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Anisotropic superexchange for nearest and next-nearest coppers in chain, ladder,
and lamellar cuprates

Sabine Tornow, O. Entin-Wohlman, and Amnon Aharony
School of Physics and Astronomy, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Tel Aviv 6997

~Received 19 February 1999!

We present a detailed calculation of the magnetic couplings between nearest-neighbor and next-nearest-
neighbor coppers in the edge-sharing geometry, ubiquitous in many cuprates. In this geometry, the interaction
between nearest-neighbor coppers is mediated via two oxygens, and the Cu-O-Cu angle is close to 90°. The
derivation is based on a perturbation expansion of a general Hubbard Hamiltonian, and produces numerical
estimates for the various magnetic energies. In particular we find the dependence of the anisotropy energies on
the angular deviation away from the 90° geometry of the Cu-O-Cu bonds. Our results are required for the
correct analysis of the magnetic structure of various chain, ladder, and lamellar cuprates.
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I. INTRODUCTION

The magnetic interactions in the copper oxides are
lieved to be governed by kinetic superexchange through
intervening oxygens. In tetragonal symmetry, one may v
the CuO planes as consisting of clusters of four oxyge
forming a square whose center is occupied by a copper
These squares can be lined up along their edges, and the
nearest neighbor~NN! Cu-O-Cu bond makes an almost 90
angle. Another ubiquitous configuration is formed when
squares are connected along their corners, in which cas
nearest-neighbor Cu-O-Cu bond is linear, having an angl
180°. Typical examples for edge-sharing compounds
La6Ca8Cu24O41 ~Ref. 1! ~where the angle is 91°) an
CuGeO3 ~where the angle is'98°).2 Corner-sharing con-
figurations characterize the copper oxide planes in the pa
compounds of the high-Tc cuprates, and the chains i
Sr2CuO3 ~Ref. 3! and SrCuO2.4 Some compounds includ
both types of bonds, for example Sr2Cu3O4Cl2.5 The various
Cu-Cu bond geometries in this material are the same as t
for the nearest neighbors and next-nearest neighbors~NNN!
in the chains in Sr14Cu24O41 ~Ref. 6! and the interladder
bonds in Srn21Cun11O2n .7

The magnitude and the sign of the magnetic interacti
in the two types of bonds are expected to be quite differe
According to the so-called Goodenough-Kanamori-Ander
~GKA! rules,8 the leadingisotropic superexchange of a 180
bond between two magnetic ions with partially filledd shells
is strongly antiferromagnetic, while the leading order of
90° superexchange is ferromagnetic, and much weake
the Cu-O case, the reason for this is that for the corn
sharing geometry, the 2ps orbital hybridizes with the two
neighboring Cu ions, yielding a significant contribution
the kinetic superexchange~which is antiferromagnetic!. In
contrast, in the edge-sharing configuration the 2ps orbital on
the oxygen, which hybridizes with a 3d orbital on one cop-
per, is almost orthogonal to that 3d orbital on the nearest
neighbor Cu ion, thus blocking the antiferromagnetic sup
exchange via a single oxygen. The leading magn
coupling in this case is given by the next order perturbat
PRB 600163-1829/99/60~14!/10206~10!/$15.00
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terms, and is therefore weaker and of the opposite sign.
Higher-order perturbation terms also determine the m

neticanisotropies, in both types of bonds. These anisotropi
are responsible for various observable quantities, such as
gaps in the spin wave spectrum, the spin orientations
space, etc., and hence are of much interest. The mag
couplings of the linear Cu-O-Cu bond were investigated
great detail~see Refs. 9 and 10, and references there!,
yielding the in-plane and the out-of-plane gaps of the fam
of compounds with structures similar to that of La2CuO4, as
well as the antisymmetric Dzyaloshinskii-Moriya interactio
in the orthorhombic phase. In particular, the role of the o
site Coulomb exchange and the spin-orbit interaction in p
ducing the various anisotropies was clarified in tetrago
and orthorhombic symmetries.

In the almost-90° bond~see Fig. 1! the leading order mag
netic exchange is small. Therefore, higher-order perturba
processes, as well as details of the structure such as the
ence of side groups11,12 have a significant contribution. Fo
the same reason, next-nearest-neighbor Cu-Cu coupling
expected to be much more important than in the case of
linear Cu-Cu bond configuration.

Previous discussions of this geometry include an anal
of the dependence of the leading nearest-neighborisotropic
coupling on the small angular deviation away fro
90°, d,11–15 which has been found to be dominated by t
on-site Coulomb exchange interaction on the oxygens,13 and
the nonlocal exchange between the coppers and
oxygens.11,12 The magneticanisotropieshave been calcu-

FIG. 1. Edge-sharing Cu-O configuration. The angle of the C
O-Cu bond isp/222d. Open circles denote oxygens and bla
circles are the Cu’s.
10 206 ©1999 The American Physical Society



by
s

io
ac
or
O
u
ch
en
e

e
in
w
p

th
ge

o
t

i
ee
ed
W

an
es
co
p
,

lin

si
in

t
ar
he
in

pi
a

de-
e-
the
ag-

V.
. 2
xt-

w-
gen

pa-

be-

0.02

s of

e

PRB 60 10 207ANISOTROPIC SUPEREXCHANGE FOR NEAREST AND . . .
lated only for the nearest-neighbor, strictly 90°-bond,
Yushankhai and Hayn.16 We compare below their result
with ours.

The aim of this paper is to present a detailed calculat
of both the isotropic and the anisotropic magnetic inter
tions in the nearly 90° configuration shown in Fig. 1, f
nearest-neighbor and next-nearest-neighbor copper ions.
calculation is based on the perturbation expansion of a H
bard model around the half-filled ground state, in whi
there is a single 3d hole on each copper ion, and the oxyg
2p states are completely full. Since the spin of the Cu hol
arbitrary, this ground state is 2N-fold degenerate, whereN is
the number of copper ions. The superexchange magn
Hamiltonian is obtained as the effective interaction with
this degenerate manifold. The microscopic Hamiltonian
consider includes hopping between all orbitals on the cop
d states and on the oxygenp states, and between thep states
on neighboring oxygens. The Hamiltonian also contains
spin-orbit interactions on the copper. Those on the oxy
are much weaker and are therefore neglected. We also
clude all local Coulomb interactions on the copper and
the oxygen, and the nonlocal Coulomb exchange between
copper and the oxygen.

General expressions for the effective magnetic Ham
tonian, based on this micorscopic Hamiltonian have b
derived before.9,10 In order to keep the paper self-contain
we reproduce in Sec. II the main steps of the derivation.
find in Sec. II that the magnetic Hamiltonian has the form

H5(̂
i j &

(
m

~JNN
m Si

mSj
m1JNNN

m Si
mSj

m!, ~1!

in which m denotes the Cartesian component of the spin
JNN and JNNN are the magnetic couplings between near
neighbors and next-nearest neighbors, respectively. It is
venient to define the coordinate system for the spin com
nents such that thex andy directions are in the Cu-O plane
along the bonds between the coppers, and thez direction is
perpendicular to the plane. The leading magnetic coup
for both NN and NNN is

Jav5
Jx1Jy1Jz

3
. ~2!

The anisotropic couplings are then naturally given byJop, for
the out-of-plane anisotropy, andJpd, for the in-plane one

Jop5Jz2
Jx1Jy

2
, Jpd5

Jx2Jy

2
. ~3!

~The notation pd stands for pseudodipolar, see Ref. 7.!
The parameters that determine the magnitude and the

of the magnetic couplings are the Cu-O and O-O hopp
matrix elements, the on-site~single particle! energies on the
oxygen and on the copper, the spin-orbit coupling constanl
and the various Coulomb matrix elements. The latter
parametrized17 in terms of the Racah parameters into t
on-site leading order interactions, and the residual remain
interactions, which are small. However, they, as well asl,
are necessary for the generation of the magnetic anisotro
All these parameters depend on the crystal symmetry,
hence on the angled ~see Fig. 1!. Adopting the plausible
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assumption that the most important sensitivity to small
viations from 90° occurs in the Cu-O hopping matrix el
ments, we have included only their dependence on
angle,18 and calculated the angular dependence of the m
netic interactions for small anglesd. The explicit expressions
for the magnetic couplings are given in Secs. III and I
Here we summarize the results, which are depicted in Fig
for the nearest-neighbor couplings, and in Fig. 3 for the ne
nearest-neighbor ones.

The numerical estimates are computed using the follo
ing parameters. We take the on-site energies on the oxy
to be epx

5epy
53 eV andepz

52 eV.10 Those on the cop-

per are assumed for simplicity to be identical,ea
51.8 eV (a50,1,x,y,z, see definitions below!.9 The spin-
orbit coupling on the copper is taken to bel50.1 eV. The
on-site Coulomb matrix elements necessitate the Racah
rametersA,B, andC for the copper, andF0 and F2 on the
oxygen.9,10 These are chosen asA57.0 eV, B50.15 eV,
C50.58 eV, F053.1 eV, andF250.28 eV. There is no
reliable estimate for the nonlocal Coulomb exchange
tween the copper and the oxygen.11,12,14We therefore take as
a representative estimate a value in the range between
and 0.1 eV.11,12,14

The hopping matrix elements can be expressed in term
the Slater-Koster parameters18 t052A3(pds)/2, t1
52(pds)/2, and t25(pdp), for the Cu-O ones, and
t35(1/2)@(pps)1(ppp)#, t45(1/2)@(pps)2(ppp)#,
and t55(ppp) for the O-O matrix elements. We hav
used the values (pds)51.5 eV ~Refs. 9,10! and (ppp)
520.6 eV,19 and used the relations (ppp)52 1

4 (pps) and
(pdp)52 1

2 (pds).20

Figure 2 depicts the angular dependence ofJNN
av , JNN

op ,

FIG. 2. The nearest-neighbor magnetic couplingsJNN for K
50.02 eV ~bold solid line!, K50.05 eV ~solid line!, and K
50.1 eV ~dashed line!.
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and JNN
pd . The three curves in each figure are obtained

choosing different representative values for the nonlo
Cu-O Coulomb exchange matrix elementK. At strictly
90°, JNN

av is negative ~ferromagnetic! and small,
'20.02 eV (20.04, 20.07 eV) for K50.02 eV ~0.05,
0.1 eV!. Its value is determined mainly by the residual Co
lomb interactions. As the angle deviates from 90°,JNN

av ap-
proaches zero and changes its sign at aboutd'0.05 ~0.065,
0.09! (2.9°, 3.7°, 5.2°). These results agree with tho
found before in Refs. 12 and 14. The out-of-plane anisotr
JNN

op is relatively large, and negative, in agreement with
findings of Ref. 16. As with all other anisotropies, its ma
nitude is proportional tol2. However, for delicate reason
related to ‘‘ring-exchange’’ processes~see below!, the Cou-
lomb matrix element that scales its magnitude is the on-
interaction on the oxygen, leading to its comparatively h
value,'21.3 meV at 90°.~The out-of-plane anisotropy in
creases slightly with increasingK.! The nearest-neighbor in
plane anisotropyJNN

pd is scaled by the small residual Cou
lomb interactions. It vanishes atd50, and stays quite sma
away from that value, varying approximately linearly withd,
'(20.1 to 21.7 K)d meV.

The case of an ideal 90° nearest-neighbor bond has b
recently discussed in Ref. 16. These authors have specia
to materials of the typeA2Cu3O4Cl2, with A5Ba or Sr.
They have neglected the nonconstant on-site Coulomb in
actions on the oxygen and the nonlocal Cu-O Coulomb
teraction, but have taken into account the local orthorhom
symmetry, by allowing the Cu on-site energiesex andey to
be different. They therefore obtained a small in-plane anis
ropy, of the order of 0.2meV.

The analogous results for the next-nearest-neighbor c

FIG. 3. The next-nearest-neighbor magnetic couplingsJNNN for
K50.02 eV ~bold solid line!, K50.05 eV ~solid line!, and K
50.1 eV ~dashed line!.
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plings are summarized in Fig. 3. These necessitate additi
perturbation processes, which involve hopping betwe
nearest-neighbor oxygens. We find thatJNNN

av is about 20
meV at 90°, and has a smooth linear dependence ond away
from it, remaining antiferromagnetic for small angles,
agreement with the findings of Refs. 12 and 14.

As in the case of the nearest neighbors, also the an
tropic couplingJNNN

op is relatively large and negative, bein
'20.036 meV at 90°, whileJNNN

pd is extremely minute,
'26 meV. The out-of-plane anisotropy is again dominat
by the ‘‘ring-exchange’’ processes and the in-plane anis
ropy by the small residual Coulomb interactionsDU.

Obviously, the results summarized in Figs. 2 and 3
pend on the details of the parameters, e.g., the hopping
trix elements or the Coulomb-Racah coefficients. The
maining sections of the paper are devoted to a deta
discussion of the derivation and the choice of these par
eters.

II. THE MAGNETIC HAMILTONIAN

As is discussed above, the magnetic Hamiltonian is
rived from a microscopic Hamiltonian. The latter can
written as folllows:

H5HCu1HO1HCu-O, ~4!

with obvious notations. Explicitly, the Cu-ion Hamiltonian

HCu5(
ias

eadias
† dias1

l

2 (
iab8
ss8

Lab•@s#ss8dias
† dibs8

1
1

2 (
iss8
abgd

Uabgddias
† dibs8

† digs8dids , ~5!

where dias
† creates a hole with spins in the crystal-field

statea at sitei, of site energyea . For tetragonal symmetry
we label the crystal-field states asu0&;x22y2, u1&;3z2

2r 2, uz&;xy, ux&;yz, and uy&;zx, where thez axis is
perpendicular to the plane andu0& is the lowest energy
single-particle state. The second term in Eq.~5! is the spin-
orbit interaction, wherel is the spin-orbit coupling constan
and Lab denotes the matrix elements of the orbital angu
momentum vector between the crystal-field statesa and b.
The nonzero matrix elements areL0z

z 522i , L0x
x 5L0y

y 5 i ,
L1x

x 52L1y
y 5A3i , Lzx

y 52Lzy
x 5Lxy

z 5 i , andLab* 5Lba . The
last term in Eq.~5! is the Coulomb interaction, withUabgd
5^adubg& in the notations of Table A26 in Ref. 17. Th
Hamiltonian of the oxygen ions is

HO5(
qns

enpqns
† pqns1 (

mns
qq8

~ tnm
qq8pqns

† pq8ms1H.c.!

1
1

2 (
qss8

n1n2n3n4

Un1n2n3n4
pqn1s

† pqn2s8
† pqn3s8pqn4s ,

~6!

in which pqns
† creates a hole in one of the threep orbitals,

px , py , andpz ~denoted byn) on the oxygen at siteq, with
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energyen . The second term in Eq.~6! describes the hopping
between the O ions, and the last term is the Coulomb in
action on the O ions. Finally,HCu-O describes the kinetic
energy of hopping between the Cu and the O ions, and
Coulomb exchange interaction between them,

HCu2O5(
iqs
an

~ tna
qi pqns

† dias1H.c.!

1 (
iqss8
abmn

Kambndias
† pqms8

† dibs8pqns . ~7!

A significant simplification of the perturbation expansio
is achieved by first treating the spin-orbit interactions e
actly, leaving the expansion in orders of the spin-orbit co
pling, l, to the final stage.9 This is accomplished by intro
ducing the unitary transformation which diagonalizes
single-particle part ofHCu

dias
† 5(

as8
@maa#ss8

* cias8
† , ~8!

where cias
† creates a hole in the exact eigenstatea of the

Hamiltonian which consists of the crystal-field and the sp
orbit interaction on the copper. These states have a site l
i, a state labela, and a pseudospin indexs. One then has

(
ias

eadias
† dias1

l

2 (
iab
ss8

Lab•@s#ss8dias
† dibs8

5(
ias

Eacias
† cias , ~9!

whereEa and @maa#ss8 are determined by

Eb@mgb#ss85eg@mgb#ss81
l

2 (
bs1

Lgb•@s#ss1
@mbb#s1s8 ,

~10!

with @(amba(maa)†#ss85dabdss8 . Whenl→0, each state
ua& approaches one of the statesua&. Using this definition,
the indexa runs over the values 0, 1,z, x, andy. A detailed
discussion of this transformation is given in Ref. 9.

To apply the pertubation expansion, we divide the Ham
tonianH into an unperturbed partH0 and a perturbation term
H1. The partH0 contains the single-particle Hamiltonians o
the coppers and on the oxygens, and the leading on-site C
lomb potentials. The perturbation Hamiltonian contains
kinetic energy and the residual Coulomb interactions. As
known,17 the on-site Coulomb interactions can be para
etrized in terms of the Racah coefficients. In tetragonal
symmetry, those on the copper are parametrized by the
cah parametersA, B, andC, with A@B andA@C, and those
on the oxygen byF0 and F2, with F0@F2. We choose the
on-site leading Coulomb interactions to beU0[Uaaaa5A
14B13C for the copper, andUq[Unnnn5F014F2 on the
oxygen. Consequently, the unperturbed Hamiltonian is
r-

e

-
-

e

-
el

-

u-
e
is
-
te
a-

H05(
ias

Eacias
† cias1

U0

2 (
iab
ss8

cias
† cibs8

† cibs8cias

1(
qns

enpqns
† pqns1

Uq

2 (
qnn8
ss8

pqns
† pqn8s8

† pqn8s8pqns .

~11!

The perturbation Hamiltonian is

H15Hhop1DHC , ~12!

in which the hopping term is

Hhop5 (
iqan
ss8

~@ t̃ an
iq #s8scias8

† pqns1H.c.!

1 (
nms
qq8

~ tnm
qq8pqns

† pq8ms1H.c.!. ~13!

Because of the transformation~8!, the Cu-O hopping be-
comes spin-dependent

@ t̃ an
iq #s8s5(

a
tan
iq @maa#ss8

* . ~14!

The termDHC contains the~small! additional on-site Cou-
lomb interactions, and the nonlocal Cu-O Coulomb potent

DHC5
1

2 (
iabcd

s1s2s3s4

DUs1s2s3s4
~abcd!cias1

† cibs2

† cics3
cids4

1
1

2 (
qss8

n1n2n3n4

DUn1n2n3n4
pqn1s

† pqn2s8
† pqn3s8pqn4s

1 (
iqabmn
ss8ss8

Kss8s8s~ambn!cias
† pqms8

† cibs8pqns , ~15!

with

DUs1s2s3s4
~abcd!

5 (
abgd

DUabgd@~maa!†mdd#s1s4
@~mbb!†mgc#s2s3

~16!

and

Kss8s8s~ambn!5(
ab

Kambn@maa#ss* @mbb#s8s8 . ~17!

Here we have definedDUabba5Uabba2U0 andDUnn8n8n
5Unn8n8n2Uq . For aÞd or bÞg, and n1Þn4 or n2
Þn3 , DU[U involves only the small Racah coefficientsB,
C, andF2.17

All the perturbation contributions resulting fromH1 begin
and end within the 2N-fold degenerate ground-state manifo
of H0, each state of which has one hole at each copper
with arbitrary spins. We will denote by ‘‘0’’ the ground
state of the single-particle Hamiltonian on the copper, a
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will take its site energy to be zero. For the sake of clarity,
divide the perturbation channels into three groups. Grou
includes the processes in which there are two holes on
copper in the intermediate step. Group b includes thos
which there are two holes on the oxygen in the intermed
step, or processes where the two holes exchange their c
sponding coppers by going around the ring formed by
two coppers and the intervening oxygen~for example, cop-
persi and j, and oxygens q andq8 in Fig. 4!. Group c con-
tains the contribution from the nonlocal Coulomb exchan
between the coppers and the oxygens.21

The contribution of channel ‘‘a’’ to the magnetic couplin
of coppersi and j is

Ha~ i , j !5
1

U0
Tr$s•Si T̃ 00

i j s•Sj T̃ 00
j i %

1 (
ab

abgd

DUabgd

~U01Ea!~U01Eb!

3~Tr$s•Si T̃ 0b
i j ~mab!†mdaT̃ a0

j i %

3Tr$s•Sj~mb0!†mg0%

2Tr$s•Si T̃ 0b
i j ~mab!†md0s•Sj~mb0!†mgaT̃ a0

j i %!

1~ i↔ j !, ~18!

in which Si is the spin on the copper at sitei in the new
orbital ground stateua&5u0&,

Si5
1

2 (
ss8

ci0s
† @s#ss8ci0s8 , ~19!

and the Tr’s are carried out in spin space.22 We have intro-
duced in Eq.~18! the notationT̃ ba

i j for the effective matrix
element for hopping from statea on copperj to stateb on
copperi. These are different in the case where the two c
pers are nearest neighbors, and when they are next-ne
neighbors. In the first case such a process can be achi
through a single oxygen, yielding

@ T̃ ba
i j #s8s5 (

qns1

1

en
@ t̃ bn

iq #s8s1
@ t̃ na

q j #s1s , ~20!

to lowest possible order in perturbation theory. Figure 4
picts the direct hopping from copperi to oxygenq, together
with the two possible indirect hoppings, going through ox

FIG. 4. The Cu-O effective nearest-neighbor hopping in the 9
bond configuration, allowing for nearest-neighbor O-O hoppi
Open circles denote oxygens and black circles are the Cu’s.

processes contributing tot̃ iq are shown by arrows.
e
a

he
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te
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e
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gen q8 and oxygenq9. To account for these processes o
has to use the following replacement in Eq.~20!:

@ t̃ na
qi #s1s→@ t̃ na

qi #s1s2(
mq8

1

em
tnm
qq8@ t̃ ma

q8 i #s1s . ~21!

When the two coppers are NNN, the O-O hopping is ess
tial for bringing the two holes to the same copper.~For ex-
ample, the bondj 8-j in Fig. 4 requires theq-q9 hopping.! In
this case we have

@ T̃ ba
i j #s8s5 (

qns1

1

en
@ t̃ bn

iq #s8s1
@ T̃na

qi #s1s , ~22!

where

@ T̃na
qi #s1s5(

mq8

1

em
tnm
qq8@ t̃ ma

q8 i #s1s . ~23!

The perturbation contributions coming from channel
when coppersi and j are NN, yield

Hb~ i , j !5 (
mnqq8

S 1

en
1

1

em
D 2S dqq8

1

en1em1Uq

1~12dqq8!
1

en1em
DTr$s•Si t̃ 0m

iq8 t̃ m0
q8 js•Sj t̃ 0n

jq t̃ no
qi %

1 (
qnm
n8m8

S 1

en
1

1

en8
D S 1

em
1

1

em8
D

3
DUmm8nn8

~Uq1en1en8!~Uq1em1em8!

3~Tr$s•Si t̃ 0m
iq t̃ n80

qi %Tr$s•Sj t̃ 0m8
jq t̃ n0

q j %

2Tr$s•Si t̃ 0m
iq t̃ n80

q j s•Sj t̃ 0m8
jq t̃ n0

qi %!. ~24!

The term with the (12dqq8) in front arises in the chain
geometry and does not have the on-site Coulomb interac
in the denominator.11,23 As nonlocal Coulomb interaction
between the oxygens are ignored here, there is no analo
contribution in the second sum of Eq.~24!. When the two
coppers are NNN, one must invoke the O-O hopping. W
then find that each pair of matrix elementst̃ has to be re-
placed as follows:

t̃ qi t̃ q j→2T̃qi t̃ q j2 t̃ qiT̃q j, ~25!

where botht̃ andT̃ are matrices in spin space, given by Eq
~14! and ~23!, respectively.

Finally, channel c gives

Hc~ i , j !52(
qmn
ag

Kamgn

enem
Tr$s•Si~ma0!† t̃ n0

q j s•Sj t̃ 0m
jq mg0%

1~ i↔ j !, ~26!

when the two coppers are NN. The corresponding expres
for NNN coppers is obtained from Eq.~26! by replacing each
matrix elementt̃ by T̃.
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The total effective magnetic interaction is the sum of t
three groups. This is now expanded up to second order in
spin-orbit couplingl. This requires the matrixm, Eq. ~8!, up
to first order inl only. Using Eq.~10! we have

@maa#ss85daadss82
l

2

Laa•@s#ss8
ea2Ea

. ~27!

A further significant simplification of the expressions
achieved when one takes into account the symmetry pro
ties of the Coulomb matrix elements:9,10 DUabgd vanishes
unless the values ofa, b, g, andd are such that the product
s(a)s(d) and s(b)s(g) are proportional to each othe
Here we use the convention thats(a50) ands(a51) are
the unit matrix. Similarly, the nonvanishing matrix elemen
of DUn1n2n3n4

satisfy s(n1)s(n4)}s(n2)s(n3), and those

of Kambn vanish unlesss(a)s(n)}s(b)s(m).
In the following we present the general expressions in

form

H~ i , j !5S J2
1

2
Tr GDSi•Sj1SiGSj , ~28!

whereJ includes all contributions to zeroth order inl, while
the matrixG contains the contributions which necessitate
spin-orbit interaction, and is therefore second-order inl. The
application of these general expressions to the spe
Cu-Cu bonds will be carried out in the next section.

~a! Channel a@Eq. ~18!# yields

Ja54S t00
i j t00

j i

U0
2(

a

DUa0a0t0a
i j ta0

j i

~U01ea!2 D ~29!

and

Ga
mn5

l2

2U0

Lm0
m Ln0

n

emen
~@~ t0m

i j 2tm0
i j !~ t0n

j i 2tn0
j i !1m↔n#1 j↔ i !

2
l2

2 (
abgd

DUabgd

~U01ea!~U01eg!
~30!

3S dd0(
a8

t0a8
i j La8a

m

U01ea8

1
Lm0

m

em
~ t0a

i j dmd2tma
i j dd0!D

3S db0(
a8

ta80
j i Lga8

n

U01ea8

1
Ln0

n

en
~2tg0

j i dnb1tgn
j i db0!D

1~m↔n1 j↔ i !. ~31!

~b! Channel b@Eq. ~24!# yields
he

r-

e

e

c

Jb52 (
mnqq8

S 1

en
1

1

em
D 2

t0m
iq8tm0

q8 j t0n
jq tn0

qi S dqq8

1

en1em1Uq

1~12dqq8!
1

en1em
D22(

mnq
S 1

en
1

1

em
D 2

3
DUmnmn~ t0m

iq tn0
q j !2

~en1em1Uq!2

28(
nmq

1

enem

DUmmnnt0m
iq tn0

q j tom
jq tn0

qi

~Uq12en!~Uq12em!
~32!

and

Gb
mn5l2

Lm0
m

em

Ln0
n

en
(

mnqq8
H S 1

en
1

1

em
D 2F S dqq8

1

en1em1Uq

1~12dqq8!
1

en1em
DT0m

i j ~m,m,q8!T0n
j i ~n,n,q!

1dqq8

DUmnmn

~en1em1Uq!2
@T0m

i i ~m,n,q!T0n
j j ~n,m,q!

2T0m
i j ~m,n,q!T0n

j i ~n,m,q!#G
1dqq8

4

enem

DUmmnn

~Uq12en!~Uq12em!

3$T0m
i i ~m,n,q!T0n

j j ~m,n,q!

2 1
2 @T0m

i j ~m,n,q!T0n
j i ~m,n,q!

1T0n
i j ~m,n,q!T0m

j i ~m,n,q!#%J , ~33!

where we have defined

T0m
i j ~m,n,q!5t0m

iq tnm
q j 2tmm

iq tn0
q j . ~34!

~c! Channel c@Eq. ~26!# yields

Jc522(
nq

K0n0n

tn0
q j t0n

jq

en
2

1~ j→ i !, ~35!

and

Gc
mn52l2(

mnq

1

emen

Lm0
m Ln0

n

emen
@Kmm0ntn0

q j tnm
jq 2Kmmnntn0

q j t0m
jq

1K0mnntnm
q j t0m

jq 2K0m0ntnm
q j tnm

jq 1~ j→ i !#. ~36!

For simplicity, we have written the results forJ and G,
Eqs. ~29!–~36! for the nearest-neighbor Cu-Cu bond. Th
analogous expressions for the next-NN bond are obtai
using the replacements~23! and ~25!.
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III. THE MAGNETIC COUPLINGS

A. The nearest-neighbor 90° bond

We list in Tables I and II the hopping matrix elemen
between Cu and O for the 90° configuration~see the Intro-
duction and Fig. 4 for the notations!. Using these values, w
find that the leading order contributions to the magnetic c
plings come from channels b and c, with

J5Jb1Jc

52
16t0

4DUpxpypxpy

epx

2 ~2epx
1Uq!2

2
8t0

2

epx

2
K0px0px

~37!

in accordance with the GKA rules. Inserting the numeri
values of the parameters, we findJ'28 meV
20.67K0px0px

. The leading order magnetic anisotropy in th
case is the out-of-plane one

G leading order
zz 52

64l2t0
2t2

2Uq

ez
2epx

3 ~2epx
1Uq!

, ~38!

with Gzz'21.3 meV. The processes yielding the latter a
depicted in Fig. 5.

The remaining small anisotropies resulting from the o
site Coulomb potential on the oxygen, and from the nonlo
Coulomb exchange between the copper and the oxygen
listed below. We express those in the coordinate system
picted in Fig. 5. To obtain the couplings in the coordina
system discussed in the Introduction, one has to rotate
45°:

DGa
zz532l2

~4B1C!~ t0t2!2

epx

2 ez
2~e11U0!2

,

TABLE I. The Cu-O hopping matrix elementstan
iq for the 90°

bond. Upper signs:t iq, lower signs:t jq8.

px py pz

0 7t0 0 0
1 6t1 0 0
z 0 6t2 0
x 0 0 0
y 0 0 6t2

TABLE II. The Cu-O hopping matrix elementstan
iq for the 90°

bond. Upper signs:t jq, lower signs:t iq8.

px py pz

0 0 6t0 0
1 0 6t1 0
z 6t2 0 0
x 0 0 6t2

y 0 0 0
-

l

-
l
re
e-

by

DGa
xx5DGa

yy52l2
~3B1C!t2

4

epz

2 ex
2~ex1U0!2

,

DGb
xx5DGb

yy52
l2t0

2t2
23F2

ex
2~epx

1epz
1Uq!2 S 1

epz

1
1

epx
D 2

,

DGc
zz52

8l2

ez
2epx

2 ~2t0
2Kzpxzpx

12t2
2K0px0px

14t0t2Kzpy0px
!,

DGc
xx5DGc

yy52
2l2

ey
2 S t0

2

epx

2 ~Kypxypx
1Kypyypy

!

1
t2
2

epz

2
K0pz0pzD . ~39!

To obtain these results we have used the relation17

U101054B1C, Ux0x05Uy0y053B1C, DUpzpypzpy

5DUpzpxpzpx
53F2 , DUpxpxpypy

5DUpxpypxpy
, Kzpy0px

52Kzpx0py
, Kxpz0py

5Kypz0px
, K0py0py

52K0px0px
,

Kzpxzpx
5Kzpyzpy

. In addition, from Tables I and II, the only
nonzero effective Cu-Cu hoppings are

tz1
i j 5tz1

i j 5
2t1t2

epx

, txy
i j 5tyx

i j 5
2t2

2

epz

. ~40!

Numerical estimates of these expressions yieldDGa
zz

'40 meV, DGa
xx'7 meV, DGb

xx'29 meV, DGc
zz'2K

30.003, DGc
xx'2K30.001.

FIG. 5. Cu and O orbitals which are involved in the proces
leading to the out-of-plane anisotropyGzz. Here and below, the
shaded~white! area indicates positive~negative! phase.

TABLE III. The Cu-O-O hopping matrix elementsTan
iq for the

90° bond. Upper signs:Tiq, lower signs:Tjq8.

px py pz

0 6t0t3 /epx
7t0t4 /epx

0
1 7t1t3 /epx

6t1t4 /epx
0

z 6t2t4 /epy
7t2t3 /epy

0
x 0 0 0
y 0 0 6t2t5 /epz
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B. The next-nearest-neighbor 90° bond

Tables III and IV list the hopping matrix elementsTan
iq for

a Cu-O-O-Cu process in the 90° configurtion~the notations
are shown in Fig. 4!. In these Tables,t35tpxpx

5tpypy
, t4

5tpxpy

qq8 52tpxpy

qq9 , andt55tpzpz
. The effective hopping matrix

elements between two coppers,

T ab
i j 5 (

qq8mn

1

enem
tan
iq tnm

qq8tmb
q8 j , ~41!

which do not vanish are

T 00
i j 5

22t0
2t4

epx

2
, T 11

i j 5
2t1

2t4

epx

2
, T zz

i j 5
2t2

2t4

epx

2
,

T z1
i j 5T 1z

i j 5
4t1t2t3

epx

2
, T xy

i j 5T yx
i j 5

t2
2t5

epz

2
. ~42!

As opposed to the NN bond, in this case hopping betw
the ground state orbitals of NNN coppers is possible, via
two oxygen orbitalspx and py , which are connected byt4,
see Fig. 6. We find contributions to the couplingJ from all
three channels

J5Ja1Jb1Jc ,

Ja5
64t0

4t4
2

epx

4 U0

,

Jb5
32t0

4t4
2~Uq14epx

!

epx

5 ~2epx
1Uq!

2
32t0

4~ t4
21t3

2!DUpxpypxpy

epx

4 ~2epx
1Uq!2

,

TABLE IV. The Cu-O-O hopping matrix elementsTan
iq for the

90° bond. Upper signs:Tjq, lower signs:Tiq8.

px py pz

0 6t0t4 /epy
7t0t3 /epy

0
1 6t1t4 /epy

7t3t1 /epy
0

z 7t2t3 /epx
6t2t4 /epx

0
x 0 0 6t2t5 /epz

y 0 0 0

FIG. 6. Next-nearest-neighbor hopping between twodx22y2 or-
bitals via thepx andpy orbitals.
n
e

Jc528
K0px0px

epx

4
t0
2~ t3

21t4
2!, ~43!

with J'0.02 eV. The leading order anisotropy is the o
of-plane one, and comes mainly from channel b

G leading order
zz 52

256l2t0
2t2

2t3
2Uq

ez
2epx

5 ~2epx
1Uq!

, ~44!

G leading order
zz '230 meV. The remaining nondiagona

anisotropies, caluclated in the coordinate system of Fig
are

DGa
xy5264l2DUx0x0

t0
2t2

2t4t5

~ex1U0!ex
2epz

2 epx

2
,

DGb
xy5216l2DUpxpxpzpz

t2
2t0

2t4~ t3 /epx
1t5 /epz

!

ex
2epx

2 epz
~2epx

1Uq!~2epz
1Uq!

,

DGc
xy522

l2

ex
2epx

4
t0
2t3t4~Kxpxypy

1Kxpyypx
!. ~45!

HereGxy5Gyx. As before, this coordinate system has to
rotated by 45° in order to produce the magnetic coupling
the form discussed in the Introduction. That is,

Gxx1Gxy→Gxx, Gyy2Gxy→Gyy. ~46!

IV. SMALL DEVIATION FROM 90°

To calculate the magnetic couplings as function of
angled ~see Figs. 1 and 7! we use the following forms for
the hopping matrix elements:

t0px

1q 5t0 cosd~122 cos2d!12t2 sind cosd,

t0py

1q 52t0 sind~122 2d!12t2 sind cos2d, ~47!

with t0px

q1 52t0py

q2 and t0py

q1 52t0px

q2 ,

tzpx

1q 52t0 sind cos2d1t2 sin d~2 cos2d21!,

tzpy

1q 522t0 cosd sin2d1t2 cosd~2 cos2d21!, ~48!

with tzpx

q1 5tzpy

q2 and tzpy

q1 5tzpx

q2 ,

FIG. 7. Cu-O-Cu geometry for an anglep/222d.
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t1px

1q 5t1 cosd,

t1px

1q 52t1 sind, ~49!

with t1px

q1 5t1py

q2 and t1py

q1 5t1px

q2 , and

txpz

1q 52t2 sind,

typz

1q 5t2 cosd, ~50!

with txpz

q1 5typz

q2 .

For the next-nearest-neighbor hopping we need the
lowing matrix elements:

Tpxa5
1

epx

~ t3tpxa1t4tpya!,

Tpya5
1

epx

~ t3tpya1t4tpxa!, ~51!

for a50,1,z, and

Tpza
5

1

epz

t5tpza
~52!

for a5x,y. The resulting explicit expressions for the ma
netic couplings are very long, and we therefore skip the
Instead, we have used the results above to produce the cu
in Figs. 2 and 3, to obtain the magnetic couplings as func
of the angular deviationd.

V. DISCUSSION

We have presented a detailed calculation of the magn
interaction between nearest-neighbor and next-nea
neighbor coppers in the edge-sharing geometry, and obta
numerical estimates for the various couplings as function
the angular deviation from 90°. These numerical estima
are crucial for the analysis of the magnetic structures
many chain, ladder, and lamellar cuprates. Our calculatio
based on a perturbation expansion of a general Hubb
Jr

.
K
n

,
a,

e

l-

.
ves
n

tic
st-
ed
f
s
f
is
rd

Hamiltonian. It has been found before that for the magne
anisotropiesof the linear Cu-O-Cu bond, this expansion
quite reliable.9 On the other hand, it has been argued~again
for the 180° bond!, that perturbation theory fails to yield
reasonable values for the leading magneticisotropic
intractions,23 because the hopping matrix elementst are not
necessarily small compared with the on-site energies. H
ever, the almost 90° case discussed here is different, bec
of the appearance of the small Coulomb matrix elements
the expansion. It therefore can be expected that the pertu
tion expansion for the present case yields reliable estima
Indeed, the comparison of our results for the NN isotro
energy with those obtained from exact diagonalizatio14

seem to support this conclusion.
Our results show that the out-of-plane anisotropy is ne

tive, both for NN and for NNN coppers. This indicates a
easy axis perpendicular to the Cu-O plane, in agreement
Ref. 16. This result is valid for slight deviations away fro
90°, as long as the isotropic exchange is ferromagnetic.~For
larger angles, the isotropic exchange becomes antiferrom
netic and the negative value of the out-of-plane excha
leads to spin ordering in the Cu-O plane.! We find that the
pseudodipolar interaction between nearest neighbors
ishes at strictly 90°, and is minute for a small deviation aw
from it. As has been shown in Ref. 16, this result is modifi
when one allows for a difference between the Cu on-s
energiesex andey . It seems that this should be the case
materials like Sr2Cu3O4Cl2, where some of the copper ion
lose their local tetragonal symmetry: It has been found7 that
experimental data on Sr2Cu3O4Cl2 imply a finite value for
this energy. This means that the interpretation of the d
necessitates the inclusion of such effects, or of dipolar in
actions. In the same manner, it is expected that our nume
estimates as function of the angled will be useful in the
analysis of other cuprates.
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