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Infinite Lifshitz point in incommensurate type-I dielectrics
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The phenomenological analysis of the pressure-temperature (P-T) phase diagram of@N~CH3)4] 2CuCl4
~TMATC-Cu! crystals is presented. It is shown that serious disagreement between the experimental results and
theory may be removed assuming that the coefficient of the Landau free energy expansionk at the gradient
term (dq/dz)(dq* /dz) changes the sign in the experimental range of pressures. The phase diagram in thea-k
phase plane is characterized by infinite Lifshitz point~at k→`) in which both lines of the phase transitions
into the incommensurate phase merge together, whereas the incommensurate wave vector approaches its zero
value. The triple point (PK'55 MPa,TK'304 K) observed in these crystals may be considered as an artificial
point, which results from the limitation of experimental resolution. Therefore, even abovePK there still exist
two very close~unresolved! lines of the incommensurate phase transitions.@S0163-1829~99!12221-5#
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It is well known that external influences~electric field,
mechanical stress, hydrostatic pressure, etc.! essentially dis-
tort the structure of incommensurate~IC! phases of ferroelec
tric and ferroelastic crystals. In many cases they lead to
appearance of triple points in phase diagrams, where the
lines of the IC phase transitions@referred usually as norma
~N!-IC and IC-commensurate~C! transitions, respectively#
merge into the one line of direct transitions from the N to
phase. In the IC dielectrics of type I~according to Bruce-
Cowley classification1! the phase transformation from N to
phase is usually associated with a two-component com
order parameter (q1 ,q2). The symmetry of the N phase a
lows the existence of Lifshitz invariantid(q1dq2 /dz
2q2dq1 /dz). In the plane wave approximation it gives th
linear~with respect to wave vectork) contribution to the soft
mode dispersion, which near commensurate pointkC is pre-
sented as

v2~k!5a12d~k2kC!1k~k2kC!2. ~1!

The minimum v2(k), thus, corresponds to pointki5k0
2kC52d/k. Therefore if just onlydÞ0, the direct second
order phase transition N-C phase is impossible. Particula
before it should take place ata50, the second order phas
transition into the inhomogeneous IC phase occurs ata i
5A0(Ti2T0)5d2/k.0. In fact this is the simplified presen
tation of one of the well known general principles of th
Landau theory – the so-called Lifshitz condition. Therefo
in the case of scalar~nonsymmetry breaking! external influ-
ences the Lifshitz point, which has been introduced initia
for IC system II~Refs. 2, 3! appear to be symmetry forbid
den in the IC system I. In this case two kind of multicritic
points are expected to occur.

~i! The conditiona5d50 defines the isolated point o
direct second order phase transition in thea2d phase plane
PRB 600163-1829/99/60~1!/10~4!/$15.00
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from the N to C phase. Such a point appears in the inters
tion of two lines of phase transitions into the IC phase, i.e
is tetracritical point.4

~ii ! In principal, a direct first order phase transition fro
N to C phase is possible. The corresponding phase diag
has been considered by Sannikov.5,6 The direct first order
N-C transition appears ata5anc for b,0 if anc5b2/4g
.a i ~where g is coefficient at six-order term in the fre
energy!, thus, the conditionanc5a i defines the coordinate
of the triple point in the phase diagram. This point, howev
differs from the Lifshitz point, since the wave vector of th
IC modulation, as well as the angle between the tangent
the lines of IC phase transitions are finite in the triple poi
Instead of this, only the lines of the first order transitio
anc(s) anda ic(s) (s5b2/4g2d2/2k) have common tan-
gent in the triple point.

Although the model of triple point in the IC dielectri
I ~Refs. 5, 6! seems to be fairly reliable, some re
cently obtained experimental results are not likely expl
able within this model. One such result has be
obtained for the improper incommensurate ferroelas
@N~CH!3)4] 2CuCl4 ~TMATC-Cu!. The triple point separat-
ing the N, IC, and C phase in the pressure-temperature p
diagram has been found in previous studies by optical b
fringence and acoustical methods.7 One must remember tha
this crystal at atmospheric pressure undergoes several
cessive phase transitions, including two IC transitions atTi
5298 K and TC5292 K.8 At T5Ti the high-temperature
orthorhombic N phase~space groupPmcn) loses its stability
at the wave vectork05c* (1/32j), wherej'0.007 and is
nearly temperature independent in the IC phase. AtT5TC
the wave numberj→0 and the monoclinic improper fer
roelastic C phase~space groupP121 /c1, kC5c* /3) appears.
Following the symmetry consideration, the transition from
to C phase in TMATC-Cu is associated with the tw
10 ©1999 The American Physical Society
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PRB 60 11BRIEF REPORTS
component order parameter and the Lifshitz invariant
allowed.9 Therefore, the direct second order phase transi
from the N into C phase is symmetry forbidden, which co
tradicts the experimental results.

~i! Above PK'55 MPa the direct phase transition from
to C phase is observed. However, the variations of opt
birefringenceDnC and shear elastic constantC66 ~Ref. 7! are
quite continuous nearT0 , therefore the corresponding pha
transition is of the second order, but not of the first order
it follows from the symmetry.

~ii ! The magnitudes of the jumps of the optical birefri
genced(DnC) and of the elastic constantdC66 ~Ref. 7! at the
first order phase transition from the IC to C phase (T5TC)
critically decrease at approaching toPK , whereas the lines
of the N-C and IC-C phase transitions do not have a comm
tangent in the triple point (PK ,TK) that contradicts the pre
diction of the theory.5,6

A similar point has been also revealed in theP-T phase
diagram of improper incommensurate ferroelect
NH4HSeO4.10 For TMATC-Mn ~Ref. 11! the appearance o
such a triple point is expected in the region of negative
drostatic pressure. In the vicinity of triple point all the
crystals manifest the behavior rather close to this one, wh
is expected in the case of the Lifshitz point. However,
Lifshitz point is symmetry forbidden in the IC system I, a
was already mentioned. Levanyuk12 was the first to pay at-
tention to this disagreement. However, this problem is s
unsolved.

Considering the phase diagrams in IC systems I,
authors5,6,9 have restricted the free energy expansion by
first order gradient terms of the order parameter. In this c
only two types of policritical points are expected, which co
respond to tetracritical or triple points. Within these theor
it was assumed that coefficientk* at the gradient term
(dq1 /dz)(dq2 /dz) is positive and independent of the exte
nal influences. Obviously such an assumption restricts
behavior of IC systems and results in a reduction of a nu
ber of possible types of policritical points in their phase d
grams. In fact no physical reasons are found for such a
striction and the coefficientk* can takes negative values a
well. Moreover, according to the group theory the prod
(e/2)(dq1 /dz)(dq2 /dz)P ~where P is scalar external pa
rameter, which is associated in our case with the hydrost
pressure! is also invariant to all operations of symmetry
the N phase and for this reason must be included in the
energy expansion. After a simple procedure of renormal
tion one obtains a new effective coefficientk5k* 1eP.
Generally speaking, this coefficient is thus dependent oP
and we can expect for some real systems that it may cha
the sign at experimental range of the applied pressuresP. In
order to stabilize the Landau free energy we must include
the expansion additional high order gradient terms. In
opinion it seems rather interesting then to consider the ph
diagram also in thea-k phase plane, which completes pr
vious considerations of the phase diagram in thea-d and
a-s phase planes. This phase diagram is rather unus
since it contains infinity critical point, which appears wh
the value of coefficientk tends to infinity. In this case the
lines of N-IC and IC-C phase transitions merges at infin
whereas the wave vector of the IC modulation continuou
approaches its zero value. We shall refer to the infinite m
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ticritical point as an infinite Lifshitz point, since all othe
properties of this point are the same as for usual~finite!
Lifshitz point in IC system II. Although somewhat unusual
first glance, such a model is able to explain the main featu
experimentally observed. Particularly, as will be shown b
low, the experimentally observed ‘‘finite’’ triple point in the
phase diagram may appear as result of limit experime
resolution, therefore even abovePK there always exists two
very close lines of the incommensurate phase transitions
make it more clear let us consider a partial case of the fr
energy expansion for TMATC-Cu containing a sixth-ord
(n56) anisotropic invariant9
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wherea5A0(T2T0) andb,d,g1 ,g2 ,m, andl are assumed
to be positive. The free energy density functionalf(z) in Eq.
~2! differs from Refs. 5, 6, 9 only by a presence of the tw
last terms, which contain third and second order derivati
of the inhomogeneous two-component order param
@q(z),q* (z)#. For simplicity we consider here only one gra
dient invariant (m term! which produces the contribution t
the free energy proportional to (k2kC)3 ~see below!. Indeed,
the free energy is stabilized by al term. A trivial minimi-
zation procedure applied to Eq.~2! ~see, e.g., Refs. 13, 14!
leads us to the following expressions for the free energy
the IC and C phases.

IC phase:

FIC5
ak

2
qkqk* 1

b

4
~qkqk* !21

g1

6
~qkqk* !3

2
g2

2
~qk

5QK91qk*
5QK9

* !1 f ~qk
3UK81qk*

3UK8
* !

1C55
o ~K8!UK8UK8

* 1
aQ~K9!

2
QK9QK9

* ;

ak5a12d~k2kC!1k~k2kC!212m~k2kC!3

1l~k2kC!4;

qk5qei (k2kc)z, qk* 5q* e2 i (k2kc)z,

K85c* 23k, K952c* 25k. ~3!
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C phase:

FC5
a

2
qq* 1

b

4
~qq* !21

g18

6
~qq* !32

g28

12
~q61q* 6!,

q5reic, q* 5re2 ic, c5mp/3, m50,1,2 . . . ,

g185g126 f 2/C55
o , g285g216 f 2/C55

o . ~4!

The N-IC transition occurs ata i5A0(T2Ti)5ak(ki)50.
The equilibrium value of incommensurate wave vectorki
5uk02kCu5j ic* at this second order phase transition c
responds to the absolute minimum ofak in Eq. ~3!, therefore
it should be found from the condition

]ak /]k5d1k~k2kC!13m~k2kC!2 ~5!

12l~k2kC!350.

The analytical solution of Eq.~5! is rather complicated
therefore we solve it numerically for the case of TMATC-C
crystals. It is convenient to use the normalized coupling c
stantsd85dc* , k85kc* 2, m85mc* 3, andl85lc* 4 pre-
senting thus the incommensurate modulation by the dim
sionless wave numberj. The N-IC transition occurs atT
5Ti when the absolute minimum ofa(j i) tends zero. De-
termined in such a way dependencesa i(k8) andj i(k8) are
presented in Figs. 1~b! and 1~a!, respectively. We see that th
IC wave numberj i(k8) is characterized first by a fast de
creasing when parameterk8 arises to its certain value~which
depends on chosen values ford8 andl8) and then gradually

FIG. 1. The equilibrium wave numberj i of the incommensurate
wave on thea i line calculated via Eq.~6!~a! and calculated phas
diagram in thea-k8 coordinate plane~b!.
-

-

n-

approaches zero in the infinity (k8→`). The phase transi-
tion point a ic5A0(T2TC) from the IC to C phase can b
approximately estimated using the conditionF IC(a ic)
5FC(a ic).13 We will neglect in the IC phase the contribu
tion due to the anisotropicg2 term in Eq.~3!. In the IC phase
the invariant (q61q* 6)→(qk0

5 Q2c* 25k0
1c.c.), so it induces

a fifth harmonicQ2c* 25k0
}^qk0

&5. Hence theg2 term is

actually of the order of (qq*) 5 and for this reason can b
disregarded. However, this term remains important for the
phase, where it represents its lock-in energy. Another f te
is of the order of (qq* )3, therefore it must be taken into
account. In general, this term causes the temperature cha
of the equilibrium value of the IC wave vector due to th
dispersion ofC55

o (k).13 The fact, that the wavelength of IC
modulation remains nearly constant in whole region of
IC-phase of TMATC-Cu crystal8 means that dispersion o
C55

o (k) is weak enough in the vicinity ofkC6ki . For this
reason the minimization ofF IC can be essentially simplified
i.e., we can restrict it to the amplitude of the modulati
only. From Eqs.~3! and ~4! we get

6~a ic2a i !r o
213br o

412g18r o
6 ~6!

56a icr c
213br c

412~g182g28!r c
6,

where the equilibrium values of the order parameter am
tudes in the IC phase (r o

2[uqku2) and in the C phase (r c
2

[qq*) are given by

r o
25@2b1Ab224~a2a i !g18#/2g18 ~7!

r c
25@2b1Ab224a~g182g28!#/2~g182g28!.

The linea ic(k8) @Fig. 1~b!# has been calculated solving th
Eq. ~6! numerically. The magnitudes of the coupling co
stants used in our calculation were found using the ra
a ic /a i'3, being determined from the experimental pha
diagram.7 As k8 arises both the lines of N-IC and IC-C pha
transitions approach@Fig. 1~b!# and merge atk8→`. It is
evident, that at infinity these lines have a common tang
whereas the wave vector of IC modulationki approaches

FIG. 2. The phase diagram@Fig. 1~b!# presented in theP-T
coordinate plane~solid and dashed lines correspond to second
first order transitions, respectively!; s, experiment~Ref. 7!.
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PRB 60 13BRIEF REPORTS
zero value. Thus the infinite critical point in its physic
meaning is equivalent to the Lifshitz point.

The unusual phase diagram considered above does
contain any finite triple point, which indeed is observed
experiment.7 The appearance of this point in the experime
we attribute to the limitation of experimental resolutio
There is always a certain limit up to which both N-IC an
IC-C lines can be observed separately. It immediately
comes obvious if we present the phase diagram inP-T co-
ordinate plane~Fig. 2!, which has been obtained assumi
that the free energy coefficientsb,g1 ,g2 ,l8,d8,m8, f are
nearly pressure independent. Some justification for such
assumption follows from the fact that the pressure beha
of these coefficients at least is not critical in the experimen
range of pressures. Otherwise, the appearance of the
critical points of other types would be inevitable. The size
experimental points in Fig. 2 nearly corresponds to the li

FIG. 3. The equilibrium order parameter amplituder calculated
via Eq. ~7! at various values of coefficientk8.
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of resolution, which has been estimated as 0.5 K. Above
MPa the lines of N-IC and IC-C phase transitions are se
rated by a temperature interval less than 0.5 K, so they c
not be experimentally resolved. Thus, the triple point in t
phase diagram7 can be considered as an artificial point.

Once more confirmation follows from the qualitativ
comparison of experimental results for temperature beha
of the optical birefringenceDnC and elastic constantC66
~Ref. 7! with the temperature dependences of order para
eter amplitudesr in the IC and C phase~Fig. 3! being cal-
culated using Eq.~7!. It should be kept in mind that anoma
lous changesd(DnC) and dC66 are proportional in these
phases tor 27. The magnitude of a jump of the order param
eter amplitude at the first order IC-C transition decrea
nearly proportionally to the width of the IC phase~Fig. 3!. In
the region close tok8→0 (P→P* ), which corresponds to
the limit of experimental resolution~Fig. 2!, the jump of the
order parameter amplitudeDr at T5TC (a5a ic) becomes
negligibly small with respect to its initial value atk85
25.73103 attributed toP5 0.1 K as regards TMATC-Cu
Therefore, in the high pressure region it cannot be exp
mentally detected and the changes of the order param
amplitude seem to be continuous which is in good agreem
with experimental data.7

In conclusion we have presented here a phenomenolog
analysis of the pressure-temperature phase diagram
TMATC-Cu crystals. A serious disagreement between
experimental results and theory can be removed assum
that TMATC-Cu shows theP-T phase diagram with an in
finite Lifshitz point. Observed experimentally finite tripl
point (PK'55 MPa,TK'304 K) ~Ref. 7! should be consid-
ered as an artificial point, which appears as a result of
limit of experimental resolution. Therefore, even abovePK
there are two very close~unresolved! lines of the incommen-
surate phase transitions.
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