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We employ the transfer-matrix formalism expounded in Paper I to study the decay of pair correla-
tion functions at high temperatures in the d-dimensional Ising model in an arbitrary magnetic
field H. A general correlation function decays according to

(af, (O)aq(It)) = R"-"" e-"'C4, +A,R-'+ ~ ~ ~ )+R-"e-" "(a,+a,R-'+ ~ ~ )+ ~ ~ ~

Ss R ~. For sufficiently small H and high temperature 7, the exponent x is equal to the di-
mension of the lattice and t(.

" =2~. The coefficients A„and 8„factor as A„(Q)A„L) and

B„(Q)B„(L),respectively. If Q is an operator involving an odd number of closely spaced spins,
A„(Q) tends to a finite limit and B„(Q) tends to zero as H tends to zero. In contrast, if Q in-
volves an even number of closely spaced spins, A„{Q) tends to zero and B„{Q)to a finite limit
as H tends to zero. Thus, for finite H an arbitrary pair correlation function verifies the
Ornstein-Zernike (OZ) prediction; whereas in the zero fieM, (i) if both Q and T are products
of odd numbers of spin operators, Gz, ~{8)will verify the OZ prediction in zero field; {ii) if
both L and Q involve even numbers of spins, GJ +(R) fails to verify the OZ prediction in zero
field; and (iii) if L involves an odd number of spins while Q involves an even number of spins,
Gz (R) is identically zero in zero field for all P. The failure of the zero-field Ising model to
completely verify the OZ prediction at high temperatures is due to the symmetry of this model
about the H =0 line.

I. INTRODUCTION

In this work the formalism expounded in Paper
I of thi.s series ' is used to study the decay of
pair correlation functions in the d-dimensional
Ising model in an arbitrary field 0 at high tem-
pera, tures. A sketch of the approach and a state-
ment of the principal results have been previously
published. "' Definitions and formulas developed
in I are used throughout —occasionally without ex-
plicit reference.

The correlation functions considered are those
between two widely separated groups of localized
spins; especially those between two widely sep-
arated spins, henceforth referred to as spin cor-
relation functions, and those between pairs of
nearest-neighbor spins in widely separated layers
referred to as energy-density correlations. Both
of these latter types are considered in arbitrary
magnetic fieM.

These correlation functions are important for
several reasons. First of all, the initial suscep-
tibility of a ferromagnet and the compressibility
of a liquid-vapor system are essentially given by
the integral of the pair correlation function over
the whole system. 2 Secondly, the specific heat is
given by the integral of the energy-density cor-
relation function over the system. In addition,
the Fourier transform of the pair correlation func-
tion determines the cross section for elastic scat-
tering of radiation in the first Born approximation. 3

However, almost as important as these physical

considerations are the constraints the form of the

decay of correlations away from the critical point
puts on the so-called "scaling forms" for the de-
cay of correlations in the critical region. For a
thorough discussion of these scaling forms, refer
to Fisher and Burford. ~ We briefly sketch their
scaling form for the spin correlation function and

the relevance of our work to such forms.
Based on exactly known two-dimensional cor-

relation functions and on numerical studies in three
dimensions, Fisher and Burford proposed the

following form for the Ising spin correlation func-
tioll:

(:,(R) = (CS'(O)CS'(R)) = D(/~R)e-"'/R"-""', (1.1)

where D(x) = x'" s's"'/s as x tends to infinity, and

D(x)=1+o(1) as x tends to zero. Thus, the cor-
relations within the critical region are predicted
to behave like

G,(R) e " /R" s'" as sR-O,
while outside the critical region spin correlations
are expected to decay as

(R) /t(d-3+2~) /2(e r(R/R(d-t)/2-) as KR

(1.3}
This form was chosen in order to reproduce the
Ornstein-Zernike (OK) form' for the decay of cor-
relations outside the critica, l region and to repro-
duce the results found for the decay of correlation
in the critical region in the two- and three-dimen-
sional Ising model [Etl. (1.2)], with t) = &(d = 2), and
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7l = 0. 0&(& = 3). One aspect of our work is to an-
swer the general question of when to expect OZ
behavior outside the critical region.

For any T&T, , we may integrate (1.1) to find

X ~, the initial susceptibility. Thus, we have

XT XOK &
T Tc

where Xo depends only weakly on temperature. The
critical exponent v is defined by the relation v
- (T —T,)" as T tends to T, from above, and the
exponent Z is defined by yr- (T —T,) "as T tends
to T, from above. Thus, from (1.4), we expect
that

(2 —g)v= y .

Relationships such as (1.5) are known as scaling
relations. ' Most of these scaling relations
among the critical exponents have been proven as
inequalities. "

A previously unresolved question in scaling
theory is when the OZ form (1.3) outside the crit-
ical region canbe expected. The exact results
for the zero-field tw o-dimensional neares t-neighbor
Ising model at low temperatures demonstrate that
(1.3) doesnot holdin this case. However, for thespin
pair correlation function at high temperatures in
this system, ' '4'" (1.3) is found to hold. Thus,
a single scaling form such as (1.1) cannot correct-
ly describe the decay of correlation over the whole
thermodynamic surface. Further, the decay of
energy-density correlation functions in the zero-
field two-dimensional Ising model at high tempera-
tures is known to be non-Ornstein-Zernike-like. '

Thus, the scaling forms for the spin and the ener-
gy-density correlation functions must differ in
their asymptotic behavior —as indeed found by
Hecht. "

%e cannot say anything rigorously about scaling
since our results are proven only asymptotically
as T"-0. However, there are quite strong rea-
sons to believe that the correlation functions have
a single asymptotic form everywhere outside the
critical region. Thus, we expect to be able to
state generally when to expect OZ behavior outside
the critical region. A map of the critical region
and the region in which our perturbative results
are assuredly valid in the R-$ plane, is given in

Fig. 1, with the critical region cross hatched and
the region of known validity of our work diagonally
barred. Since we expect our functional forms for
the decay of correlations to remain valid except
in the critical region of the It )plane (even thoug-h

we have explicitly assumed &R» 1, R»1, in de-
riving them), we maintain that our results deter-
mine D(x) as x-~ in the Fisher-Burford scaling
form [Eg. (1.1)].

The information known about the decay of energy-
density correlation functions is much sketchier

where, as above, K= PL, ~z= 2K[(K/K, )/-1], and

X„(x) is the modified Bessel function of the second
kind, of order n. ' This may easily be asymptoti-
cally analyzed to find that

Gz(R)= (2Z/~) (e "&'/R'), R»l, ~z«1, (1.Va)

Gz(R)= (4Z /w) (1/8 ), ft«1, fez«1 . (1.Vb)

Thus, if we write the zero-field correlation function
as

Gz(R) = D, (l&zA) e "z /8 (1.8)

we expect, both as x and 1/x tend to zero, that

This result is significantly different from that
found above for the spin correlation function. How-

ever, it has been conjectured' that for finite mag-
netic field, the spin and the ener gy-density corre-
lation functions will be of the same form and that
only for zero field above T, are they significantly
diff erent.

The work reported herein (and summarized by
Camp and Fisher' "') yields a qualitative under-
standing of this behavior. As we noted above, given
the finiteness of appropriate matrix elements, the
decay of correlations is determined by the single-
particle eigenstates of the transfer matrix. ' The
corrections to this leading term are then provided
by the two-particle band. Below we show that this
implies the following form for a general correla-
tion function at high temperatures""':

-e'R
Bg+ „Bo+ + ~ ~ ~ as R-~, 1.10

where, for sufficiently small fields and high tem-
peratures, x=d and w' is given by 2&. The coeffi-
cients A.„are determined by matrix elements of the
correlated operators between the largest eigen-
vector and the states of the single-particle band,
while the B„are determined by matrix elements
between the largest eigenvector and the two-parti-
cle states. For the spin correlation function the

sequence (A „]approaches a nonzer o limit as the fiel1
h tends to zero while (B„}tends to zero. However,

than that for the spin correlation function. The
major previous results are the exact zero fie-ld
calculations by Stephenson' and by Hecht' in tuo
dimensions. The latter author found that the ener-
gy-density correlation function Gz(R) is given near
T, by

Gz(R) =- (5E(0) 5E(R)) = (2J'/m)~ 2vaz(K)

x [K', (2~zR) —R~(2~zR)], (1.6)
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The Critical Region
is crosshatched {Q@).

One is led to propose a restricted scaling form in
the variable ~(h, T)R of the form

The region of validity
of our expansions is
diagonally barred (&&QQ&).

G, (R) =- e " D(h, xR)/R

with, for small h,

D(h, x) = Do(x)+h~D, (x)+ O(h ) .

The functions Do(x) and D, (x) obey

Do(x)-x"' ~ e * as x"-~
and

(l. 12)

(l. 13)

(1.14a)

FIG. 1. R —( plane. Although our expansion is most
accurate for &R»1, we expect our functional forms to
hold everywhere outside the critical region, t(R «1.

for the energy-density correlation function, A„may
be expanded as A„,,k +A„,4I|', + ~ . , while B„=B„,,
+h38„2+ ~ ~ ~ . Thus in zero field, the decay of en-
ergy-density correlations is qualitatively different
from that in a small, but finite, field. In the for-
mer case, the ultimate decay form is determined by
the two-particle band and in the latter case by the
single-particle band. This statement is shown to
be correct to a/l orders in the perturbation expan-
sion-and thus may be generally correct for T
above T, .

If one assumes complete scaling for the corre-
lation functions, "a general correlation function
G(R) is written

G(R) = R "*'" G(tR", tR' "), (1.11)

where x labels the type of correlation function,

yP„= (2 —q„),

4', = 2(d —2+ q„),
where y is the critical index for the susceptibility.
The variable t is a reduced temperature t= 7/7,
—1. Assuming this work to be relevant to the
scaling forms, the following results are evident.
For the spin correlation function G,(x, y) approaches
a single functional form in the variables & and R as
x tends to infinity for any value of y. This func-
tional form is just (~R) ' '"~' e ", which repro-
duces the OZ result as x= (zR)' " tends to infinity.
On the other hand, G,(x, y) for the energy-density
correlation function approaches a different limit
as x tends to infinity, depending upon whether y
remains zero or finite, or also tends to infinity.
If y remains zero or finite as x tends to infinity,
G,(x, y) behaves as (/cR)"' ' e " . But, if y also
tends to infinity as x tends to infinity, we find
G,(x, y) behaving as (KR) '"' ' e " . This indicates
a nontrivial difference between the complete scaling
forms for, (R) and G, (R).

A less tenuous result of our work is the following.

D, (x) x'" ' "~' as x-~ (l. 14b)

The behavior described in (1.14a) as x-~ is de-
duced from our results; and that as x- 0 is gen-
eralized from Hecht's" two-dimensional results.
The behavior of D, (x) for x-~ is also deduced
from the work below. Note that Do(x) and D, (x)
depend upon h only through vR. If we assume (l. 13)
holds for strictly finite h, then wR is never zero
in D, (vR) as long as h is nonzero. " In any case we
cannot comment upon the behavior of D, (x) as x
-0 because of our restriction to wR»1, and R»1.

The energy-density correlation functions satisfy
the specific-heat sum rule mentioned above; that
is, the integral of G, (R) over the entire system
yields the specific heat. In zero field the specific
heat diverges as C„o-(T/T, —1) ', 7- 7;; so,
from (1.12) and (1.14a) we have (2 —q, )v= &. This
may be taken as defining p, and hence as con-
straining D, (x) as x-~ and D,(x) as x- 0 or ~.

The outline of this work is as follows. In Secs.
II and IQ we obtain the Ising transfer matrix in a
form suitable for high-temperature perturbation
theory and examine the eigenvalue spectrum via
perturbation theory. "' In Secs. IV and V we ob-
tain the decay of spin and energy-density corre-
lation functions, respectively. The angular depen-
dence of &, the inverse correlation length, is also
produced in Sec. IV. Section VI is a summary of
our results.

II. HAMILTONIAN AND TRANSFER MATRIX OF THE SYSTEM

The system treated herein is the spin-half (s = —,')
Ising model. In this model one associates a two-
valued variable S(r) = +1witheachlattice site r. In
a model for magnetism one may associate S(r) with
the z component of a spin angular momentum. Then
the S=+1 state corresponds to a spin aligned up-
ward along the positive z direction, while S= —1
corresponds to a spin aligned downward along the
negative z direction. (Hence, we shall speak of
spin-up and spin-down states when S equals +1 and
—1, respectively. ) Alternately, one may think of
the model as a "lattice gas" obtained by associat-
ing an occupation number t(r) = —', [1 —S(r) j with each
site. A site is unoccupied if t=O, i.e. , if S=+1.
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Notice that this model automatically contains a
"hard core" because each site is, at most, singly
occupied.

Having associated a kinematical variable with
each lattice site, one specifies the interactions be-
bveen sites by means of these variables. We again
take z to be the layering direction of a d-dimen-
sional system and the interactions to be such that
only spins in nearest-neighbor (d-1)-dimensional
hyperplanes interact. Then the layers may be taken
to be these hyperplanes. Every lattice vector R is
of the form

R = r~+ gxii (2. 1)

K = K.(A„). K, (A,) K,(h), (2. 4)

where the latter two matrices are diagonal (and
hence commute) while the first is nondiagonal. A

The notation is self-explanatory —x„ labels the layer
(the component of R parallel to z), and r, is an ar-
bitrary vector lying within a given layer (perpen-
dicular to the layering axis s). Throughout this
work the lattice spacing is assumed to be unity. Al-
though it would be useful to allow second-neighbor
interactions between layers-interactions connect-
ing (r„fz) and [r,+ &, (( +1)z] with & a nearest-
neighbor layer vector, we shall not do so since al-
lowing such interactions makes the detailed calcu-
lations considerably more involved. However, we
shall treat further-neighbor interactions strictly
within a layer.

Thus, the Hamiltonian is written

—PK~ =2"„E,[IfI, S(x, l)s(x, 3 + 1)

+~Ã,Zp p(r)s(x, l)s(x+r, I) +hs(x, I)]
(2 2)

In (2. 2), P = (k~ T) ', Z„= PJ;, , Jf', = PJ„and h = PgH,
where T is the temperature, k~ is Boltzmann's
constant, J( and J, are exchange energies, g is the
Lande factor, and H is the magnetic field. p(r) is
a dimensionless intralayer "interaction shape
function. " The vectors x and r lie entirely within
a layer, and / is the layer index. The range of
summation of / depends upon the boundary con-
ditions in the g direction, while the range of sum-
mation of x and r depend upon the boundary con-
ditions imposed upon the layers proper.

With this definition of the Hamiltonian, one
easily writes down the transfer matrix K via its
4 -matrix elements between states of the l th and
(I + 1)th layers~:

K (o„o...) = exp(Z„-[Z;, S(x, I)S(x, I + 1)

+-,'K,Zp p(r)s(x, l)s(x+ r, I) +hS(x, I+ 1)]} .
(2. 3)

It is shown below that K has a natural division as
the product of three matrices:

particularly simple expression for all three ma-
trices may be found in terms of Pauli spin op-
erators 0", 0', 0', and I. In the 0' representation,
these are

0 =, (7=Z

(2. 6)

A(i, j)=G,Z, a(i, k)(b(k)&(k, l)He(l)&(l, j)], (2. 7)

where &(i, j) is the Kronecker &, equal to 1 if i
equals j, and 0 otherwise; hence, A is clearly
seen to be the matrix product ab c with b and c
diagonal. Thus, K is written

K=K, 'K~'Q (2. 8)

with

K (1 2) r '~»»' ia ~»' (2. 9a)

K.(1, 2)=6(s», su)6(si2 S»)& ' " »,

K,(1, 2) =6(S„,S„)6(S„S„)e""si'»' . (2. 9c)

The latter two matrices are explicitly diagonal;
in fact

H field /

/ I

I.I
ls

r

S;] =+1

f:s„=-t

Layer P2

Layer 4 1

FIG. 2. Double Ising chain in a magnetic field.

(Notice that one may expand any 2&& 2 matrix in terms
of these four matrices. )

For simplicity we initially formulate the problem
for the case of a double chain of spins. All the es-
sential features of the general case are included,
while the matrix algebra is simple enough to be
transparent. The transfer matrix for the double
chain depicted in Fig. 2 is

xA B(slls21+SI2S»6e p(+I 21S»)

x exp[h(sz~+S»)] . (2. 6)

This transfer matrix has the form A(i, j)=a(i, j)
x b(j)c(j) and may easily be written
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2K
II

-2K(I

I

l

2K(I ~ e2K
I

I
2K(( y ) y e2K((

I

Ki —[2 sjnh(2R' )] D 8 "15 (2. 15)

or as

p[' ~ I() '() '(+ )]).
(2. 14)

Writing K=K, K2, we can either define K, as

Kg
Q

I

0 -K~
I

(

le ~

I

0
iaaa I

0
I

o r~
I

e

(2. 10)

K, = [2 sinh(2K„)] 2 +p e"" '- ' ' e"'- ' ',
(2. ie)

where N is the number of sites in a layer, or
equivalently the number of chains. In the first
case, the magnetic. terms are kept in K2, whereas
in the second case all the magnetic dependence
is in K, . In either case we can write K, as the
direct product of N independent "chain matrices"
k, (r}:

&1 0
I

to e

I1 0
I

(Q

o"(1)o'(2) =
0 )

I

o —x~
I

Further in direct products, such as 1 (1)v"(2), in-
volving the identity matrix, we suppress the iden-
tity matrix and simply write v"(2). Using the Van
der Waerden identities ' and introducing the vari-
able u, (

via

(2. 11)

tanh(u„) =e '"~~,

one has

K. = 2 sinh(2Z„) exp(u„[v"(1) +a "(2)]j,

(2. 12)

(2. 13)

K, = exp[if', o'(1)o'(2)], K, = exp(h[o*(1) + c *(2)]);

or equivalently, Ks = K~ K2, with K& = K, K, and
K2 = K,. Note that K& allows for interactions along
a chain while K2 puts in the interaction between
chains. Below we see that at high temperatures
K, must be treated perturbatively. "" We thus
have included the field dependence in K, rather
than (unnecessarily) also treating it perturbative-
ly.

The concept of direct product extends to ar-
bitrary dimensional spaces. Using this concept
and simple algebra, we write the general K de-
fined in (2. 3} as

K = err [2 sinh(2(f, )]'"e' '-""'e"~"']

It is convenient to use the notion of the direct
product of matrices. For example, with defini-
tion (2. 5), if v" (1)&x '(2) is the direct product of
0" in the first space and 0' in the second, then one
may write

K, =gpk, (r) . (2. 1V)

0)=0.
(2. 22)

0 n = gtg, we have

This matrix is then the full transfer matrix for
uncoupled chains, and we may diagonalize each
k, (P} for arbitrary h. Then the limit h tending to
zero yields k, (x) appropriate to the choice (2. 15).
We then have

k, = [2 sinh(2K„)]' e "~~ '- e"'- (2. 18)

Let the eigenvalues of k, be p.,= [2 sinh(2K„)]'~~ v„
then the secular equation becomes

0 = v, —cosh(u„}]cosh(h) +[sinh (h) +tanh (u„)]i~~),

(2. 19)
= - —cosh(u„) (cosh(&) —[sinh'(h) + tanh'(u„)]' "],

when

p, , =e "~~(cosh(h)+[sinh (h)+8 ~~]' j . (2. 20)

Note that u„has completely disappeared from the
problem. We shall see, however, that at low
temperatures where K2 becomes our "unperturbed"
matrix u will remain in the problem as a small
expansion parameter. In the high-temperature
case, which we now consider, K~ =J,jk~T turns'
out to be our natural expansion parameter. In the
limit that K, = 0, then K = K, and we think of the
intralayer interactions in K2 as a perturbation on
the spectrum of K,. Thus, we write K = K, K2 in
the representation in which K, is diagonal. Let
IO) be the larger eigenvector and I 1) the smaller
eigenvector of k&, so that

(2»)
We introduce raising and lowering operators Q and
tII through
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n 0)=0, n 1)=l 1), (2. 23)

where n is a number operator. A simple repre-
sentation for k& is then

(2. 24)

(2. 26)

K&l 4) = p,"l 4&, Ao= pN . (2. 27)

The next-largest eigenvalue is A, = p,," '
p, and

corresponds to the N single-particle states:

wither„given by p, = p.,e "~~.

In the case N & 1, using direct-product notation,
we can immediately write K& as

K~= p,."exp[-u)„Zpn(P)], (2. 26)

where n(r) = g'(r) g(P). Since they are direct-
product operators, the creation and annihilation
operators for different chains commute. However,
operators involving the same chain satisfy an anti-
commutation relation. Hence, we have

[q(r), y'(P')]= 5(P; f') [1 —2n(r)],

[q(r), y(r')]=0, [y(r), g'(r)1=1.

We may think of g (r) as creating a "particle" on
site r Wit. h this analogy, we see that (a) the states
of Kq are states of given particle number, and (b)
at most, one particle may occupy a site. These
operators obey Bose-like commutation rules for
particles on different sites and Fermi-like rules
for particles on the same site. The same rules
characterize the spin angular momentum operators
[v'(r)] and are known as Pauli commutation
rules —hence these particles are sometimes re-
ferred to as Pauli particles. It is just this hy-
bridization of Fermi and Bose rules which makes
spin problems difficult to treat. It is easily seen
that Fermi-Like or Bose-like rules are unchanged

by a Fourier transformation so that if we Fourier
transform a particular quadratic form involving
Bose or Fermi particles in order to diagonalize it,
the structure of the phase space is not changed;
that is, the trace operation which is required to
obtain the thermodynamics, for instance, is still
easily performed. However, for Pauli particles a
similar Fourier transformation makes the alge-
braic structure of the operators very complicated.
Thus, the phase space is very complicated, and,
even though our quadratic form is diagonal, we
are not able to perform the trace operation. The
well-known analogy between Pauli and Bose par-
ticles with hard cores, on a lattice, is evident
from (2. 26). '~'

The spectrum of K& is now transparent. The
largest eigenvalue is unique and occurs in the state
I 4 ) with all chains in their larger eigenvalue.
Therefore, I 4 ) is known as the vacuum or zero-
particle state. VYe have

from which it follows that

v'(r) = 4(r)+ 0"(r),
and the transfer matrix becomes

(2. 31)

K = p. ,"exp [-u „Z n(r) ] exp f —,
' K,Z y(Fi) [y(r) + y'(r) ]

r rg5

x [y(r+6)+ q'(r+6) ] jexp(h Z [y(r)+ y'(r) ]}.
r

(2. 32)
We reiterate that the disadvantage of (2. 32) is

that for finite fields and or d greater than bvo, we
are limited to a perturbation-theoretic treatment
of K. If we write

K=Kg+Kg(K2 —I) (2. 33)

at high temperatures (K, being small), we see that
K,(Kz —I ) may be treated as a small perturbation
upon K~. Thus, in using (2. 32) at high tempera-
tures, we relegate h (unnecessarily) to a perturba-
tive treatment. On the other hand, if h. is nonzero
in K&, the representation of v'(r) is more com-
plicated. Now we define the basic single-chain
matrix elements which will enter crucially into our
subsequent analysis, namely,

s„=&ol v'lo&; s, = &o
l
v'l l&,

s .=
& I

I "1o& s
(2. 34)

lr&=g (r)14&. There are atotalof N+1 eigen-
values f&„] with associated degeneracies („),
where g labels the particle number. Consider an
n-particle state

, ~.&
= ('(f'i) ('(Fz) ~ ~ 0'(r.) l

4 &;
(2. 26)

it is an eigenvector of K& with eigenvalue A„:

K,
l
F„.. . , I'„& = &„l r~, . . . , r"„), A„= p, ," "

p,
" .
(2. 29)

The degeneracy of the n-particle level g„= ("„)
arises because there are N(N —1)~ ~ ~ (N -s+ I)
ways of putting z particles into N sites, with at
most one particle in a site; and, since the par-
ticles are indistinguishable, we need divide by nI
for the g.' particle interchanges which leave a
given configuration unchanged.

In order to express K~ in the representation of
diagonal K ~, we need only find v'(r) in terms of
I, n(r), ((r), and P (r) For h. =0, or for the case
in which all h-dependent terms are in K2, the
representation of v'(r) is particularly simple. For
then the column vectors of 10) and 11) in the v'
representation are

(jlo)=2'~'( ), (a'11)=2'+ ( )
(2. 3o)
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Then we have

o'(r) =S., 1+(S —S.,)n(r)+S, g (r)+S, g(r) .
(2. 35)

Using (2. 34) for a'(r), we can formally write K as

K = tt. ", exp [ —u „5n(r) ]

x exp[-,'K, P p(6) tt'(r)o'(r+ 5)] . (2. 36)
x' ~6

Having (2. 32) or (2. 36) with (2. 35) at hand, we are
in a position to remove the degeneracy in the spec-
trum of K and then to calculate via perturbation
theory the thermal and microscopic quantities of
interest. Since K, and K& do not commute,
K,(K, —I) is non-Hermitian, even though K, and

K2 taken separately are Hermitian. Thus, we
shall have to use an extension of Rayleigh-Schro-
dinger perturbation theory to non-Hermitian op-
erators. Since our matrix is positive semidefi-
nite, the eigenvalues will still be real. The es-
sential complication turns out to be only that the
left- and right-hand eigenvectors need to be treated
separately —( I y, )*e (yt I ), and that (A I K, '(Ke —I)
I A ) et (A I Kt(Ke —1) I A)" in the determination of
higher -order eigenvalues.

Heisenberg problem is extremely involved and is
characterized by the appearance of bound states
of m spins (m~ 2). ~ Thus, consideration of this
problem is too ambitious an undertaking to be
realistically pursued here. Fortunately, as we
see below, it is also largely unnecessary for our
purposes. The zero-field case is simpler in that
there exists no such bound states in the spectrum.
Whereas in zero field the two-particle spectrum
is necessary for an understanding of the decay of,
for example, energy-density correlation functions,
in a finite field the single-particle spectrum suf-
fices for all correlations. We are able to solve
the two-particle zero-field problem, which we
treat in Sec. lV, in the limit as the layer size N
tends to infinity. We do not explicitly consider
the spectra of the three-or-more particle levels,
except to note that generally most of the degener-
acy of the unperturbed levels is removed; that
which remains is due to the fact that the full and
unperturbed matrices have certain symmetries in
common.

In Fig. 3 we qualitatively depict the effect of the
perturbation K,(Ke —1) upon the spectrum of Kt.
Note that the two-particle and rs-particle levels are

III. TRANSFER MATRIX SPECTRUM: ZERO-PARTICLE,
SINGLE-PARTICLE, AND TWO-PARTICLE LEVELS t state

In this section we calculate via degenerate per-
turbation theory the zero-particle, single-particle,
and two-particle eigenvalues and eigenvectors of
K. First, the largest eigenvalue Xo is obtained to
second order in the coupling constant K„while
its states I A tt) and(Xa I are found to first order in

K~. Then we break the degeneracy of the N single-
particle states; they are found to spread out to
form a band of levels labeled by a (d —1) —dimen-
sional wave vector q. Again the states are found
to first order and the eigenvalues to second order
in K, . These calculations are performed in an
arbitrary field and for cyclic boundaries within the
layer.

For the two-dimensional case, ' it is straight-
forward to break the degeneracy of the mth level,
m= 1, 2, . . . , N —1. The zeroth-order eigenstates
are found to be Slater determinants of m single-
particle zeroth-order eigenstates (which are,
themselves, running waves). Thus, the particles
are found to be Fermi-like. However, in three or
more dimensions, in solving for the m-particle
eigenvalues and eigenstates, we have essentially
to solve the problem of m spin waves for an an-
isotropic Heisenberg model of dimension d —1.
In zero magnetic field the problem is somewhat
simpler in that we need to solve the (simpler)
analogous problem for an X-1' model. ' The full

N states X, (q)

(ee) s~a~es

m=n states ~n (qi, "., q, )

N states ~W~ X, , (4)

state

Spectrum of

K
1

(K~= 0).
Spectrum of the

full matrix, K,

FIG. 3. Spectrum of the transfer matrix K at high
temperatures. For sufficiently large field h we expect
bound states to appear above the bulk of the 2, 3, ... ,
n ~ ~ -particle bands .
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only correctly portrayed for small magnetic fields.
For large enough magnetic field, we expect bound
states to appear above the continuum bands.

The transfer matrix K can easily be expanded in
powers of K, . Using (2. 38) we have

bitrary n. A similar proof may be constructed for
the m-particle levels.

Since ~0 is nondegenerate in zeroth order, the
calculation of its perturbative corrections is par-
ticularly simple and will be presented first. I.et

K=K, + Z [K,(K, - I)],
fl =1

where

(3. 1) $0 $0 +K@A 0 +KJ $0 +(0 ) ( 1) 8 (3)

I
& o&= l~'oo&&+I~,

I
~~o" &+"

(3. 8)

& p&(a) I
(&(q')& = ~(q., i'),

(&1&i«)l «& )&=0
(S.4)

so that these states diagonalize the projection of
[K&(Ko —I)], within the single-particle subspace,
since by (3.4), ( e(&I) ) has no component within the
subspace. Now [K,(Ko —I)]&[e (q) ), by examination,
necessarily has a component in the single-particle
subspace. However, since [K,(Ko —I)]& conserves
layer momentum, that component is proportional
to I P&(q)& only. Thus, we have

[K (K —I)].I &&«)) =(u.'" & '«l(i)

+ & &~(~) I [K&(Ko —I)]&l ~(~)&] )

x
I 41(~)&+ ~ '. "

& '~&(~)
I
~(~)) . (3. 5)

This is an explicit demonstration that the unitary
transformation which diagonalizes [K~(Ko —I)], also
diagonalizes [K&(Ko —I)]o within that subspace. By
an obvious induction, this may be extended to ar-

[Kq(Ko —I)]„=, p, ,"exp[ —u)» Q n(x) ]
x

x[-,' Z p(F)o'(x)o'(x+ 5)]". (3 2)
xo6

In finding the nth order levels of the single-parti-
cle band, we must diagonalize the projection
[Kq(Ko —I )]„(I= 1, 2, . . . , n), as defined by (S. 2),
within the single-particle subspace. It would be
convenient to know that the same zeroth-order
eigenstates diagonalize (S. 2) for all n. To show
this we make use of the fact that ([K&(Ko —I)] )are
all invariant under the group of translations
through the (d —1) primitive lattice vectors of the
layer. Thus, any of these operators operating up-
on a state of definite wave vector q (ol lying upon
the lattice reciprocal to the layer lattice) takes it
into another state of the same wave vector q. We

say that these operators conserve the layer mo-
mentum q. We can now explicitly show that the
same set of states suffices for all n in (3. 2). I et
(l g~(q)&] be a set of single-particle states of def-
inite q such that

[K~(Ko - 1)]i I &ih) &
= ~&(i~I ti(~) &+ I ~(~) &

(3. 3)

where

then yo '= g", , and Ixo"&) = )4), the vacuum state.
With the provisions noted in Sec. II, we may take
over the formulas of Hayleigh-Schrodinger per-
turbation theory~ and apply them to our non-Her-
mitian operators. If we define Y„' to be

(3. V)

then we have

K„» o"& = —,'Z, », ", 2 O&(F) & 4
I

(r' (x)o' (x+ 7)
I
4 ),

(S. 8a)

lf', x,"&=-,'»,."z', Z Z o (F)q (y)
Xo6 I'o T

x(4
I
o'(x)o'(x+ F)o'(r)o'(r+ y) I

4&&

+-,'Z',
&L&. Z p(f&)(C Io'(x)o'(x+5) I» o"&)

& (3. 8b)
xo6

with

x, l~g&&=-,'z, Z q(K) Z T, -

xo6 t=i

(N)

I
z", », (x',o&, I(r'(x)o'(x+ F)

I
4»,

&=i
(3. 8c)

xo 6 t-"i

(N)

&& a ( 4
I
(7'(x+ r) o'(x)

I
x ', ' ) (x,', ,' I, (3. 8d)

0 "-i

where the states i X@, &~) are the (", ) states of the
degenerate unperturbed level A. (, '= p. ", '

p, '.
The above formulas are easily simplified. Using

(2. 34) for o '(r ), we see that o'(r )o '(r + f&) can
lead to transitions which change the particle num-
ber by 0, al, or +2 particles. [In zero field, by
(2. 30), o '(& )o*(r+ 5) can change the particle num-
ber only by 0 or + 2 pa, rticles. ] Thus, in (3.8c)
we need only keep the terms with t= 1 and 2, the
other terms being zero by the orthonormality of
states with differing particle numbers. For t = 1,
the states f I h& ', 0) ]. are the states, labeled
(I r) j, of a single particle at layer site r. Similar-
ly for f = 2, the states fl A~zo&, 0 ) ) are the states
called Ir„ro) of two particles at layer sites r,
and ro. Note that since ($&t(r)) is zero, there
are no states with two particles upon the same
layer site.
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To simplify our results we introduce the Fourier
transform y(q) of the interaction shape function
q'( & ):

j(q)-=Z q(6)e" =Z;y(E)cosq }T, (3.9)

where q is a reciprocal-lattice vector with d -1
components q J

= 2mn;/N&, and n& runs from 1 to N&,
the number of sites in the jth layer direction. Note
that the second equality in (3.9) only holds for lay-
ers with a symmetrical lattice structure. If y(P')
equals one for nearest neighbors and zero other-

wise, p(q) is referred to as the lattice generating
function' and y(o) is the layer coordination num-
ber —the number of nearest neighbors to a given
layer site. The calculation of the matrix elements
in (3.8) is straightforwardly performed using the
commutation rules (2. 25), the expression (2. 34) of
o" (r) in terms of the chain creation and annihilation
operators, and the single-chain matrix elements
given by (2. 33). The resulting formulas for the
largest level (assuming periodic boundary condi-
tions within the layer) are

."(I+.~~K„Nq (5)s,', +-,'Kf Js.', [N'q(5)' 4Nq-(0)'+ 2' (o)]

+S,', [4'&(0)']+2'(0)j+K,'fTqNj(0)'S.', S,',+pe (5)TzlS, l'j+&(K,')), (3.10a)

lx )= 4)+ Ky(0)S, S..YZ lr)+yKS. Yz Zq(5)li', r+5)+O(K, ),
r r", 5

&~, l=&c l+K,P(o)s, s.,T;Q&rl+-', Ks.'T",&9-(6)&-, r- 6l,
r r, 6

(3.10b)

(3. 10c)

where the effect of non-Hermiticity of K is seen
in the replacement of Y„ in (3. 10b) by T'„ in (s.loc).
In zero field we have S„=S = 0 and S, =S,= 1;
furthermore, Y2= cosh K„and Ya= sinh K„. The
free energy per site —pf, was shown in I to be

lnXO. Thus, to second order in E„we have

= —,'K, p,," '
p, Zg q (6) (I'l o'(x) v'(R+ 6)

l

F' ) .
(s. 12)

A word about boundary conditions is appropriate.
Vfith free-edge boundary conditions, every layer
vector x is written X= (x„xa, . . . , x~,) and verifies

1 & x„&N„(m = 1, 2, ... , d -1), (s. is)

for every function of the layer vector K Vfhere-

Pfg = ln2 + ln coshK ii + g Kg P ( 5)(1 + 2 s'lnh Kii

+ o(K,') . (s. 11)

This result agrees with that obtained from exact
series expansions, as presented by Fisher. ~

For the single-particle band, we shall find that
[K,(K, -I)],breaks the N fold degene-racy of the
states of given wave vector g with components,
as given above, q, =2wn~/N„ i=1, 2, . . . , d—1.
(Recall that N = N, N2 ~ ~ N, » where N~ is the num-
ber of sites in the pth layer direction. ) As above,
we assume cycbc boundary conditions within the
layers ~

From degenerate perturbation theory~' we know
that the first-order single-particle eigenvalues
are obtained bydiagonalizing the matrix M, (i', r )
defined by

P~(r) =N '~ e"'=N ~ exp(2' Z n&xz/N&),
/=1

(3.16)
where n& runs from 1 to N&. The following funda-
mental equation is easily proven and very useful:

Z e '""'"=N6(n, o)=N6(a, N),
%~1

where k is restricted to 1, 2, . . . , ¹

Using (3. IV), orthonormality of (}f1)j is easily
proven. Consider (g}g ):

(s. 17)

as periodic boundary conditions lead to running-
wave single-particle states, we shall find in Paper
IV that free-edge boundary conditions lead to
standing waves.

The N states f } r) j form an orthonormal basis
for the single-particle subspace, so we may use
the completeness relation

(s. i4)

where I1 is the projection of the identity onto the
single -particle subspace. Let the (undetermined)
linear combination of single-particle states which
diagonalizes [K,(K~-I)]& be labeled } q); then
using (3. 14) we may write

(ql[K, (K, -I)],lq ) = Q (ql F)M, (P; r )(r lQ ) .
(s. is}

Thus, we need to find the unitary matrix (f'} f]')
= p;(r) which diagonalizes M, (r, P ). The ele-
ments [Q;(r) j are clearly the wave functions of
}g) in the r representation.

As mentioned above, we assume that $P;(r) j are
running waves within the layer,
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Nf N

(g 4 )=go-((t)4;. (2) =(Kr K, ) r Z ceo 2r( Z )r r1=1 rd 1=1

We may apply (3.1V) to each component of (3.18),
so that

I

to M, (f, r ) yields the diagonal form

&ql[K (Ka I)]& IC ) = h(g, g )
—'K

)((.," P,

(3.19)
This proves orthonormality. To prove complete-
ness, we need only show that

& r I r
&

= 5(r, 1' ) is
preserved in the {Ig& }representation, the set
{Ir& }being itself complete. Thus, we examine

N1 Nd

=(N, N, ,)-' Q .. .

I

&exp 2ni "' ' ' . 3 2O

From (3. 1V) we again see that

&&rl C& &filf"& = ~(~i ~i') " I)(~a » ~s' i) = ~(~, r" '),
(3. 21)

so that {Ig& }forms a complete orthonormal basis
for the single-particle subspace.

Application of this running-wave transformation
t

x{[(N—2) j&(0) S„+2$„S ]

+2/$, ['i(4)} (3 22)

where q3(ID is given by (3.9). This shows {Ig&}to
be the A' zeroth-order single-particle eigenstates
of K. Notice that not all the degeneracy has been
broken, in particular, the replacement of any
component q& of g by 2m -q& leaves A.,(e unchanged.
This corresponds to the natural degeneracy of
running waves traveling to the left or the right in
a given direction. Since the degeneracy arises
because of a common symmetry of K1 and
[K,(K~-I)]„for all n, higher-order terms will
also fail to mix these states, and we may ignore
this degeneracy in obtaining higher-order correc-
tions to A., (Q) and I X,(g) &.

The calculation of X,(g) to second order in K,
and of I A.,(q)) to first order in K, is straight-
forward but tedious. Thus, we only state the re-
sults here:

~X (q)&=N Ze" ' ~r&+K,{-y(0)7-',$„$, ~42&+T [$,($ —$„)Zy(I))~r, r+I)&+y(0)s,s,g ~r, r &]
r 6 Pf

+2(roe' ZP(O) r, rr, rr+ 4)))+ O(Kr)
Pf 6

r(t()= P."re 1+-',K(((K —2)S'„(r(O)+22 S..]+2 S, le(r(4))+Kr(2(((K-2)(r(O)or lo. l'

+ [1+i(q)][Is,- I,
'(s' —s,',) + 2y(0)

I
S.-l '$.«($- —s")]}

+-',T-,)s, ['[(N-4)y(o)+2)'(q)][+-', ref 2'(o)+ss s„q(o)[q(o) -1]
)

(3. 23a)

+4(N- 2)$2„Fp(0)[p(0) —1]+8 S, 3[y(q)~ —Fp(0)]+S,',(S. -S„)[4Ny(0)3+ 8j (0) —16'(5)~]+S [N~y(0)2

-corp(O)r+ SKS(O)) + esr„/S.
/

e(- 2(r(O)rr (24- 2)j O) 4() (r)-p42 ) (p- (t((eO)
P) O))( r). Kr(2. 222)

Again these results are very much simplified in
the zero-field limit. We remark that (&,(q) I is
obtained from (3. 23a) by changing all ket vectors
to bra vectors, interchanging 8, and 8, and inter-
changing Y„and Y'„.

In our consideration of the two-particle band, we
shall find that only in two dimensions are we able
to obtain the zeroth-order eigenstates for arbi-
trary layer size ¹ In three or more dimensions

we are able to obtain the states in the limit as N
tends to infinity.

Our unperturbed states are I r„r2)= (I) (r, )
&&)I)t( P2)IC&. These states have the properties that
only a single particle may occupy a given site and
that the states are even under interchange of par-
ticle coordinates. Thus, for the N(N —1) combina-
tions of r, and r, with r, & r~, there are only
—,'N(N —1) distinct states because such an enumer-
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d-1 =I

d-1=2

arbitrary N in two dimensions and which, in three
or more dimensions, are asymptotically the exact
eigenstates as N tends to infinity.

Consider the following set of states [I4'(ql, q2))}:

~~(ql, q2))=&+ ~2,2, (rl, r2) lrl, r2), (S. 27)

where q& and q~ are wave vectors defined below and

4;„- (r„r,) is defined as follows. Let sgn(x, y)
be defined as

FIG. 4. "Dictionary ordering" for the two-particle states. +1, x&y
sg11(x, y) =

x &y
(3. 28)

where ~, &
and ~~, ~ are the components of r, and r~,

respectively, in the jth lattice direction. In Fig.
4, we illustrate this convention for two- and three-
dimensional systems (one- and two-dimensional
layers). Note that this labeling convention gener-
ates all the distinct states of two particles on the
lattice. That is, we have

(3. 25)

where I z is the projection of the identity onto the
two-particle subspace.

The determination of the two-particle spectrum
to first order in K, involves only the breaking of
the degeneracy of the 2N(N —I) states [Ir„r2)j
via the diagonalization of the perturbation opera-
tor [K,(K, —I)], within the two-particle subspa, ce.
We do so by searching for a set of two-particle
states [I @(q,, q2))j which are those linear combina-
tions of I I r„r2)j that are eigenstates of the par-
ticle-number conserving terms in [K,(K2- I)], . As
noted above, this problem turns out to be isomor-
phic to that of finding the two-spin deviation states
for the X-7 model.

We may write the particle-number conserving
part of [K,(K2 —I )), in zero field as

&,= p. , exp[-w„Z n(x)]2K, Q [g (x)g(x+6)
X X2

+ g(x) $1(x+ 5)] . (S. 26)

ation counts each state twice.
It will be useful for our work below if we intro-

duce a labeling convention for the lattice sites of
a layer. We say that r, (r„ if

(1) +1,1 +2, 1 i

(ii) t11=1''21 and 11 2 &22 2, or
(iii) xl 1

—2 2 1, rl 2
—z2 2, and xl 2 & y2 2, or. . .

(d I)+1 1 +2, 1 +1,2 +2 2 ' ' ' +ld 2+,2, -2 2-
~2, 2-1, (3. 24)

where by & we mean our "dictionary ordering" in-
troduced in (3. 24). Then @;„-2(r„r2)is given by

4;«2(rl, r2) = sgn(q„q2) sgn(r„r2)

1 ~~
2 [exp(2ql 1'1+ i~ q2 1'2)

—exp(iq, . r2+ iq2. r, )] . (3. 29)

With this definition, the wave function 4';„-2(r„r2)
is symmetrical under exchange of both r& and r~,
and q, and q2. In addition, we have 4;«(r„r,)
= @;„-,(r„r2)= 0. Orthonormality is easily proven.
Indeed, we have

~p ~ ~p ~ (~ ~p ( ~p

(3. 30)
Now (S.30) is valid for both cyclic and anticyclic
boundary cond"'tions, that is, if the components of

q are q&, then (3. 30) holds for both q, = 2mn&/N~

and q; = (2n, + l)w/N&, with n& an integer I, 2, . . . , N&.

It is easily seen that the requirement that
l4'(q„q2) ) be continuous across a zone boundary
means that we need choose the anticyclic bound-
ary conditions. ' Of course, the choice of bound-
ary conditions becomes irrelevant in the limit as
Ny, N2, . . . , Xg j tend to infinity.

We now consider the effect of X, upon I+(q„q2)):

&.l+(ql 'q2)) If ~+ ~-~ q(6) [cos(ql 6)+cos(q2'6)]

~-.«2 (rl, r2) lrl r2) . (S. »)
~+5Crj &rg-6

Upon rearrangement of terms we find that

[u." 'u'] '[&,—I~, I1." ' u'[ q'(ql)+ 9 (q2)]j l
~(ql, q2) )

We now construct a complete orthonormal set of
states which are the exact eigenstates of X, for with

= l&(ql, q2)&, (S. 32)
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l&(q» qa))= -I~, Z p(5) [cosq, .5+ cosq, 5] Z +;„;(r„r,) lr„r, ) .
r 3-8 &1~ &r&+6

(3. 33)

In two dimensions the layers are one dimensional.
From Fig. 4 we see that in this case the inequal-
ities r&& x2+ I and x, &r2+ 1 can never be satisfied
simultaneously. Theref ore, with d = 2 and nearest-
neighbor forces, I f(q~, qa)) is identically zero; and

by (3. 31) (1&f (q» qa))] are seen to be the zeroth-
order eigenstates of K for arbitrary N. However,
by examination of Fig. 4, we see that in three or
more dimensions there are, given ra, O(N " ')
sites r, which simultaneously satisfy rz- «r~
& ra+~. Therefore, in these cases, IC'(q~, qa)) are
not the zeroth-order eigenstates for finite ¹

The norm II &(q» qa) II of I l(q» &Ta)) is defined by

II &(q~, qa) II = l (&(q&, q2) I &(q» qa)) ]"' (3. 34)

Using (3. 33) and the orthonormality of (Ir» ra)],
we have

II &(q» qa) II'= ff.'+ l i(q&) + i(qa)] q (5)

I &a(q&, qa» = 1~(q&, qa»+ O(ff'), (3.3Va)

&,(q» q,) = ~." ' v'(1+ff. l.q (q&)+ j(qa)1+O(&')],

(3.3Vb)

where (l&a(q» qa))] and f&a(q» q,)] are the two-par-
ticle eigenvectors and eigenvalues of K.

Thus, we have obtained the low-order spectrum
of the two-particle level in zero field as N tends to
infinity. By an exactly analogous procedure we
can calculate the low-order eigenvalues and eigen-
vectors of the n-particle level for any finite n in
the same limit. The zeroth-order states are sym-
metrized Slater determinants of running waves and
the eigenvalues are found to be

n

, q.)= u.""u"I.l+ff.& i(q, )+O(&',)] .
(3. 38)

x 2 2(cosq~ ~ 5+ cosqa 5)14'~,~ (r» ra) I

a .
r~i&r~&r~+~

(3. 35)
This equation may be further reduced; however,
there is no need to do so. For, noting that ) 4g, g2

x(r~, rz)I =O(lV )and that there are O(N' " '~' ')
terms in the summation in (3. 35), we have found
that

Il&(q, q)ll'=O(N"" "), N- . (3. 36)

Thus, in the limit as N tends to infinity, &&g(q&, qa)&l

tends to zero. But, we know that the norm of a
vector is zero, if and only if the vector is itself
null. Thus, as hf tends to infinity, the right-
hand side of (3. 32) tends to zero. So in this limit
we have

It is straightforward to consider the analogous
problem in a finite field. However, in that case,
we are confronted with quartic interactions as found
in the Heisenberg model. One then expects the
appearance of two-particle bound states which may
have eigenvalues above the remainder of the band.
This point has been fully discussed for the Heisen-
berg model by Wortis. (However, treating these
field-dependent terms as a perturbation on the N
=~, zero-field levels, no evidence of anomalous
shifts indicative of bound states appears in leading
order. ) In any case, as noted above, in a finite
field the two-particle levels are of limited impor-
tance —entering neither the thermodynamics nor
the leading term in the asymptotic decay of cor-
relations.

Summary of II and III

Sections II and III have been largely computa-
tional in character. In obtaining the largest eigen-
values of the transfer matrix spectrum at high tem-
peratures, we have garnered the tools necessary
to an analysis of the decay of correlation functions
at high temperatures.

The qualitative aspects of the spectrum are de-
picted in Fig. 3. The basis for our calculations is
(2. 14), which gives the transfer matrix in a form
suitable for development in either a high-tempera-
ture (small K,) series or a low-temperature (small
u

& ) series. The low- temperature variable u„has
completely disappeared from our formulas (2. 31)
and (2. 36)—the suitable high-temperature expres-
sions for K.

The cyclic spectrum is examined in Sec. III. The
important results are (3.10a)-(3.10c) for the
largest (and most important) level, (3. 23a) and

(3. 23b) for the single-particle levels, and (3.2V),

(3. 29), (3. 3Va), and (3.3Vb) for the zero-field
two-particle levels.

IV. DECAY OF SPIN CORRELATION FUNCTIONS

From Paper I, we recall that the asymptotic
decay of correlation functions is determined by
the largest level and the first band below it (the
single-particle band), if the appropriate matrix
elements are nonzero. Consider the correlation
between spins at sites 5, and 0,+ 5, where f= r~
+ gy„and both 0, and 5,+ 5 are far from any sur-
faces:

G.g) =-(5s'(5,) 5s'g, + 0)). (4. 1)

Then according to (3.46) and (3.48) we have

G.«&.z ( ") &~~I "&»I em&&;&~&~l "&.;&I ~&
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as r, -~. (4. 2)

We define the wave-vector dependent inverse
length k(q) as

k(q) =-LnA —Ln»(q) . (4. 3)

which becomes, in zero field,

k(q) = Ln(cothK„) —K,p(q)+ O(Ko). (4. 5)

Our calculations of A and»(q) actually enable
us to write k(q) to second order in K,. However,
for finite wave vector q and/or magnetic fieLd h,
the expression is cumbersome. Thus, we present
only z = k(q = 0) for 8= 0 to second order in K~:

K = Ln(coth K„)—P(0)Ki

——,'K, f[P (0) —2 p(0)](2coshaK„—I)]+O(K,).
(4. 6)

For d= 2 and nearest-neighbor forces P(0) = 2, tc

reduces to

Then the inverse range of correlation ~ defined by
(3.47) and (3.49) of Paper I is found to be k(q= 0).
To first order in K~, k (q) may be written, using
(3. 10a) and (3. 23b),

k(q)=»(p, /p )-K [P(o)S (S -S )

+ IS, I P (q)]+0(Ko~}, (4. 4)

model we have j(0)=4; and we find

a = ln[coth(K„)] —4Ko, + O(Ko), (4. 3)

in agreement with the high-temperature series
expansion of Fisher and Burford. ' For finite
fieMs, ~ has never previously been calculated, so
we have no check for our finite-field results.

There exists a problem with our calculation of

K(q), namely, we have not shown that k(q) tends

to a finite limit as N tends to infinity. In the
formulas for v and k(q) given above, the N de-
pendences of &o(N) and»(q, N) have exactly can-
celed. The eigenvalues Xo and»(q) are like re-
duced partition functions, and we expect that they
may be written as N tends to infinity as exp(-NPf j
and exp{- [ÃPf+E, (Q)]], respectively, where f is
the free-energy density and F, (q) is N dependent.
In order that k(q) be finite, F,(q) must tend to a
constant (or zero, as at a critical point) as N tends
to infinity. Although we have not made any at-
tempt to prove that this in fact occurs, experience
with such many-body expansions and the exact two-
dimensional results leave us no doubt that our ex-
pansion for k(q) has a finite radius of convergence
in the K, plane in the limit as N tends to infinity. '

Given as expression for k(q), the calculation of
G, (R) rests upon the matrix elements

~(q, r.)= &»(q) l~'(r, ) l&o&,
(4. 9)

K= Ln[coth(K~)] 2K~+ O(K,) (d= 2, h= 0), (4. 7) ~(q r )= &~olo'(ri) l»(q)) .
in agreement with Onsager's exact result. " For
the zero-field simple cubic nearest-neighbor

From (2. 34), (3. 10b), (3. 10c), and (3. 23a) we ob-
tain

M(q, r,)=N '~oe "'"[S,+K„[T,S,S S y (0)+S2 S. Yoy(q)]+O(K~o)], (4. 10)

from which we obtain M(q, r, ) by compLex configuration and replacement of T„by T'„. ~ith (4. 10) we re-
express G,(R) as

G. (R) =N'Z;exp[- ~(q)l~
I
-fq "]IS. I'(I+K, [P(0}S„S (Y;+Y,)

+ IS, I'(Y;+Y;) y(q)]+O(K,')] as I~„l- (4. 11)

Recall that q is given by

(2m /nN2 o/noNo2 mno/No, ~ ~ ~, 2 on, , /N~, ),
where n& ranges from 1 to N& for j=1,2, . . . , d-1;

and also that N= N, N2 ~ ~ N„, , so that as N~ tends
to infinity, q& tends to a continuous variable with
range (0, 2o). The sum over q may be written

1+
~ ~

1 P 1 r'
&

2', 2' 2'
g)N ~ N1 F1=1 Nd 1 N41=1 N1

'
N2

'
Nd1

(4. 12)

So, as N tends to infinity, the sum (4. 12) defines
a Riemann integral over a (d —1)-dimensional
hypercubical domain of volume 1. That is,

1
lim ~ lim —P h(q)

Ni ~ Nd 1 ~ q
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(q, . q. ), ( . )
~ 0

given that the function h(q„q2, . . . q„,) is integrable,
which means that in the thermodynamic limit
G, (R) is written as an integral over the single-
particle band;

+ 2f +2N

(g)
f
S f2 qd1 I qi

2v

x exp[- «(q) r~~ xq rg j

~(I+K,[q(o)s.,s (T;+Y-,)

+ s, l'(Y;+Y;) j(q)]+0(K',)). (4. i4)

If one is interested in correlations inthezdirec-
tion, the asymptotic analysis of (4. 14) provides a
straightforward formula for the decay of correla-
tion. However, to consider the angular depen-
dence of the correlation function, we need con-
sider decays for which ) x„ I and ) x~ l are com-

A

parable. That is, if 8 ~ z=cos8, then we are in-
terested in the decay of correlation in directions
for which 8 is finite. In treating such correla-
tions it is useful to introduce the Fourier-trans-
formed pair correlation function G,(q). To obtain
the decay of G, (K) as K tends to infinity, by the
Abelian and Tauberian theorems of Fourier analy-
sis, we need to treat G, (q) as q tends to zero.
The poles of G, (q) determine the decay of correla-
tion. Thus, in finding the angular dependence of
I(;, the inverse correlation length, we convert our
expansion for G, (%) into one for [ G, (q)] '. This
is equivalent to summing a certain subset of dia-
grams in the expansion for $1(q; 0) M (q, r,).~' The
problem of determining the angular dependence of
the decay of correlation was considered by Onsager'
who proposed an exact formula for «(R), which
was later derived rigorously by Cheng and Wu. ~

In two dimensions our method reproduces this
Onsager-Wu result (we consider this tobe astrong
confirmation of the general method). In higher
dimensions and/or finite fields an analogous re-
sult is obtained. For simplicity, however, we

x [1+K„cosh(2K„)(p(q) + 0(K )]

as lr„l- . (4. i6)

We introduce the Fourier-transformed correlation
function

G, (q) = 2 2 exp(iq„r„+iq, ~ r, )G, (R)
r))=- ~ ail r~

(R r~+r((2) (4 16)

Interchanging summation and integration, we easily
find that to first order in hotly. E, and E„,

( )
I+K,j(q,)+0(K',)

1 —2K„cosq„+0(K,)
(4. 1V)

where we have used exp —«(q, ) =1+0(K,). Since
we really want an expansion for G, (q,), and K, is
a small parameter for this problem, we rewrite
(4. 17) as

w 1

G, (q) = [1—2K„cosq„—2K, cosq„, + 0(K')] ' .
(4. 18)

We reiterate that (4. 1V) and (4. 18) are valid only
for &=0. Equation (4. 18) in two dimensions agrees
with the exact results found by Onsager, ' and

Cheng and Wu. ~

Equations (4. 14) and (4. 18) form the basis for
our asymptotic analysis of the decay of spin cor-
relation functions. From (4. 14) we obtain the de-
cay of correlation in the layering direction for ar-
bitrary field, and from (4. 18) we obtain the angular
dependence of the decay in zero field.

We first examine the decay of correlation in the
layering direction (assuming, for simplicity, hy-
percubical layers with nearest-neighbor interac-
tions). The spin correlation becomes

shall only present the derivation of «(R) for the
zero-field case, where T~+Ym=cosh(2K„), S.,
= S = 0, and S, = S,= 1, so that

282))'
G,(R)= i

'-' .
l

q' exp[- «(q)l r„l —iq r, ]

G, (R) =
l S, l

exp(- lr„l [In(p. , /p ) —p(0)s„(s —S, ,)K, +0(K,)]]

-1
&cos8,. +0(K,))]][1+K'(0)s,,s (T;+Y,)+2K,

l S, l (T2+Y~) cosg,. +0(K2)]) . (4. 19)

It is useful to introduce the following representation
for the Bessel function of the first kind with integer
order and imaginary argument~s

1,(x) =' —cos(ve) e"-".I™d8
2' (4. 2o)
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In terms of Bessel functions the spin correlation
function becomes

G, (R)= IS, [2s-"pl" l (0(K,„K,)

exp[ —ir„ep —i P 1r,„8„]
1 2Kp cos6p 2K) g 1 cos8++ O(K ) j K I)

(4. 26)

xII I, (K lr„l)+K, ls, I'(T;+T,)
f1 =1

Using the integral identity

x '=g" e-"'ds
0

(4. 2V)

rJ -1 K1 XII +Ir +1 K1

(4. 21)

where

Kp = ln()1„/I/, ) —(/) (0)S„(S + S, ,)K, + O(K'„),

K =2K'Is, I' o(K', ), (4. 22)

H(K„, K,)=1+K,j(O)S„S (T,'+T;)+O(K', ) .

In our analysis of (4. 21) we keep r, strictly finite
and let ly„t grow very large. It is easily seen
that, to lowest order, I„,1(x) and I„(x) have the
same asymptotic behavior as x tends to infinity.
Further, in (5. 39), K, is a small parameter
Hence, for our purposes we may as well write

d-1
G,(R)=ls, ['e-"P" II I„, (K, lr„l).

n=1
(4. 23)

The net effect of the terms in (4. 21) which we have
neglected is to generate the first-order angular
corrections to the decay along the layering direc-
tion. Thus, (4. 23) is correct only for r~= 0 for
n= 1, 2, . . . , d —1. This restriction to the layering
direction is relaxed below in our (less rigorous)
calculation of the angular dependence of the decay
of correlation.

The Bessel functions in (4. 23) may easily be
analyzed asymptotically by Laplace's method to
find that, as x-~,

I,(x) = (21/x) '/'e" [1+ (2/x+0 (x ')], (4. 24)

&2v / 2'
(R) dHP dOd

2 . 2"0

where n = ——,', so that the spin correlation function
decays as

G (r )
I

s
I

2(2 )-(d-1)/2 -~lr„l/(I r I)
(d-1)/2

(4. 25)
with K given (to first order) by Kp —K„ i. e. , by
(4. 4). "b' We have therefore demonstrated the OZ
character of the decay of spin correlation in the
layering direction of the d-dimensional Ising model
in arbitrary magnetic field.

Not surprisingly, the decay of spin correlation in
directions other than the layering direction can
also be simply expressed in terms of Bessel func-
tions. The Fourier inverse of (4. 18) is

—vsinh '(v/x)] . (4. 29)

With (4. 29) at hand we analyze (4. 28) using the
saddlepoint method, ' The saddlepoint of the inte-
gral Sp is determined by the so-called saddlepoint
condition and is given by

-1
(r 2+ 4K 2 S2) 1/ 2+ (r 2 4K 2 S2) 1/2 (4. 30)

Let us introduce a vector K with components K)I,

KJ1, . . . , K ~ 1 defined by

= 2K Sp sinhK~l
&

&J1= 2K Sp sinhKJ1 y
~ ~ ~

1 —2K), Sp sinhK, d.1, (4. 3 1)

which allows us to rewrite the saddlepoint condition
as

d-1
1= 2K, Q cosllKg&+2KpcoshKp (4. 32)

Using (4. 28), (4. 29), (4. 31), and a Laplace ex-
pansion about the saddlepoint, we find, as IRI - ,

g-1
G, (R)'= (2)/) ' ' e "'"(4K„sinh K„ II r,„cothK, „

where

g-1
+ rp cothK~ 2 4K, sinh K,„ II r, , cothK, ,)

n=1 l&n

(4. 33)

g-1.R=.lr[+~ ".Ir"I .

Introducing a hyperspherical coordinate system

/II = R cose, r, „=R sine sin» ~ sin(J)„1cos(J)„,

n= 1, 2, . . . , (I —1, (4. 34)

G,(R) becomes

and interchanging the order of integration, (4. 26)
is transformed to

g-1

G,(R)= 1 dse'Il„
l
(2K„s) Q I„, (2K,s),

(4. 28)
in which the Bessel functions all have large order
(since, by a.ssumption Ir„I - ~ and, further, Ir, l

=
I r„I tane). Thus, we shall require the asymp-

totic form of I„(x) as v tends to infinity (for all x),
which is given by

I„(x)=[4)) (v +x )]
'/ exp[(v +x )'/
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G (8) G (p ff ff 8 (+ )) (2+R)-(0-1)/2 -iiR i'o88

as R- ~, (4. 35)

where to lowest order, G„ is given by

Gu (&, &ii, &i, 8, [& n))

d-2
= (4&„pg sin8 sin&, ~ ~ ~ cos~„cothz, „sinh v„

2 TT

n=l

d-1
+ cos8 cothv„Z 4K', sinh v,„g sin8

n=l lan

& = (1 —sin8 cos8)" (4. 43)

V. DECAY OF ENERGY-DENSITY CORRELATION
FUNCTIONS

This completes our treatment of the bulk spin
correlation functions. We have succeeded in show-
ing the decay of spin pair correlation functions to
be Qrnstein- Zernike both for arbitrary field in the
layering direction and for arbitrary direction in
the absence of a field. In two dimensions and zero
field, our results agree to first order with the
exact results of Cheng and Wu ' and Onsager. '4

x sinu, ~ ~ cos &, cothv» ) (4. 36)
In this section, we treat pair correlation func-

tions involving more than bvo spins. We shall
concentrate upon three-spin (spin-energy density)
and four-spin (energy-density) pair correlation
functions. In zero field we are easily able to con-
struct a proof that all correlation functions on a
finite lattice involving Odd numbers of spins are
zero. Of course, if the lattice becomes infinite
in two or more dimensions, this argument is viti-
ated; and we then have an ordering temperature
below which the up-down symmetry is broken
either by boundary conditions (as we have shown in

Paper 1) or by an infinitesimal field. However,
for all temperatures above this ordering tempera-
ture, its conclusions remain correct.

We also produce a proof that the transverse
(i. e. , perpendicular to the layering direction) en-
ergy-density correlation functions are determined
by the even particle-number levels in a zero field.
This proof is valid so long as the perturbation ex-
pansion converges (for all T if N is strictly finite).
Thus, the asymptotic decay of transverse energy-
density correlation functions is specified by the
vacuum and the two-particle levels. In a finite
field the decay of these correlation functions is
again determined by the single-particle band.

Consider first the (2l+ 1) spin expectation value
in zero magnetic field. In zero field, the transfer
matrix K may be written

with

d»i d-2
~2 2 b~ 2 2 W 2 28 = XII+ ~ Xgg KII+~Kjg= K

)~l j=i
(4. 37)

It remains to show that & is independent of R.
First, note that

sinh '
(

"
), ~ inh '(--"'- ), . . . ,

sinh '- '"', 4. 38
I 0

sin8
sinhv, =

cos8
sinh~„=

II

(4. 41)

Gg(&s &s 8)= [4&'(sin8coth~, sinh'v„

+ cos8 cothtc„sinh K,)]'/2 . (4. 42)

Finally, to first order in K,

so that if S0 equals &R with & independent of R, I(.

does not depend on R (although it still depends on
R = R/R). Assuming So= nR, the saddlepoint con-
dition becomes

o.'= [o.'4'„+ cos 8] /

d-2

+ Q [a'4K,'+ sin'8 sin'&, ~ ~ ~ cos'& „] ', (4. 39)
n=l

which is patently independent of R. Thus, in (4. 35)
7& (and hence G~) is independent of R, and we see
that the OZ form for the decay of correlation holds
for spin correlation in an arbitrary direction at
high temperatures. Although we have only treated
the zero field case herein, a similar treatment in
a finite field also verifies the OZ form for the de-
cay of spin correlation in an arbitrary direction.

In two dimensions and as above zero field with
&,=K„=E, we easily write down S0 explicitly as
&R with & given by

& = [1 —16K + ~ ~ ~ ] '/2

x f[l ——,'(1 —16K~+ ~ ~ ~ ) cos228]'/2j'/~, (4. 40)

so that

K= 2"cosh A„exp [lnVii Q n(x)] exp[,K, Z p(5) [g (x)

+ ((x)] [((x+5)+ ( (x+ 5)]J (5. 1)

This operator does not preserve particle number;
but it does preserve the parity of the number of the
particles. Hence, since the largest eigenvector
is gotten by repeated operations involving transi-
tions induced by K —K, away from the vacuum
state lc ), we see that l &0) only contains states
of even particle number. Similarly, the firstband
of eigenvalues below ~0 will have states gotten by
transitions away from single-particle states.
Thus, the first band of states involves only odd
numbers of particles. In a like way we see that
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the 2n band involves only states of even particle
number and that the (2n+ 1) band involves only
states of odd particle number. From our work jn
Paper I we know that &o'(1). . .o'(2l+ 1)& may be
written in terms of the matrix elements of these
spins between eigenvectors of the transfer ma-
trix. In particular, consider the expectation with
a single spin in each layer. Then the matrix ele-
ments are of the form

& ~ol "(1)l~.„fi&&~.„I I"(2)I~.„i &

P.„„,I„l. (2I, I)l~, ), (5. 2)

+ —.K Z Z Z p ( 5) o'(r„r„)v'(r, + 5, z„) .
(5.3)

Thus, we are led to define an energy density

where in ()X„,l~&], n~ labels the number of parti-
cles in the zeroth-order state and l~ in an index
labelling the states within the band. Now, o'(r)
= P(r)+ (t(r) changes the particle number by + 1.
Thus, it takes even-particle-number states into
odd-particle-number states and vice versa. Then
in (5.2), n, must be odd, nz even, ~ ~ ~, nz, even,
for a nonzero matrix element by orthonormality.
However, & &~„lz, [v'(21+1)i Ao& is then zero by
orthonormality. It is easily seen that putting two
or several spins in one or more layers leaves this
over-all situation unchanged. This constitutes a
proof within the context of the transfer matrix
that &o'(1) ~ ~ a'(2l+ 1)& = 0 in zero field.

We now consider the energy-density correla, -
tion function. In zero field the Ising Hamiltonian
is written

—pX = K„QQ o' (r„x„)o'(r„x„+1)
&II ~J

Now as we have shown above, in zero field, [A )
consists entirel. y of states of even particl. e number
and ~X, (q)& states of odd particle number. The
energy density is a two-spin function and, as such,
preserves particle number or changes it by 2.
This means that s, cannot connect } A,& and ~Q(q)&

in zero field:

&&4(q, q)le. (o)I ~& (5. 9)

We developed perturbation-theoretic formulas
for Q and Q(q„qz); we now employ them to find
(when h= 0)

Pc (q» qa) = ln[&o/Xz(q» q, )] = 21n(cothK„)

-K, [p(q, )+ q(q, )]+O(K',). (5. 1O)

We recognize that (5. 10) impl. ies

K(qgI qa) = K(qg) + K(q2) ~ (5. 11)

with Pc(q) defined by (4.4) with h= 0. It remains
to calculate the matrix elements in (5.9) (we set
r = 9 and special. ize to correl. ation in the layering
directions). The eigenstates [ X ) and &Q[ are
given by (3. 10b) and (3. loc), while ) Q(q„qa)& is
given by (3. 27) and (3.29). Thus, we have

&~, I, (o) I q(q„q, )&=- —,'z, g, q (5) [~,...(0, 5)

++..., (5, O)]+O(K,). (5. 12)

&pie. (o)I& (q)) =&& (q)le, (o)l &,& =o (h=o).
(5. S)

So, in zero field, (5. V) becomes

G, (IT) = g [q(q„@)/4]" &&, e, (o) 4(q„@)&
&1 &2

with

(» II)= ~ (., II) II(., ~„), (5.4)
Similarly we have

& S(q»q )I"(o)I ~ & =--'&.Z; q (5) [~;*,„;(o,5)

PE (r, ~„)= -'K„pgqI (5) *(, „) ( 5 ) ++;*,,g (5, 0)]+0(K,). (5. 13)

pelI(rJ. I ~ll) KII K (rJ. i +II) 2 (rJ i +II+ I) '

(5. 5)

(5. 5)
Hence, for nearest-neighbor interactions upon a
hypercubical la.ttice, we have

In a finite field this is called the exchange-energy
density (or the enthalpy density). We call e„ the
longitudinal energy density, and e, the transverse
energy density.

Of principal interest is the decay of the correla-
tion function G, (R)=&de, (0, 0) 5e, (r„x„)&. As
Ix„) tends to infinity,

G.,(iT) =z [& (q)/q]'"" & ~, l~, {o)I
&, (q)&

x&X,(q)le„(0)I X,&+ Q [q(q„q,)/x, ] "II

Cl ~42

x&ql "(0)lq(q q.)&&a(q»q)I" (0)l&.&. (5 7)

&role. (o)l q(q„qa)&&q(q„q, )le, (o)
I
~,&

8g2 fr~1 l~l
P Q exp[i(Q„- Q, )/2] sinq, sinq„,
/=1 n=1

(5. 14)
where Q& and q~ are the (d I) compon-ents of Q=q,
+qa and q=-,'(q -q, ), respectively. Because of
the translational invariance of the lattice, we may
replace the summation in (5.9V) over q, and q
by sums over Q and q —the sums running over a
Brillouin zone for g and a slightly modified zone
for q. 2 The modification is introduced to avoid
doubl. e counting a few states near the BriU.ouin



DECAY OF ORDER IN CLASSICAL MANY-BODY SYSTEMS. II.
zone edge and disappears as (N& -~], in which
limit, from (5. 9), (5. 10), and (5. 14) we have

G„(5)=8@2 P Z I

( ) (
I

2)(
I

2))

x —(1 —cos2q)
I*'dgI' dq

-, 2m--. 2m

x exp [4K,
I
r„I cos(-,' Q) cosq]

as Ir„I — . (5. 16)

Again, as for G,(ff), we may rewrite (5. 16) in
terms of I„(x) Bessel functions and asymptotically
estimate (5. 16) as Ir„I - ~. 20 The result of the
asymptotic analysis is

(P) 64()P(0) d',
e 2~

(16~A; R)" (5. 17)

with x given by (4. 4), with (1= 0. (The details of
the analysis are given in the Appendix. ) Note that
this form reproduces the Hecht-Stephenson result'
in two dimensions and generally disagrees with the
OZ prediction. E(luation (5. 17) is in agreement
with the exact two-dimensional. results of Stephen-
son 2 and of Hecht. 2 As discussed in Ref. 1(b),
our results differ strikingly from those obtained
by Polyakov3' using diagrammatic techniques. We
have shown that in zero field the decay of energy-
density correlations is non-OZ simply because the
leading asymptotic forms arise out of the two-
particle band rather than the single-particle band.

Our result (5. 17) is subject to the criticism that
it seems to depend crucially on having two spins
in the same layer so that the two-particle states
enter, and hence G„,(R), which has only one spin
per layer, might have a different asymptotic form.
Actually, this is not the case. It is easil. y seen
that as K, -0 in zero field (with if = r„z)

(R) g P -L'R (N)+»()») e R(&t),IT2&»-
II ~t

k, y g1, g2

x(eI a'(0)Ik)(kI o'(o)I+((l„q,))

x e((oc o(»-2 e' "»&"'~" sinq, sinq„. (5. 15)

From parity considerations only the terms with
n= 1 in (5. 15) are nonzero; and using the trigono-
metric identities sin2x= —,'[1 —cos2x] and cos(x+ y)
+ cos(x-y) =2 cosx cosy, we find

G„(ff) =4(d —1)J, exp[- 2ln (cothE„)
I r„I ]

«f Tf 2
'Q

II
dq (r Ir» Icosa

with A. a short-ranged kernel, the asymptotic de-
cay of correlation will have its major R dependence
determined by the bvo-particle eigenstates as in
(5. 9) and in (5. 18). For example, we are able to
generalize (5. 17) to the zero-field decay of any
correlation function an even number of spins in
layer / and an even number of spins in layer E+ R.
For such correlations, then, we have

G,„,.(if)-R 'e'"" (R- ), (5. 2o)

because the decay is necessarily determined by the
two-particle band. On the other hand, in zero field
it is also clear that the decay of correlation func-
tions involving 2n+1 spins in layer I and 2m+1
spins in layer l+R is OZ-like. That is,

G (R)-R '" "' e " (R- ), (5. 21)

since in this case the decay of correlation is de-
termined by the single-particle band.

We now complete our treatment of the decay of
correlation at high temperatures by calculating
the asymptotic decay of spin-energy density pair
correlation functions and energy density pair cor-
relation functions in a finite field. We shall find
that they exhibit the normal OZ-decay.

In finite magnetic field the single-particle con-
tribution to (5. 7) does not vanish. The calculation
of the single-particle matrix elements being
straightforward, we only present the results:

I2 2(/&(0) [(/&(0)+ 1]e "
(J ( ) ++ I +- I (4 A I S I

2R)(&(-1)/2 (5. 22)

(5&,(0, 0) 5S'(0, r„))
2&/&(0)S IS, I e "

GJ-c( ) (4 A IS I
)2(Rl)(/2)-

(5. 23)

Thus, both are OZ with /( defined by (4. 4) and (1

equal to zero. Again we can safely generalize our
results to say that in finite field any Pair correla-

where Ik) and Ip) are single-particle running-wave
states as in (3. 16), and I+((l„q )) are the two-
particle statesdefined by (3.27) with (3.29). The
simplest way to analyze (5. 18) is to use (3.27),
perform the direct-space summations-thereby re-
ducing the sums over q, and q2 to sums over the
product (5&,

-,—5;;)(5;, 2
—5;;), after which the

sums over k and p are converted to integrals which
are then expressed in terms I„(x) for large x, and
easily analyzed. The result is identical to (5. 17).

The point is that for correlations involving two
local operators of the form
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A (r'„, r',)=ZZZ ~(fr'„-r„(h(Ir'. -r.(I])
l=1 riil rgg

x o'(r„, r&„)~ ~ ~ &'(r~. (»2.) ~ (5 19)
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tion function will be OZ-like in form because the
leading contribution arises from the single-parti-
cle band. This is because the matrix elements be-
tween the zero-particle and single-particle states
are manifestly finite;

(bio'(x, ). . .o'(x„) I{1)=2 e '~'"&S" 'S. . (5. 24)

In a small, but finite, field the two-particle con-
tribution to an arbitrary correlation function re-
tains the form [Eq. (5. 20)], so that generally we
may expect (1.10) to hold.

VI. SUMMARY

In this work we have considered the asymptotic
decay of pair correlation functions in the Ising
model at high temperatures and have found that
the decay of bulk spin correlation functions is in
accord with the OZ prediction for arbitrary mag-
netic field. Further, in zero field we have con-
sidered the angular dependence of the decay of such
correlations —finding results which are a direct
generalization of the exact two-dimensional result
of Onsager' and of Cheng and Nu.

On the other hand, the energy-density correla-
tion functions were found to obey the OZ predic-
tion only in nonzero field. In zero field they are
found to exhibit the non-Oz form (5. 17)—a, gener-
alization of exact two-dimensional results of
Stephenson' and of Hecht. ' On the other hand,
our results are in disagreement with those of
Polyakov, "as we have discussed previously.

Correlation functions involving an odd number
of spins were found to be identically zero in zero
field and OZ-like in finite field. Finally, we found
that correlations involving a group of 2n spins in
one layer and a group of 2m spins ina distant layer
would have the non-OZ behavior typified by the
energy-density correlation functions in zero field,
while correlations involving 2m+ 1 spins in one
layer and 2n+1 spins in a distant layer verify the
OZ form in zero field.
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APPEWMX

We derive (5. 1 I) from

G,,(R) = 4(d —1)Z, exp[- 2ln(cothK„) lr„l]

dQ dq {fmP,

4ICz lso I ooqq

. , 2i . . 2v'

dQ
'

dq
1 —cos2q

Io(4K, lrq I COS2Q)
2vr

m II'

f

(BvK, lr„l cos2Q) "'exp(4Kilr„l cos2iQ),

(A2)
dQ ' dq

, 2m -. 2m
(1 —cos2q)

x exp(4K~
I
~»

I
cos 2Q cosq)

dQ
[fo(4K

I
~

I
cos 'Q) - f (4K

I
~

I
cos-,'Q)]

—(«K. I~ I
cos-'Q) "'. , 21T

exp(4K, lx„ I cos-,'Q)
2K, I&„ I cos-,'Q (AS)

whe~e we have used the asymptotic form of f„(z) as
lz I tends to infinity.

The asymptotic behavior of (A2) and (AS) for
large lx„l is easily extracted using Laplace's
method. ' In both cases the saddlepoint is at the
origin and we may replace cos 2Q as the denomina-
tors of both integrands by unity. In the first case,
we obtain

(BvK, I~„
I
cos 2Q)

"' exp(4K, I~„l cos-,'Q)
+ ~f

e4KglrII l

16', lx„(

and in the second

(A4)

dQ ~ I &Q -1/2 exp(4K& I+ I cos 2Q)
2 (Br' I+ii I

cos 2Q

4KglrlIl

=S2 K'I

Hence we obtain the desired'result

(-) 6«V(0) ~i -2.a
(16mK,R)

(A6)

where y(0) = d —1, the layer coordination number.

x exp[4K, I~„I cos(-,'Q)cosq] as l~„l -~ .

(A1)

The integrals in (Al) are analyzed as follows:

dQ q dq—exp(4K~ l~~~
I
cos 2Q cosq)

~II
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Effects of the Spin-Flop Transition on the Two-Magnon Absorption in MnF2~

T. Bernstein, *tA. Misetich, ~ and Benjamin Lax*
Iirancis Bitter Nationa/ l-aboratory, ~t Massachusetts Institute of Technology,

Cambridge, Massachusetts 02139
(Received 17 December 1971)

The effect of the spin-flop transition on the magnon dispersion relations in uniaxial antiferro-
magnets has been investigated. The contribution of the dipole-dipole interaction is studied in
detail for Brillouin-zone-edge magnons. It is shown that the magnon-pair modes shift at the
spin-flop transition to lower energies by an amount that is directly related to the k-dependent
contribution of the dipole-dipole interaction. Shifts of the far-infrared two-magnon absorptions
in MnF2 of 0.8+0.2 and 2. 15 *0.3 cm were measured for E il c and Elc, respectively, by
Fourier-transform spectroscopy at T =1.4 K. These shifts are in agreement with the calculated
values and constitute a direct observation of the k-dependent dipolar energy.

I. INTRODUCTION

Mnp~, as well. as many other magnetic insula-
tors, orders antiferromagnetically below its Neel

temperature. The elementary spin excitations in
such an ordered state, known as spin waves or
magnons, have been directly observed in these
systems. Observation of single modes (one mag-


