlated with
Tc ,15 this result supports the view that small values ofa do
not eliminate the electron-phonon mechanism because
tiphonon processes contained in corrections to the b
electron-phonon vertex are important. The scheme of au
iary boson fields does not allow us to reproduce the form
tion of the insulating gap in the density of states at ha
filling. One can mimic this effect when renormalizing norm
PRB 600163-1829/99/60~14!/10442~5!/$15.00
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Green functions in the Eliashberg equations with propaga
evaluated within the Hubbard I approximation.16

The relative significance of correlation-mediated a
phonon-mediated contributions to the formation of the sup
conducting state within the framework of the Hubbard mo
is still an open problem. One has to consider the electr
electron and electron-phonon channel on an equal foot
We have generalized the Eliashberg equations for the C
lomb channel and shown the dominating role ofd-wave su-
perconductivity within the second-order self-consistent p
turbation theory.17 This approach allows for a discussion
pairing and depairing properties of the local repulsive int
action and leads to rather small values ofTc . A combination
of electron-electron and electron-phonon contributions to
pairing kernels allows us to investigate their impact
d-wave superconductivity, in particular for the case of op
mal doping.18 There is an indirect and rather weak couplin
between the electron-electron and electron-phonon cha
brought about by the chemical potential and the wa
function renormalization factorZ. The self-consistent calcu
lation shows that the difference betweenZ(U) and Z(U
50) is more pronounced in the underdoped region, clos
half-filling, when spin fluctuations, which are to some exte
contained in the Coulomb contribution, lead to a more eff
tive modification of the normal state properties. Genera
the change ofTc , when including the Coulomb channel i
the Eliashberg equations, is of minor importance.18 This may
originate from the fact that within this approach there is
renormalization of the electron-phonon coupling due to
presence of Coulomb correlations.

The problem that we address in this paper is to cons
the influence of correlations on the electron-phonon inter
tion in the 2D Hubbard model. On one hand, this proble
has been considered in theU→` limit within the 1/N
expansion.19 It has been found that the electron-phonon
teraction responsible for transport is pronouncedly s
pressed, whereas the superconducting pairing is affected
in a minor way.19 On the other hand, the application of th
generalized random-phase approximation shows that, w
10 442 ©1999 The American Physical Society
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PRB 60 10 443CORRELATION-RENORMALIZED ELECTRON-PHONON . . .
accounting for a finite band-width, the electron-phonon c
pling function decreases almost linearly with the increase
Coulomb correlations up to values ofU for which the per-
turbation theory is not applicable any more.20 This indicates
that the dominating contributions to the mixed electro
phonon channel are of the order ofg2U. Therefore, we re-
strict ourselves only to the lowest-order contribution
(;g2U). In our treatment the phononic momentum, the e
ergy transfer, and the two-dimensional density of states
explicitly taken into account. The modification of th
electron-phonon coupling functions, which enter Eliashb
equations, is also discussed.

II. RENORMALIZATION OF THE ELECTRON-PHONON
INTERACTION ANALYTICAL RESULTS

We consider the 2D Hubbard model coupled to phono

H5H01HE-PH1HU , ~1!

where

H05(
k,s

«̄kcks
† cks1(

q
vqbq

†bq , ~2!

HE-PH5 (
k,q,s

g~q!ck1qs
† cks~b2q

† 1bq!, ~3!

HU5
U

N (
k,q,p

ck↑
† ck2q↑cp↓

† cp1q↓ . ~4!

Here, «̄k5«k2m, where «k52tg(k) with g(k)
52(coskxa1coskya); t is the nearest-neighbor hopping int
gral; m stands for the chemical potential;HE-PH represents
the ionic part of the electron-phonon interaction;HU is the
on-site Coulomb repulsion written in the Bloch represen
tion.

We consider̂ ^cksucks
† &&[Gk( ivn), wherevn is the fer-

mionic Matsubara frequency vn5p/b(2n11), b
5(kBT)21. Making use of the equations of motion21 one
obtains after some algebra,

Gk~ ivn!5G0k~ ivn!1G0k~ ivn!FU^n2s&

1 (
Ak ,Bk

^^AkuBk
†&&GG0k~ ivn!, ~5!

whereAk andBk stand for the two operators

Xk5(
q

g~q!ck2qsFq , ~6!

Yk5
U

N (
p,q

ck2qscp2s
† cp1q2s . ~7!

^ns& is the average number of electrons per site and s
direction;Fq5bq1b2q

† ;

G0k~ ivn!5~ ivn2 «̄k!21 ~8!
-
f

-

-
re

g

s,

-

in

is the unperturbed Green’s function. The correlation funct
^^XkuXk

†&&;g2 corresponds to the second-order self-ene
in the electron-phonon channel and^^YkuYk

†&&;U2 repre-
sents the second-order self-energy in the Coulomb chan
Equation~5! can be generalized for the case of the mat
Green’s function containing anomalous components. T
matrix counterpart of the sum of^^XkuXk

†&&1^^YkuYk
†&& has

been considered in Ref. 18.
As mentioned in the Introduction, we restrict ourselv

only to the lowest-order contributions (;g2U) to the mixed
electron-phonon channel. In our formulation this
^^XkuYk

†&& and^^YkuXk
†&&, which are linear inU. Our aim is

to investigate these terms with respect to their moment
Matsubara frequency, and occupation number depende
Making use of Wick’s theorem,22 we decouplê ^XkuYk

†&& in
the following way:

^^XkuYk
†&& ivn

.2
1

b

U

N (
m

(
p,q,q8

g~q!^^ck2qsuck2q8s
† && ivm

3^^Fqucp1q82s
† cp2s&& ivn2 ivm

, ~9!

which is reasonable to do for the normal state. Since our
is to investigate the terms;g2U, we evaluate
^^Fqucp1q82s

† cp2s&& only with H01HE-PH . This leads to

~ ivn2 ivm2«p1q1«p!^^Fqucp1qs
† cps&&

5(
k,q8

g!~q8!~dkp1q2q8^^FquFq8
† cks

† cps&&

2dkp^^FquFq8
† cp1qs

† ck1q8s&&!. ~10!

Because of̂ ^FquFq8
† &&;dqq8 , we derive

^^Fqucp1qs
† cps&&5g* ~q!^^FquFq

†&&

3
^nps&2^np1qs&

ivn2 ivm2«p1q1«p
. ~11!

The same procedure can be applied to^^YkuXk
†&&. This leads

to a renormalization of the electron-phonon interaction

ug~q!u2^^FquFq
†&& ivn2 ivm

→ug~q!u2^^FquFq
†&& ivn2 ivm

3@11Rq~ ivn2 ivm!#,

~12!

where

Rq~ ivn2 ivm!5
2U

N (
p

^nps&2^np1qs&
ivn2 ivm2«p1q1«p

. ~13!

This decoupling scheme corresponds to

Rq~ ivn2 ivm!5
2U

bN (
l ,p

G0p~ iv l !G0p1q~ ivn2 ivm1 iv l !.

~14!

Here, the renormalization factorRq is a dimensionless quan
tity that describes an enhancement~if Rq.0) or reduction~if
Rq,0) of the effective electron-phonon coupling due to t
local Coulomb repulsion. Evaluation ofRq allows one to
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discuss the relative role of phonons with different mome
q, whereas its average value corresponds to modificatio
the electron-phonon coupling function. Figure 1 shows
diagrams that have been taken into account for the nor
state.S2 is the usual contribution of order ofg2. S3A corre-
sponds to^^XkuYk

†&& and S3B to ^^YkuXk
†&&, respectively.

One can see that the decoupling of the equations of mot
as determined by Eq.~9!, corresponds to the perturbatio
theory applied for calculation of terms;g2U. Although
these two methods give the same lowest-order contribut
to the self-energy, the equations of motion enable m
straightforward derivation of Eliashberg equations, whi
due to their self-consistency, account for higher-order con
butions. One should also note that in contradistinction to R
20 the phononic momentum, dynamical effects and the t
dimensional band structure have explicitly been taken i
account. It can be shown thatRq( ivn2 ivm) fulfills the fol-
lowing relations: ImRq( ivn2 ivm)50; Rq( ivn2 ivm)<0;
for the half-filled band,Rq50( ivn2 ivm).Rq5(p,p)( ivn
2 ivm); for nÞm we find Rq50( ivn2 ivm)50.

III. DISCUSSION OF NUMERICAL RESULTS

The momentum and frequency dependence of the re
malization factorRq has been evaluated for different valu
of the occupation number~Figs. 2–6!. The nearest-neighbo
hoping intergralt has been taken as an energy unit. It
visible that theq5(0,0) phonons are not modified whe
changing the concentration of holes. This takes place for
temperature and energy values. Figures 2–4 show this
ture for the concentration of holes close to optimal dopi

FIG. 1. Diagrammatic representation of the modification of D
on’s equation due to the renormalization of the electron-pho
interaction.S3A corresponds tô^XkuYk

†&& and S3B to ^^YkuXk
†&&,

see Eq.~5!.

FIG. 2. The momentum dependence of the renormalization
tor for the electron-phonon interactionRq .
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whereas Fig. 5 and Fig. 6 show the influence of the occu
tion number on the behavior ofRq . Note that these effects
are caused by electronic correlations. This remains in ag
ment with an assumption of Pietronero and co-workers t
phonons with small scattering momentum play the most
portant role for isotropic superconductivity23. This leads to
an increase of the critical temperature due to vertex cor
tions for the uncorrelated electron-phonon system. It is
markable that, when approaching half-filling, the (p,p)
phonons are affected most of all. However, the (p,p)
phonons come into the play only when increasing the c
centration of holes. The increase of temperature~or, equiva-
lently, the increase of Matsubara frequency! leads to a
smearing of the renormalization of the electron-phonon v
tex originating from Coulomb repulsion. Therefore, in th
presence of Coulomb correlations, the dynamical effects
come important.23

What one has to discuss is the influence of the renorm
ization of the electron-phonon coupling functions that en
the kernels of the Eliashberg equations. The presence of e
tronic correlations strongly reduces the isotropic compon
of the superconducting order parameter, and one is left w
the anisotropic part being of predominantlyd-wave charac-
ter. One has to introduce two electron-phonon coupling fu
tions l and lg .13,12,16,18l leads to a modification of the
normal state properties~wave-function renormalization fac
tor and energy shift! and is responsible for the isotropi
s-wave part of the superconducting order parameter.lg en-

-
n

c-

FIG. 3. The same as in Fig. 2 but for a different value of t
Matsubara frequency.

FIG. 4. The same as in Fig. 2 but for a different value of t
Matsubara frequency.
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PRB 60 10 445CORRELATION-RENORMALIZED ELECTRON-PHONON . . .
ters the kernels that account for anisotropic superconduc
ity. lg differs from l by the presence of the form facto
g(q), which is related to nearest-neighbor pairing in the
lattice. In the presence of Coulomb correlationsl will be
renormalized byDl;^Rq&BZ , whereas the renormalizatio
of lg will be brought about byDlg;^Rqg(q)&BZ . Note that
the averaging is carried out with respect to the phono
momentum. Therefore, it can be carried out over the B
louin zone instead of over a small slice around the Fe
surface. The strong momentum dependence ofg(q) leads to
a pronounced difference with respect to the relative sign
cance of phonons with different momentum transferq for
isotropic and anisotropic superconductivity. In particul
even the negative values ofRq can lead to an enhancement
pairing correlations in the anisotropic channel. Figure
shows the numerical results.

On one hand, by inspecting the curve that correspond
the averaging ofRq over the Brillouin zone, one can note th
reduction of the isotropic electron-phonon coupling functi
l. On the other hand, the positive contribution to the ani
tropic pairing kernel (;lg) occurs due to the presence
Coulomb repulsion. Our results show the important role
(p,p) phonons for the stabilization of the anisotropic sup
conducting state. One can see that in the underdoped re
these types of phonons are more important for anisotro
superconductivity, whereas for the overdoped case they
of minor importance. For isotropic superconductivity o

FIG. 5. The same as in Fig. 3 but for a different occupat
number.

FIG. 6. The same as in Fig. 3 but for a different occupat
number.
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meets an opposite situation. The enhancement of the an
tropic electron-phonon coupling function is more pr
nounced in the underdoped region. Here, one may expec
antiferromagnetic fluctuations that contribute to the off-s
pairing. In the case of isotropic superconductivity the loc
Coulomb repulsion always acts to the detriment of the
site pairing. This shows up in the opposite behavior of a
isotropic and isotropic coupling function with the variatio
of the occupation number.

IV. CONCLUDING REMARKS

We have considered the problem of renormalization of
electron-phonon interaction originating from the Coulom
interaction within the 2D Hubbard model. The energy- a
momentum-dependent renormalization factor has b
evaluated for different concentrations of holes. We ha
made use of the method of equations of motion for the th
modynamical Green’s functions. It has been shown that
results of standard perturbation theory can be reprodu
when making use of a reasonable decoupling scheme.
have found a strong momentum and occupation number
pendence of the renormalization function. On one hand,
q5(0,0) phonons are hardly affected by Coulomb corre
tions. On the other hand, at least close to the half-filling, o
can observe strong renormalization of (p,p) phonons. This
results in a reduction of the electron-phonon coupling fu
tion for isotropic superconductivity and leads to a possi
enhancement of the pairing interaction in the anisotro
channel. However, in the overdoped region one may exp
that (p,p) phonons can significantly contribute to the sta
lization of s-wave superconductivity. Therefore, the actu
significance of phonons with different momenta is strong
related to the symmetry of the superconducting order par
eter. The dynamical features have also been taken into
count. In particular, one can note that the increase of

FIG. 7. The occupation number dependence of the Brillo
zone averaged electron-phonon interaction renormalization fa
for U5t. The upper curves represent the contribution to the a
tropic electron-phonon coupling functionDlg;^Rqg(q)&BZ,
whereas the lower ones show the reduction of the isotropic coup
function Dl;^Rq&BZ.
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energy transfer leads to a smearing of the negative renor
ization in thes-wave channel.

We are aware of the fact that the opening of the insult
gap has not been taken into account when considering
renormalization of the electron-phonon interaction. T
problem is under current investigation.
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