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Anisotropic superexchange for nearest and next-nearest coppers in chain, ladder,
and lamellar cuprates
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We present a detailed calculation of the magnetic couplings between nearest-neighbor and next-nearest-
neighbor coppers in the edge-sharing geometry, ubiquitous in many cuprates. In this geometry, the interaction
between nearest-neighbor coppers is mediated via two oxygens, and the Cu-O-Cu angle is close to 90°. The
derivation is based on a perturbation expansion of a general Hubbard Hamiltonian, and produces numerical
estimates for the various magnetic energies. In particular we find the dependence of the anisotropy energies on
the angular deviation away from the 90° geometry of the Cu-O-Cu bonds. Our results are required for the
correct analysis of the magnetic structure of various chain, ladder, and lamellar cuprates.
[S0163-18209)07737-1

[. INTRODUCTION terms, and is therefore weaker and of the opposite sign.
Higher-order perturbation terms also determine the mag-
The magnetic interactions in the copper oxides are beneticanisotropiesin both types of bonds. These anisotropies
lieved to be governed by kinetic superexchange through thare responsible for various observable quantities, such as the
intervening oxygens. In tetragonal symmetry, one may viewgaps in the spin wave spectrum, the spin orientations in
the CuO planes as consisting of clusters of four oxygensspace, etc., and hence are of much interest. The magnetic
forming a square whose center is occupied by a copper iorgouplings of the linear Cu-O-Cu bond were investigated in
These squares can be lined up along their edges, and then t@i@at detail(see Refs. 9 and 10, and references thgrein
nearest neighboiNN) Cu-O-Cu bond makes an almost 90° yielding the m—plgne and the ou_t—qf—plane gaps of the family
angle. Another ubiquitous configuration is formed when the®f compounds with structures similar to that of,CaI0,, as
squares are connected along their corners, in which case t}%e” as the antisymmetric Dzyaloshinskii-Moriya interaction

nearest-neighbor Cu-O-Cu bond is linear, having an angle df the orthorhombic phase. In parti_cular,_the role .Of the on-
180°. Typical examples for edge-sharing compounds ar ite Coulomb exchange and the spin-orbit interaction in pro-

LaCaCl,Os (Ref. 1 (where the angle is 91°) and ucing the various anisotropies was clarified in tetragonal

. on 2 . and orthorhombic symmetries.
CuGeQ (where the angle is-98°)." Corner-sharing con- In the almost-90° bon(kee Fig. 1the leading order mag-

figurations characterize the copper oxide planes in the parefit.ii exchange is small. Therefore, higher-order perturbation
compounds of the higfiz cuprates, and the chains in ,ocesses, as well as details of the structure such as the pres-
Sr,Cu0; (Ref. 3 and SrCu@.” Some compsounds include ence of side group'? have a significant contribution. For
both types of bonds, for example,E&;0,Cl,.” The various  the same reason, next-nearest-neighbor Cu-Cu couplings are
Cu-Cu bond geometries in this material are the same as thog&pected to be much more important than in the case of the

for the nearest neighbors and next-nearest neigh)  |inear Cu-Cu bond configuration.
in the chains in §6CU»O4 (Ref. 6 and the interladder  previous discussions of this geometry include an analysis
bonds in Sf_1Cu,;10,,. of the dependence of the leading nearest-neiglgmiropic

The magnitude and the sign of the magnetic interaction@oup”ng on the small angular deviaton away from
in the two types of bonds are expected to be quite differentgge 51115 which has been found to be dominated by the
According to the so-called Goodenough-Kanamori-Andersomyn-site Coulomb exchange interaction on the oxydérmsd
(GKA) rules? the leadingisotropic superexchange of a 180° the nonlocal exchange between the coppers and the

bond between two magnetic ions with partlally filldashells Oxygensj:lvlz The magneticanisotropieshave been calcu-
is strongly antiferromagnetic, while the leading order of a

90° superexchange is ferromagnetic, and much weaker. In

the Cu-O case, the reason for this is that for the corner- O

sharing geometry, the®, orbital hybridizes with the two O @ O O
neighboring Cu ions, yielding a significant contribution to @

the kinetic superexchangevhich is antiferromagnetjc In Cu .
contrast, in the edge-sharing configuration tipe. ®rbital on

the oxygen, which hybridizes with ad3orbital on one cop- O O O O

per, is almost orthogonal to thadd3orbital on the nearest-

neighbor Cu ion, thus blocking the antiferromagnetic super- FIG. 1. Edge-sharing Cu-O configuration. The angle of the Cu-
exchange via a single oxygen. The leading magneti©®-Cu bond isw/2—265. Open circles denote oxygens and black
coupling in this case is given by the next order perturbatiortircles are the Cu’s.
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lated only for the nearest-neighbor, strictly 90°-bond, by 0.25
Yushankhai and Haytf We compare below their results o2
with ours.
The aim of this paper is to present a detailed calculation 0.18
of both the isotropic and the anisotropic magnetic interac- o1
tions in the nearly 90° configuration shown in Fig. 1, for
nearest-neighbor and next-nearest-neighbor copper ions. Our 0.05

calculation is based on the perturbation expansion of a Hub-
bard model around the half-filled ground state, in which
there is a single @ hole on each copper ion, and the oxygen -0.05
2p states are completely full. Since the spin of the Cu hole is

arbitrary, this ground state is'Zold degenerate, whens is pd

the number of copper ions. The superexchange magnetic 10J° (meV)
Hamiltonian is obtained as the effective interaction within oat
this degenerate manifold. The microscopic Hamiltonian we

consider includes hopping between all orbitals on the copper o

d states and on the oxygenstates, and between tipestates

on neighboring oxygens. The Hamiltonian also contains the
spin-orbit interactions on the copper. Those on the oxygen
are much weaker and are therefore neglected. We also in-

clude all local Coulomb interactions on the copper and on 0.8

the oxygen, and the nonlocal Coulomb exchange between the / J°p(mev)

copper and the oxygen. 2 3 (rad)
General expressions for the effective magnetic Hamil- -0.1 0 0.1 0.2

tonian, based on this micorscopic Hamiltonian have been . . .

derived beforé:'° In order to keep the paper self-contained OF(I)CZE" 2\/ I)hfd nea}rgstljnelgr&bfl(r) Bn;gn\?t'c ?%U?_llm fo(rj E
we reproduce in Sec. Il the main steps of the derivation. We;o'1 e\e/(d(as(i’]edsli?‘llﬁi ing, K=0.05 eV (solid line), an
find in Sec. Il that the magnetic Hamiltonian has the form '

assumption that the most important sensitivity to small de-
H=2 2 (SIS + HinSS), (D viations from 90° occurs in the Cu-O hopping matrix ele-
{j) n . ;

ments, we have included only their dependence on the
in which u denotes the Cartesian component of the spin andngle® and calculated the angular dependence of the mag-
Jyn @and Jynn are the magnetic couplings between neareshetic interactions for small anglés The explicit expressions
neighbors and next-nearest neighbors, respectively. It is coder the magnetic couplings are given in Secs. Il and IV.
venient to define the coordinate system for the spin compoHere we summarize the results, which are depicted in Fig. 2
nents such that the andy directions are in the Cu-O plane, for the nearest-neighbor couplings, and in Fig. 3 for the next-
along the bonds between the coppers, andztbgection is  nearest-neighbor ones.
perpendicular to the plane. The leading magnetic coupling The numerical estimates are computed using the follow-

for both NN and NNN is ing parameters. We take the on-site energies on the oxygen
to bee, =€, =3 eV ande, =2 eV.'® Those on the cop-
J*+ I+ X y oo . .
av_ . 2) per are assumed for simplicity to be identica,
3 =1.8 eV (@=0,1x,y,z, see definitions below’ The spin-

orbit coupling on the copper is taken to he=0.1 eV. The
on-site Coulomb matrix elements necessitate the Racah pa-
rametersA,B, and C for the copper, andr, andF, on the

The anisotropic couplings are then naturally givendB for
the out-of-plane anisotropy, ari#?, for the in-plane one

F+ Y oxygen?*® These are chosen @=7.0 eV, B=0.15 eV,
JP=J7 - ——, JPd= > (3) C=0.58 eV, Fy=3.1 eV, andF,=0.28 eV. There is no
reliable estimate for the nonlocal Coulomb exchange be-
(The notation pd stands for pseudodipolar, see Rgf. 7. tween the copper and the oxyger?*We therefore take as

The parameters that determine the magnitude and the sighrepresentative estimate a value in the range between 0.02
of the magnetic couplings are the Cu-O and O-O hoppingnd 0.1 eVit+214
matrix elements, the on-sitsingle particlé energies on the ~ The hopping matrix elements can be expressed in terms of
oxygen and on the copper, the spin-orbit coupling constant the — Slater-Koster  parametéts to=—+/3(pdo)/2, t,
and the various Coulomb matrix elements. The latter are= —(pdo)/2, and t,=(pdw), for the Cu-O ones, and
parametrizetl in terms of the Racah parameters into thets=(1/2)[(ppo)+(ppm)],  t4,=(L2)(ppo)—(ppm)],
on-site leading order interactions, and the residual remainingnd ts=(ppw) for the O-O matrix elements. We have
interactions, which are small. However, they, as welhas used the valuespdo)=1.5 eV (Refs. 9,10 and (ppm)
are necessary for the generation of the magnetic anisotropies.— 0.6 eV:°and used the relationg p7) = — (ppo) and
All these parameters depend on the crystal symmetry, antpdz)=—3(pdo).?°
hence on the anglé (see Fig. 1L Adopting the plausible Figure 2 depicts the angular dependencel@f, IR,
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0.05 plings are summarized in Fig. 3. These necessitate additional
perturbation processes, which involve hopping between
nearest-neighbor oxygens. We find thi, is about 20
meV at 90°, and has a smooth linear dependencé away
from it, remaining antiferromagnetic for small angles, in
agreement with the findings of Refs. 12 and 14.

As in the case of the nearest neighbors, also the aniso-
tropic couplingJRRy is relatively large and negative, being
~—0.036 meV at 90°, whileJ}l, is extremely minute,
~—6 ueV. The out-of-plane anisotropy is again dominated

0.04

0.03

0.02

0.01

° o1 o o1 oo O(rad) by the “ring-exchange” processes and the in-plane anisot-
pd ropy by the small residual Coulomb interactioh).
10J° (meV) Obviously, the results summarized in Figs. 2 and 3 de-

pend on the details of the parameters, e.g., the hopping ma-
trix elements or the Coulomb-Racah coefficients. The re-

maining sections of the paper are devoted to a detailed
discussion of the derivation and the choice of these param-

-0.01%,
8 eters.

-0.02
II. THE MAGNETIC HAMILTONIAN

-0.03 As is discussed above, the magnetic Hamiltonian is de-
rived from a microscopic Hamiltonian. The latter can be
o1 o 61 o2 0(ad) written as folllows:
FIG. 3. The next-nearest-neighbor magnetic couplifigg, for H=Hcyt+Hot+Hcy-os 4)

K=0.02 eV (bold solid line, K=0.05 eV (solid line), and K . . . . . . L
—0.1 eV(dashed ling with obvious notations. Explicitly, the Cu-ion Hamiltonian is
d . . . T A T
and J} . The three curves in each figure are obtained by HCUZE €adiwdiaa+§ 2 Log [0]oodigodiger
choosing different representative values for the nonlocal i '“B,'
Cu-O Coulomb exchange matrix elemeKt At strictly 77

90°, Jin is negative (ferromagnetit and small, 1 Fot
~-0.02 eV (~0.04, —0.07 eV) forK=0.02 eV (0.05, 3 iz, Uapyeiaodigerdiyerdise s ®)
0.1 eV). Its value is determined mainly by the residual Cou- a(,?;a

; ; : \
lomb interactions. As the angle deviates from Uy ap- whered  creates a hole with spior in the crystal-field

proaches zero and changes its sign at alfeu0.05(0.065, statea at sitei, of site energye,, . For tetragonal symmetry

0.09 (2.9°, 3.7°, 5.2°). These results agree with thoseW label th tal-field stat ~x2—y2 [1)~372
found before in Refs. 12 and 14. The out-of-plane anisotropy_?2a|ze>wxi, C{szy;eanz R/;Sv jf? wr)1(ereytr’1e|z zslxiszis

op ; ) L i . .
JNN is relatively large, and negative, in agreement with theperpendmular to the plane an@) is the lowest energy

findings of Ref. 16. As Wizth all other anisotropies, its mag- gingle-particle state. The second term in E%).is the spin-
nitude is proportional ta\". However, for delicate reasons o hit interaction, where is the spin-orbit coupling constant
related to "ring-exchange” processeésee below the Cou-  anq| . denotes the matrix elements of the orbital angular

lomb matrix element that scales its magnitude is the on-site, o 0+im vector between the crystal-field stateand 3
interaction on the oxygen, leading to its comparatively high . ol X oy i

' . . e nonzero matrix elements al:é) =-2i, Ly, =L}, =1,
value,~—1.3 meV at 90°(The out-of-plane anisotropy in- | x z Ox =0y

— 1Y - . Y — X —1Z —; *

creases slightly with increasir§.) The nearest-neighbor in- L1x Ll.y Vi, L.ZX Lay=Lyy I andL.aB Lﬁ.’“' Ll

. d : last term in Eq.(5) is the Coulomb interaction, withl , 5,5
plane anisotropylyy is scaled by the small residual Cou- . ) . Y
lomb interactions. It vanishes &&= 0, and stays quite small =(a4]fy) in the notations of Table A26 in Ref. 17. The

: . ' ys q . Hamiltonian of the oxygen ions is
away from that value, varying approximately linearly with
~(—0.1 to —1.7 K)é meV. ,
The case of an ideal 90° nearest-neighbor bond has been Ho= E Enp;ngpqna+ E (tam péngqumﬁ H.c)

recently discussed in Ref. 16. These authors have specialized ane mne
to materials of the typeA,CusO,Cl,, with A=Ba or Sr.

’

qaq

They have neglected the nonconstant on-site Coulomb inter- n 1 2 U + +
actions on the oxygen and the nonlocal Cu-O Coulomb in- , nanangnyPan,oPan, o Pangs Pan,o s
. . . qoo
teraction, but have taken into account the local orthorhombic ninongng
symmetry, by allowing the Cu on-site energigsand €, to ©6)
be different. They therefore obtained a small in-plane anisot-
ropy, of the order of 0.2ueV. in which pang creates a hole in one of the thrpeorbitals,

The analogous results for the next-nearest-neighbor cowp,, p,, andp, (denoted byn) on the oxygen at sitg, with
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energye,. The second term in Eq6) describes the hopping ‘ Ug -
between the O ions, and the last term is the Coulomb inter- Ho=z EaCiasCiao T > % CiaoCipo’ Ciba' Ciac

action on the O ions. FinallyH¢,.o describes the kinetic ag ,

energy of hopping between the Cu and the O ions, and the Ja

Coulomb exchange interaction between them, q T

9 +q%7 Enpgnapqna"' 5 2 pgnapangrpqn’a’pqna-
gnn’

!
oo

Heu-0= ; (t9P8 o i o+ H.C)

(13)
an
The perturbation Hamiltonian is
oot ‘
+im§r/ K“mﬁndiagpqmo'd'ﬁ”’pq“”' (@) H1=Hnopt AHc, (12
apmn in which the hopping term is
A significant simplification of the perturbation expansion .
is achieved by first treating the spin-orbit interactions ex- Hhop= E ([tah U,Ucfa(r,pqnﬁ H.c)
actly, leaving the expansion in orders of the spin-orbit cou- 'qan
pling, \, to the final stagé.This is accomplished by intro- 77
ducing the unitary transformation which diagonalizes the E aq’ ot
single-particle part ofc, t (tam PgnoPq’ms 1 H.C.). (13
aq’
di’rwzz [maa]:lﬂci‘rau” (8) Because _of the transformatioi®), the Cu-O hopping be-
a0 comes spin-dependent
wherec/, . creates a hole in the exact eigenstatef the [T =S t9rm,.]* (14)
Hamiltonian which consists of the crystal-field and the spin- anlo’c™ 2 tanlMaaloor -

orbit interaction on the copper. These states have a site label ) - ]
i, a state labeh, and a pseudospin index One then has The termA 7 contains the'smal) additional on-site Cou-
lomb interactions, and the nonlocal Cu-O Coulomb potential,

A
T T 1
e, d di ot = L,g i iy _ Tt
%_ atiaotiac T o % af [0-]0'0' iaciBo AHC_E ia%:d AU51525384(ade)CiaslcibSZCiCS3CidS4
oo’ $155354
t i1 > AU rp!
:2 EaCiacCiao 9 2 , ”1”2”3“4pq”1‘qun20"pq”3"'pq”4"

s n %Ur(: n

1N2N3Ng

whereE, and[m,,],,s are determined by -

+ > Keprsro(@MDNCHLP, 1 CibsPans» (15)
igabmn
ss' ga’

A
Eb[myb]ao" = Ey[myb]ao" + E ﬁz L yB* [0]001[ mﬁb]ala’ )
o1
(10

with

AU (abcd
With [2aMga(Meaa) 1per = 8apdse - Whenh—0, each state *1%2%5%

|a) approaches one of the states). Using this definition,
the indexa runs over the values 0, 2, x, andy. A detailed => AU 4yl (Mya) 'Misgls s [(Mgn) 'Mycls s, (16)
discussion of this transformation is given in Ref. 9. aByo

To apply the pertubation expansion, we divide the Hamil-zg
tonianH into an unperturbed pak, and a perturbation term
‘H,. The partH, contains the single-particle Hamiltonians on .
the coppers and on the oxygens, and the leading on-site Cou- Ksgrsro(@ambn) = E K amgnl Maalzdl Mgolors - (17)

: ; - i ap

lomb potentials. The perturbation Hamiltonian contains the
kinetic energy and the residual Coulomb interactions. As idHere we have definedU ,z5,=U og5,—Uo and AU nr 1y
known?’ the on-site Coulomb interactions can be param-=Unn—Uq. For a#é6 or g#vy, and ny#n, or n,
etrized in terms of the Racah coefficients. In tetragonal site#n;, AU=U involves only the small Racah coefficiers
symmetry, those on the copper are parametrized by the R&, andF,.!’
cah parameter4, B, andC, with A>B andA>C, and those All the perturbation contributions resulting frohg;, begin
on the oxygen byF, andF,, with F;>F,. We choose the and end within the P-fold degenerate ground-state manifold
on-site leading Coulomb interactions to be=U,,..,=A  of Hy, each state of which has one hole at each copper site,
+4B+ 3C for the copper, antl ;=U,,,,=Fo+4F, onthe  with arbitrary spinoc. We will denote by “0” the ground
oxygen. Consequently, the unperturbed Hamiltonian is state of the single-particle Hamiltonian on the copper, and
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q q genq’ and oxygenq”. To account for these processes one
O O — O O has to use the following replacement in Eg0):
—~ ~ 1 I o~
® ® [Haloyo—Taloe— 2 —tih[Thilos. (2D
i i i md
O O O O When the two coppers are NNN, the O-O hopping is essen-
q tial for bringing the two holes to the same copp@tor ex-

ample, the bong’-j in Fig. 4 requires the-q"” hopping) In
FIG. 4. The Cu-O effective nearest-neighbor hopping in the 90°this case we have
bond configuration, allowing for nearest-neighbor O-O hopping.

Open circles denote oxygens and black circles are the Cu’s. The = ij 1 ~ig =qi
ibuting % [Tba]rr’rr: E _[tbn](r’(r [Tna](r o (22
processes contributing to® are shown by arrows. dnoy €n 1 1
will take its site energy to be zero. For the sake of clarity, wevhere
divide the perturbation channels into three groups. Group a 1
includes the processes in which there are two holes on the [T9] :2 _tqq’ﬁq’i] (23)
. . . . . na. 0'10' nm ma 0'10' .
copper in the intermediate step. Group b includes those in mq €m

which there are two holes on the oxygen in the intermediate ) o .
step, or processes where the two holes exchange their corre- The perturbation contributions coming from channel b,
sponding coppers by going around the ring formed by thevhen coppers andj are NN, yield

two coppers and the intervening oxygéor example, cop-

2
persi andj, and oxygens g and’ in Fig. 4). Group ¢ con- Hoi )= 2 | —+ _) (5qq,+;+u
€ €m €EnT €m

tains the contribution from the nonlocal Coulomb exchange mnqq q
between the coppers and the oxygéhs.
The contribution of channel “a” to the magnetic coupling (1= )Tr o -S197%i 5. 57ia70i
of coppers andj is ( aq )En 10 Stomtmo jtontno
o 1 i =i > 1+1 1+1
Ha(' 1J): U_OTr{O- STOOO-' S]TOO} gqnm | €p €y €m Eny
n’'m’
AU
aByd
+ AU / ’
;k; (Uo+Ea)(Ug+Ep) X AL
apysd (Ugtenten)(Ugtenten)
X .S Tmo i — i — .
(Tr{o- ST gp(Map) 'Msa7 20} ><(Tr{o‘Sntqutﬂ'fo}Tr{mSjtiﬂnrtﬂé}
XTr{o-S;(Mgy)Tm. o} — g g~
e ~Tr{o- Stontn o0 Sitom tho})- (24

_ RGal t Q t i
Tr{o - ST op(Map) Maoo Si(Mgo) MyaT20}) g term with the (% 84q) in front arises in the chain
+(ie]), (18 ~ geometry and does not have the on-site Coulomb interaction
in the denominatot>3 As nonlocal Coulomb interactions

in which § is the spin on the copper at sitein the new  between the oxygens are ignored here, there is no analogous

orbital ground stat¢a)=|0), contribution in the second sum of E4). When the two
coppers are NNN, one must invoke the O-O hopping. We
1 : ; ; oy
_ T then find that each pair of matrix elemeritdhas to be re-
=— C 1Ciog » 19
573 E 100 oo Cios 19 placed as follows:

and the Tr's are carried out in spin spdéaVe have intro- Taai_, —Faifai _FaiFaj, (25)
duced in Eq.(18) the notation7 }l, for the effective matrix -

element for hopping from stai@ on copperj to stateb on ~ where botht andT are matrices in spin space, given by Egs.
copperi. These are different in the case where the two cop{14) and(23), respectively.

pers are nearest neighbors, and when they are next-nearestFinally, channel c gives

neighbors. In the first case such a process can be achieved

. o K, C
through a single oxygen, yielding H(irj)=— E mynTr{mS(mao)Wﬂé,a'Sjt'o?nmyo}
gmn €n€m
~ 1 ~ —~ ay
ij — —rta7., qa .
[Tba oo q%l en[tbn]o ol[tna]olo-a (20) +(I<—>J), (26)

to lowest possible order in perturbation theory. Figure 4 dewhen the two coppers are NN. The corresponding expression
picts the direct hopping from coppeto oxygenq, together  for NNN coppers is obtained from E(6) by replacing each
with the two possible indirect hoppings, going through oxy-matrix element by T.
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2

The total effective magnetic interaction is the sum of the 1 , 1
three groups. This is now expanded up to second order in the Jo=2 >, |—+— tehta gt e R e r— T
spin-orbit couplingk. This requires the matrim, Eq.(8), up mnqd m n-eme e
to first order in\ only. Using Eq.(10) we have 1 1\2

+(1—5qq,)—6n+€m —2% (—+ .
A La’ '[U]UU’
[maa]ao" = 5aa50'0" - E Eaa— Ea (27) % AU mnml{tOm nO

(entem™ Uq)
L i . . . i 1 AU 4iq tthjq tqi
A further significant simplification of the expressions is —82 mmnrfom-n0*om™no (32)
achieved when one takes into account the symmetry proper- imq €n€m (UqT2€,)(Ugt+2€p)
ties of the Coulomb matrix elemerits? AU 4,5 vanishes
unless the values af, B, y, andé are such that the products and
o(a)o(d) and o(B)o(y) are proportional to each other.

Here we use the convention thate=0) ando(a=1) are Li LY 1 1.2 1
the unit matrix. Similarly, the nonvanishing matrix elements ppv—)2_#2 #O Zv0 _+_) {(%q,—
of AUn1n2n3n4 satisfy a(n,) o(n,) < a(n,)o(ng), and those €r € mngd | \En  €m €ntentUq
of Kymgn Vanish unlessr(a) o(n)=o(B)o(m).
f In the following we present the general expressions in the +(1— 5qq')eT Tgﬂ(m,m,q’)Tgv(n,n,q)
orm n
Umnmn i ”
1 +%‘,(f +entU )Z[Toﬂ(m’n’q)TOV(n’m’q)
H(i,j)=(J—§TrF)S~Sj+SFS, (28) o

~Tg,(mn,a)Th,(nm,a)]

whereld includes all contributions to zeroth orderin while
the matrixI" contains the contributions which necessitate the is 4 AUmmnn
spin-orbit interaction, and is therefore second-ordex.iithe 99 enem (Ug+26,) (Ugt2ep)
application of these general expressions to the specific N -
Cu-Cu bonds will be carried out in the next section. X{Tp,(m,n,q)TH,(m,n,q)

(a) Channel dEq. (18)] yields

3-4 toctoo < AUaoaolatio 29 +Tgy(m,n,q)T{)‘M(m,n,q)]}], (33
UO a (U0+ Ea)z
where we have defined
Tg.(m,n,q)=tgta), — t'l?mtno (34
A2 L&oLY o :
[er= 20 :oe o([( B )(t'o'y—tjv'o)+,u<—>V]+j<—>i) (c) Channel dEg. (26)] yields
)\2 AU tQIth
-= aBro Je=—22 Konon——5—+(j—i 35
2 55 (Upte)(Ugre,) (30 2, Koon™ 5 2 ti=h, (35
and
th Ll: a LMO i i
5502 2 2 (1 B B0) L#oL, - .
( Uot €ar Cu F'U'V__AZZ 20 VO[K,LmOntgg)tJv?n_ Kvantgét{ﬂn
i V mnq €m€n E,MEV
t, v L
( 5,302 (:_ c (_tJ|06VB+tyu5BO)) + KOmvnth thin— KOmOntg,lutlv?n"_(] —i)]. (36)
o' () €, v
+(puev+jei). (31) For simplicity, we have written the results fdrand I,

Egs. (29—(36) for the nearest-neighbor Cu-Cu bond. The
analogous expressions for the next-NN bond are obtained
(b) Channel b Eq. (24)] yields using the replacementg3) and (25).
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TABLE |. The Cu-O hopping matrix element§, for the 90° Py
bond. Upper signst'd, lower signsti9’. 0(q)
Px Py Pz
0 Tt 0 0 Cu(i) Cu(j)
1 +ty 0 0
z 0 *t, 0 dg dxy y X
X 0 0 0 Py '
y 0 0 *t, O(a) \/'

FIG. 5. Cu and O orbitals which are involved in the processes

Ill. THE MAGNETIC COUPLINGS
leading to the out-of-plane anisotrofdy?%~ Here and below, the

A. The nearest-neighbor 90° bond shadedwhite) area indicates positivehegative phase.
We list in Tables | and Il the hopping matrix elements .
between Cu and O for the 90° configuratitsee the Intro- (3B+C)t;
. : . ; AT¥=ATYY=202—————
duction and Fig. 4 for the notationdJsing these values, we a a €2 (e +Ug)?
find that the leading order contributions to the magnetic cou- p,ox =X 0

plings come from channels b and ¢, with

AT*=ATY=—

N2t3t33F, (1 1)2

J=Jp+J, ex(ep tep TUg)? €n, €,
1968Uonne, 88, 37  Arg= B 213K+ 213Kap.0p,+ HotaKan o)
— = c~ " 22 o™ zpzp, 2™ 0p,0p, 0t2"™zp 0p, /s
€2 (26, +Ug)? €2 s el py
in accordance with the GKA rules. Inserting the numerical 2|t
values of the parameters, we findJ~—8 meV AT =ATY == —| = (Kypyp + Kypyp,)
. . . . . X7 FX yrry
—0.6™gp op,- The leading order magnetic anisotropy in this €y \ €p,
case is the out-of-plane one
t5
64\2122U * E_zKOpZOPZ) : (39
I‘Izezading order. (39 P,

eiegx(Zepx-f— Ug) , _
To obtain these results we have used the relations
with I'**~—1.3 meV. The processes yielding the latter areY1010=4B+C, Uxoxo=Uyoyo=3B+C, AUpzpypzpy
depicted in Fig. 5. . . . =AUpppp=3F2  AUpppp =AUpppp:  Kzpop,
The remaining small anisotropies resulting from the on-=—K, . . K., on, =Kypo op.on. = — Kop.o

. ) POPyr  xp,0p, — Myp,Opy: p,OPy PPy’
site Coulomb potential on the oxygen, and from the nonlocaj¢ —K . In addition, from Tables | and II, the only
Coulomb exchange between the copper and the oxygen, are ™ fzfpyz'? cuC h, . '

listed below. We express those in the coordinate system gdronzero etiective Lu-L.u noppings are
picted in Fig. 5. To obtain the couplings in the coordinate 2

system discussed in the Introduction, one has to rotate by i _+ij =2t1t2 i ] 22 40
o. tzl tzl ' Xy tyx ' ( )
45°: €px :
+ 2 Numerical estimates of these expressions yield 2*
2(4B C)(totz) a
ATZ%=32\ W' ~40 peV, ATY~7 ueV, ATF~—-9 ueV, AT*~—-K
€p, 2L €17 Yo X 0.003, AT'*~ — K x0.001.
TABLE Il. The Cu-O hopping matrix element'ﬁn for the 90° TABLE Ill. The Cu-O-O hopping matrix elemenfﬁifn for the
bond. Upper signsti9, lower signsi'd’. 90° bond. Upper signst', lower signs:Ti9".
Px Py Pz Px Py P
0 0 ito 0 0 itotg/épx It0t4/€px 0
1 0 itl 0 1 :tlt3/€px it1t4/5px 0
z *t, 0 0 z it2t4/epy It2t3/epy 0
X 0 0 *t, X 0
y 0 0 0 y 0 0 itztslepZ
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TABLE IV. The Cu-O-O hopping matrix element®, for the
90° bond. Upper signst!?, lower signsT'?".

Px Py Pz
0 itot4/epy Itotg/epy 0
1 it1t4/epy It3t1/epy 0
z Totalep Tty ey 0
X 0 0 Ttots/ep,
y 0 0

B. The next-nearest-neighbor 90° bond

Tables Il and 1V list the hopping matrix elemeﬁit'§n for
a Cu-O-0O-Cu process in the 90° configurtithe notations
are s/hown |r1 Fig. # In these Tablest3=tpxpx=tpypy, t4
=tgfpy= —tgjpy, andts=t, , . The effective hopping matrix
elements between two coppers,

‘e 1 H ’ !
Th= 2 —thtinthd,

(41
qq’mn €n€m
which do not vanish are
' —2t3t, ' 2t%t, | 2t35t,
TOOZ 2 ' Tllz 2 727 2 1
épx épx pr
i Matats 0 tts
TZ].:T].Z: 2 1l Txy:TyX:_z (42)
€p €p
X z

As opposed to the NN bond, in this case hopping between

ANISOTROPIC SUPEREXCHANGE FOR NEAREST AN.. .

10213
q
/228
Cu, Cu,
y X
dy \/
Px CI'
FIG. 7. Cu-O-Cu geometry for an angtg2—24.
KOp Op
Jo=—8——t5(t5+1)), (43)
€
Px

with J=0.02 eV. The leading order anisotropy is the out-
of-plane one, and comes mainly from channel b

v 256\ *t5t5t5U 4
leading order fifgx( ZEpX+ U q) ’
leading order — 30 u€V.  The remaining nondiagonal

anisotropies, caluclated in the coordinate system of Fig. 6,
are
tatatsts

22 2°
(ext+Up) €x€p €p,

AT%Y=—64\>AU 0

t5tota(ts/ ep +ts/€p )

— 2
Aréy__]'G)\ Aprpxpzpz 2.2

€cen ep(26p U (265 TU)’

the ground state orbitals of NNN coppers is possible, via the 5

two oxygen orbitalgp, andp,, which are connected hty,
see Fig. 6. We find contributions to the couplididrom all
three channels

J=J,+ 3y +Jc,

_ 64tgts

4 l
EPXUO

a

32A5th(Ugt+4de, )  B2AG(t+5)AU

Jom PxPyPyPy

e (2ep +Ug) €p (2€p +Ug)?

/om") \Qom)
% X K
\ / ow N

FIG. 6. Next-nearest-neighbor hopping between tiyo .2 or-
bitals via thep, andp, orbitals.

A
ATY=— zﬁtgt3t4(prxypy+ K (45)

xpyypx)-
€x€p,

Here'*Y=T"Y*. As before, this coordinate system has to be
rotated by 45° in order to produce the magnetic couplings in
the form discussed in the Introduction. That is,

DXL YT T =TT, (46)

IV. SMALL DEVIATION FROM 90°

To calculate the magnetic couplings as function of the
angle 6 (see Figs. 1 and)Ave use the following forms for
the hopping matrix elements:

tggx=t0 cosd(1— 2 cog ) + 2t, sin 5 cosé,

tggy= —tosind(1—226)+2t,sindcoss,  (47)
with t5 =—t§5 andtg; =—t3 ,
tggxz 2t,sindcogs+t,sin 8(2 cogo—1),
t1 = —2t; cosd si6+1t,c0s8(2 cog—1), (48

zpy_

with tgrl,xztﬁf)y andt;*},yztggx,
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tig =1, COSJ, Hamiltonian. It has been found before that for the magnetic
X anisotropiesof the linear Cu-O-Cu bond, this expansion is
quite reliable® On the other hand, it has been arguadain
for the 180° bonyg that perturbation theory fails to yield
reasonable values for the leading magnetsotropic
intractions?® because the hopping matrix elemehtre not
necessarily small compared with the on-site energies. How-
ever, the almost 90° case discussed here is different, because
19 _ of the appearance of the small Coulomb matrix elements in
typ, =12 COSJ, (50 the expansion. It therefore can be expected that the perturba-
with 191 — {92 tion expansion for the present case yields reliable (_astimat_es.
Xp,  CYP; Indeed, the comparison of our results for the NN isotropic
For the next-nearest-neighbor hopping we need the folenergy with those obtained from exact diagonalizdfion
lowing matrix elements: seem to support this conclusion.
1 Our results show that the out-of-plane anisotropy is nega-
- tive, both for NN and for NNN coppers. This indicates an
Tp a (t3tp a+t4tp a)! . . . .
X €p, X Y easy axis perpendicular to the Cu-O plane, in agreement with
Ref. 16. This result is valid for slight deviations away from
90°, as long as the isotropic exchange is ferromagngtr.
pra: g(t3tpya+t4tpxa)’ (52) larger angles, the isotropic exchange becomes antiferromag-
X netic and the negative value of the out-of-plane exchange
for «a=0,1z, and leads to spin ordering in the Cu-O plan&Ve find that the
pseudodipolar interaction between nearest neighbors van-
_ it t (52) ishes at strictly 90°, and is minute for a small deviation away
P22 ¢ , Stppa from it. As has been shown in Ref. 16, this result is modified
] o ) when one allows for a difference between the Cu on-site
for a=x,y. The resulting explicit expressions for the mag- gnergiese, ande, . It seems that this should be the case in
netic couplings are very long, and we therefore skip them ,iarials like Sgéu304CI2, where some of the copper ions
Instead, we have used the results above to produce the CUrVgse their local tetragonal symmetry: It has been fduhat
in Figs. 2 and 3, to.ot_)tain the magnetic couplings as f“nCtioréxperimental data on S2u;0,Cl, imply a finite value for
of the angular deviatio®. this energy. This means that the interpretation of the data
necessitates the inclusion of such effects, or of dipolar inter-
actions. In the same manner, it is expected that our numerical
V. DISCUSSION estimates as function of the ang&ewill be useful in the
@nalysis of other cuprates.

tigf —t,sind, (49)

ith t9% =192 ql _q2
with ti; tlpy andt1py tip . and

tiep, = —t2in 4,

T

We have presented a detailed calculation of the magneti
interaction between nearest-neighbor and next-nearest-
neighbor coppers in the edge-sharing geometry, and obtained
numerical estimates for the various couplings as function of
the angular deviation from 90°. These numerical estimates We have benefited from discussions with A. B. Harris.
are crucial for the analysis of the magnetic structures ofThis project has been supported by a grant from the U.S.-
many chain, ladder, and lamellar cuprates. Our calculation itsrael Binational Science FoundatigBSF. S.T. acknowl-
based on a perturbation expansion of a general Hubbareldges the support by the Deutsche Forschungsgemeinschatt.
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