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In this work we briefly review the Ornstein-Zernike prediction for the decay of correlation
functions, extend it to treat the decay of correlation near surfaces, and then contrast this pre-
diction with the exactly known results for the two-dimensional Ising model. We develop the
transfer-matrix approach to classical statistical mechanics in sufficient generality for its use
in later papers in this series, where it is employed to derive general forms for the decay of
correlation functions in Ising models away from the critical point, which provide a clear ex-
planation of the failure of the Ornstein-Zernike theory for the two-dimensional Ising model.

In particular, we show that the thermodynamic behavior of a classical system with short-range
interactions reduces, when the system becomes infinite in at least one dimension, to the cal~
culation of the largest eigenvalue of the transfer matrix. Using the Perron-Frobenius theorem,
we show that for a system infinite in no movre than one dimension, anarbitrary correlationfunc-
tion defined on the system decays at least exponentially fast. One is able to predict whether
the decay of correlation is monotone or oscillatory on the basis of the largest few eigenvalues

of the transfer matrix.

1. INTRODUCTION

We consider the behavior of classical many-body
systems interacting with strictly short-range
forces.! The system of interest is an N-particle
(or N-spin) system, or equivalently, a system with
chemical potential p and average particle number
N, with pairwise short-range interactions. We
shall largely restrict our treatment to systems
whose particles (or spins) lie upon an underlying
lattice, although some of our results are easily ex-
tended to continuum systems.

Gi\_r’en such a system, the joint expectation \La,lue
G45(R) of the two locally defined quantities A(0) and
B(R) may be defined as

G,®)=(A0BR)) , (1.1)
where (... ) denotes a thermal average with re-
spect to the appropriate ensemble. Such a joint
expectation is known as a pair-correlatign function.
In cases in which the product (A(0))( B(R)) is non-
zero, it is useful to use an alternate definition for
the pair-correlation function. Let us define the
fluctuation 6B (R) of the quantity 13_(§) via

sBR)=BR) - (BR)) . (1.2)
Then we write G,,(R) as
C.s®)=(6A0)%BR)) . (1.3)

With this definition of the pair-correlation func-
tion, it is called variously the net correlation, the

8

excess correlation, or the correlation of fluctua-
tions.

The asymptotic decay of such correlations as R
-~ was long ago predicted by Ornstein and Zern-
ike? to be of the form

GAB(§)~ R-(d- 1)/2e-nR , (1. 4)

where d is the dimension of the system. This pre-
diction was based on a simple argument which we
reproduce and extend somewhat below. The Orn-
stein-Zernike form (1.4) has since been found to
be a consequence of virtually every random-phase-
type theory, principal among which are the Curie-
Weiss theory and its generalizations,® and the Lan-
dau-Ginzburg theory.*

The form (1.4) loses its validity if the second
moment.

Cp= J, AR R?C,5(R) (1.5)

of the direct correlation function C,j, (ﬁ), defined by

GsR)=C,sR)+p [dR' CoyR-R")G, R,
(1.8)

diverges.® It is now clear that this generally is the
case at the critical point of a second-order phase
transition.” However, at sufficiently high temper-
atures and/or low densities there is good reason
to believe that C, is finite and that (1.4) holds.
Additionally, one believes that even at low temper-
atures and high densities, away from T,, C, will
be finite and (1.4) will hold. Thus, for example,
neutron scattering cross sections at small angles,
away from the critical point of a ferromagnetic
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system, yield results consistent with an Ornstein-
Zernike form for the decay of correlations.> On
the other hand, in the exactly soluble case of the
two-dimensional zero-field Ising model, excep-
tions to Ornstein-Zernike theory are found at both
high and low temperatures in addition to those ex-
pected and found at the critical point. While the
spin-correlation function

G,R)= (65°0)65°®)) 1.7
is found to decay as
G(R)~RY2¢™® | R—wo (1.8)

for temperatures above the critical temperature, ®
the low-temperature spin-correlation function de-
cays as™®

G,(R)~ RZ ™R | (1.9)

Although one might expect® the energy-density cor-
relation functions to decay as (1.4), they are found
to exhibit the non-Ornstein-Zernike behavior de-
scribed by (1.9) at all temperatures in zero field
and two dimensions.!® These violations of the
phenomenological predictions and experimental
measurements by the two-dimensional Ising model
are rather disconcerting in the light of evidence
that C, should be finite except at a critical point.

One purpose of the work reported here is to un-
derstand the underlying cause of this exceptional
behavior in the two-dimensional Ising model. (A
summary of our approach and conclusions was pre-
sented in Ref. 1.) Through an extension of our
knowledge of the decay of correlations in the Ising
model at both high and low temperatures to higher
dimensions and finite magnetic fields which we re-
port in Papers II and III of this series, we are
able to systematically catalog exceptions to Orn-
stein-Zernike behavior and to understand the
causes of these exceptions. Invariably it will be
found that exceptions are due to some hidden sym-
metry either of the Hamiltonian or of the lattice
involved.!

We present the relevant aspects of Ornstein-
Zernike theory in Sec. II, including an extension
of it to treat the case of a system with free edges.
Our calculation, in Paper IV of this series, of the
decay of spin-correlation functions in an Ising mod-
el with free surfaces confirms that at high temper-
atures the extended Ornstein-Zernike theory cor-
rectly predicts the decay of such correlations near
free surfaces.

The transfer-matrix approach employed in this
work is a generalization of matrix methods intro-
duced in 1941 by Kramers and Wannier,!' Mon-
troll,'? and Lassetre and Howe.!® In his monumen-
tal 1944 work, Lars Onsa.ger6 used this technique
to obtain the partition function of the zero-field
two-dimensional Ising model in addition to the spin-

correlation function mentioned above. The matrix
method has since reappeared in the exact solution
of other two-dimensional problems such as the
dimer problem! and the ice and ferroelectric prob-
lems.”® Ashkin and Lamb'® discussed the decay of
molecular order by means of the matrix method.

In this work they demonstrated that the existence
of long-range order is implied by a degeneracy of
the largest eigenvalue of this matrix. McCoy and
Wu!” have employed the matrix method to study the
thermodynamics and correlation functions of a qua-
dratic Ising lattice with each row of vertical bonds
varying randomly from row to row. One of the
most straightforward matrix treatments of the

the Ising problem in two dimensions is that of
Schultz, Mattis, and Lieb.!®

A review of most known results concerning the
Ising transfer matrix in two dimensions was pre-
sented by Fisher and Burford.® They found that
for a NX N lattice, the spectrum of the transfer
matrix is broken into N+1 bands, the number of
states in the nth band being given by the number
of ways of putting » Fermi-type particles into the
N sites of a lattice row. The largest eigenvalue—
corresponding to the zero-Fermion or vacuum
state—is nondegenerate for finite N. The size of
the largest eigenvalue of the xnth band is a decreas-
ing function of Fermion number ». After the vac-
uum state, the N single-particle states and
$N(N -1) two-particle states are of greatest im-
portance. Away from the critical point, the form
of these states and their eigenvalues determine not
only the bulk thermodynamics, but also the asymp-
totic decay of virtually any pair-correlation func-
tion.

Following the lines indicated by Fisher,*!® we
show in Papers II and III that although the d-di-
mensional finite-field problem cannot be exactly
solved, many qualitative aspects of the two-dimen-
sional case are found to carry over to the more
general cases. In particular, the bands remain
labeled by a “particle number,” with, however, the
particles being “hard-core bosons” rather than
fermions. By the use of simple perturbation the-
ories appropriate to high and low temperatures,
we are able to make quite general statements about
the decay of various correlation functions.

The outline of our work is as follows. In Sec.

II of this paper, we derive the Ornstein-Zernike
prediction for the decay of pair correlations, both

within a bulk system and near free surfaces.! The
remainder of this paper is devoted to an exposition

of the theory of the transfer-matrix approach from
a general viewpoint!® which brings out features

not, apparently, previously recognized in the liter-
ature. General formulas for the thermodynamic
functions, and for the decay of pair correlations
are derived. We consider the eigenvalue spec-
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trum and its consequences for the decay of correla-
tions functions, and we include a short discussion
of the asymptotic degeneracy of the largest eigen-
value and its implications about the existence of
long-range molecular order.®'®% In Papers II and
III we derive, using perturbation theory, the eigen-
value spectrum of the transfer matrix for the Ising
model in d dimensions and arbitrary magnetic

field, for very high and very low temperatures, re-
spectively, and we use these results to calculate
the asymptotic decay of pair correlations—noting
exceptions to Ornstein-Zernike behavior. In

Paper IV we treat the decay of correlations near
free surfaces at both high and low temperatures,®
and critically compare our results with the predic-
tions of the extended Ornstein-Zernike theory.

II. ORNSTEIN-ZERNIKE THEORY

Given a many-particle (or spin) system with
short-range interparticle forces, and a net pair
correlation function G(R) of interest, we introduce
thtg> (shorter-ranged) direct correlation function
C(R) via

G®R)=CR)+ [ dR’ c®)GR-R"), 2.1)

where we have employed a dimensionless volume
in anticipation of specialization to lattice systems.
It is easily shown that in the low-density limit
C(R) has essentially the same range as the inter-
particle potential V(R) of the system. By the con-
volution theorem we may write the Fourier trans-
form of (2.1) as

G@) = @) + CQEQ) (2.2)
or as
6@)=[1-C@*CQ . (2.3)

We ordinarily expect C(ﬁ) to be short ranged in the
sense that the series

2 (=2 -5 - -
é(§)=20 ((_an)T)I dR(q- R}* C(R) (2.4)
n = . Q

converges rapidly. This being the case, as ¢—0,
we may write C(q) as

(2.5)

where the integral moments of C(ﬁ) are given by

Clg)=Co=Co+- -+,

Con=[@n1] [ dR@- RE"C®) . (2.6)

In terms of the moments of C(R), G(§) becomes

C@)=[g*+k%+0(g")] ™ Gy as g—0, 2.7)
where
k2=(1 - Cy)Cy/Cs, Go=C3/C; . (2.8)

We may obtain the asymptotic decay of G(R) for
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large R by Fourier-inverting (2.7), as is well
known from the Abelian and Tauberian theorems
of Fourier analysis. Letting d be the dimension
of the system, we obtain

- e-KR
G(R)zGOE(T_—l,/E as R— , (2.9)
Formula (2.9) is the Ornstein- Zernike prediction
for the asymptotic decay of pair-correlation func-
tions within the bulk of a many-body system with
short-range interactions.

Our calculation is bound to break down if C,—~ =,
as is now expected at a critical point,*® for then
(2.5) and (2.7) become invalid. However, we shall
not here be treating systems at their critical
points. Away from T=7,, we ordinarily expect
that C, will be finite and that ultimately G(R) de-
cays as (2.9) for R~ , at fixed T not equal to 7.

In order to extend the Ornstein-Zernike theory
to obtain the decay of pair correlation functions
near free surfaces, we notice that (2.7) has the
same form as the Fourier transform of the follow-
ing equation:

(V2= ®)GR) =~ G5 R) . (2.10)

This is eminently sensible, as G(ﬁ) defined by
(2.9) is seen to be the Green’s function for v2 — k2
with homogeneous boundary conditions. In fact,
the Landau-Ginsberg theory* commences from
(2.10) directly rather than from the Ornstein-Zern-
ike relation (2.1). Thus, in order to obtain the
decay of correlations near a surface, we are led
to solve (2.10) in the presence of a boundary sur-
face.

There are two kinds of boundary conditions of
particular int_grest. In the first kind of boundary
condition, G(R) is taken to go to zero at a small
distance beyond the surface. In the other type of
boundary condition, the gradient vG(R) of G(R) is
taken to go to zero at a small distance beyond the
boundary surface.

In the theory of electrostatics, the effect of rec-
tangular boundaries is accounted for by a set of
image charges arranged so that the boundary sur-
face has the required potential distribution. The
image method may also be applied to the scalar
Helmholtz equation [our differential equation
(2.10)], for which a boundary may either be ab-
sorbing or reflecting. For absorbing boundaries,
the effect of the boundary is duplicated by an image
source (or sources) arranged so that its wave
fronts exactly cancel those of a wave impinging
upon the barrier; and for reflecting boundaries,
the image sources have the same arrangement as
that of the image sources for absorbing boundaries,
but are opposite in sign. Thus they exactly rein-
force a wave front impinging upon the boundary.
The case of absorbing boundaries corresponds to
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o Fleld we can write the correlation function Gi(R), be-
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FIG. 1. Correlations near free surfaces:

(a) image
source for a single surface, (b) image sources for two
intersecting surfaces.

the boundary condition that G(ﬁ) be zero at the
boundary. Similarly, reflecting boundaries corre-
spond to a zero gradient at the boundary. (Of
course, since k is real, we have diffusion rather
than wave propagation. However, the image meth-
od is still applicable.) The source terms in (2.10)
are composed of the § function for the homogeneous
source together with the § functions for the various
image charges.

In Fig. 1 we demonstrate the array of image
sources necessary to duplicate a single surface
and that needed to duplicate the intersection of two
such surfaces. Of course, the technique may be
generalized to d dimensions and up to d -1 inter-
secting surfaces. For simplicity we present the
calculation only for the case of a single surface,
and then simply state our result for intersecting
interfaces for n=1, 2, ., d=1.

We first consider absorbing boundaries. Then
in Fig. 1(a) the image source is opposite in sign
to that of the homogeneous source, and symmetri-
cally placed across the boundary (so as to exactly
cancel the effect of the homogeneous source on
the boundary surface). Using the notation of this
figure, and employing the superposition principal,

6:(R)=GR) - cR), (2.11)
where G(ﬁ) is the correlation function given in
(2.9), i.e., that due to a s1ng1e source. Refer-
ring to Fig. 1(a), we write G,(R) as

- 271/2
Gl(R) = G() (exfio+ (5 Yo +X(§ ](flc-l)) }4 }

exp{.. ya+ (o +5)%4Y %
[yo+(5:x)2]<d-1>/4 ), (2.12)

where yg— < and xy and § are fixed. Expanding the
radicals to low order in (5/y,) and (vy/y,), we can
write (2.12) as?
- e-«R

Gy G1(R)~ Ay (%0, 8) zaam7eT, Yo~  (2.13)
where A;(xo, 6) is fixed for fixed finite x, and 5,
and is zero for x, and/or § zero. Thus with an
absorbing boundary, the Ornstein-Zernike predic-
tion for the decay of correlations near a surface
differs from that for the decay within the bulk by
a factor [A(xq,5)/R]. In particular, it is pre-
dicted that the same inverse range of correlation
k applies. The analogous formula for the > asymp-
totic decay of the correlation function G (R) be-
tween two points simultaneously near » surfaces
(n being 0, 1, 2, , d—1, where d is the dimen-
sionality) is easily derived, and found to be

- KR

[G,(R)/G,] ~A R~ (2.14)

e
n R(d- Y/ 2+nm
where A, is fixed for fixed finite d1stances from
the »n surfaces and is zero if either Ro or R0+R
actually is on one of the » surfaces.

For reflecting boundaries, Fig. 1 still applies.
In fact, changing the sign of the image source from
negative to positive, we may simply use Eq. (2.12)
to determine the asymptotic decay near a surface.
To lowest order in (xq/y,) and (5/y,), this correla-
tion function decays as twice the bulk decay speci-
fied in Eq. (2.9). For correlations between two
points simultaneously near n surfaces, we easily
find the decay to be given by 2" times the bulk de-
cay specified in (2.9). That is,

- e-KR
G,(R)=27G, R@-DIZT - (2.15)
We note, however, that with reflecting boundary
conditions the component of the gradient of G, R)
normal to a given surface is zero if Ro and/or
R0+R actually lies upon the surface.

At high temperatures in the d-dimensional Ising
model with free-edge boundary conditions, the de-
cay of the correlation function for two spins simul-
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FIG. 2. Correlations in a thin-slab geometry.

taneously near n surfaces is given by (2.14), as
we shall show in Paper IV. However, we show
therein that the decay at low temperatures is too
complicated to be correctly given by (2. 14).

It is also interesting to consider the decay of
correlation in a system which is finife in one or
more dimensions, e.g., in a thin film. As an
example, we consider the slab geometry portrayed
in Fig. 2. As shown in the figure, we now need
an infinite series of image sources to duplicate the
boundary conditions. The image sources are to
be located at the positions (a+ 2L, 0, 0) and (- a
+2mL,0,0) for =1, 2, 3, ... and m=0, 1, 2, 3,

With X+ vG=0 on both bounding surfaces,
all the image sources are positive; with G=0 on
both bounding surfaces, the image sources at
(a+2nL, 0,0) are positive, while those at (- a
+2mL, 0, 0) are negative; finally, if G=0 on the
lower surface while x- VG =0 on the upper surface,
the image sources above the slab are all positive,
while those below it are negative.

The correlation function G{ 3) is written in terms
of the correlation function G4(R) for homogeneous
boundary conditions by again using the superposi-
tion principle. For example, with G=0 on both
surfaces, we have

GR) = G4(R) - Go(R - 2a%)
2> {[GoR +2nL%) - Go(R +2(nL - a)%)]
n=1

+[Go(R = 21L%) - Go®R — 2(nL +a)%)]} .
(2.16)
Using (2.16) we can show that if IR|> a, L, then

G@R)~ (k/R)G,@R) as R—, 2.17)
unless k=0 (i.e., T=7T,) when we have
GR)~ (1/R)Gy(R) . (2.18)

The above results are in essential agreement
with the results for the Ising model, as reported
by Camp and Fisher,! and as derived in Paper IV

(K=

of this series.??

In this section we have considered the asymp-
totic decay of pair-correlation functions within the
context of the Ornstein-Zernike theory. The prin-
cipal results are formulas (2.9), (2.14), and
(2.15) for the decay of correlations in the bulk,
near n absorbing boundaries, and near x reflecting
boundaries, respectively. In Papers II, III, and
IV we derive essentially exact results for the de-
cay of pair correlations in the Ising model at very
high and very low temperatures and compare them
critically with these predictions.

III. TRANSFER MATRIX
A. Introduction

In this section we present a rather thorough dis-
cussion of the matrix method.'® Although the trans-
fer-matrix technique is almost always applied to
systems with strictly short-range interactions on
a regular space lattice, it may be used for any
system which has short-range interactions in at
least one direction—the layering direction. The
layer thickness is chosen to be equal to or greater
than this range. Then removing a layer from the
system corresponds to breaking it into two nonin-
teracting subsystems. This enables us to think of
building up the system one layer at a time. We
do so by repeated operation with the so-called
layer or transfer matrix which, given an L-layer
system, generates an (L+1)-layer system. The
interactions within a layer and between adjacent
layers may vary from layer to layer; but the
analytical theory is very much simplified when
they do not so vary.

Although the transfer-matrix method can be ap-
plied to purely statistical problems for which the
physical concept of energy is meaningless, we
shall assume that there is always a function anal-
ogous to the Hamiltonian and that the desired gen-
erating function (partition function) Z is given by

Z[e]=Tr(e®™), B=(rzT)™". 3.1)

We further assume that the Hamiltonian has the
form

=33 In, n+1) . (3.2)
n=1

[Note that the interlayer Hamiltonian #,(n, % +1)
may generally depend explicitly upon #.] Addition-
ally, we take a purely “classical” point of view.
That is, we shall assume that the states of 3¢, are
specified simply by specifying the configurations of
all of the layers of the system, which we shall
henceforth assume to be built up in the Z direction.
As an example, consider a simple-cubic lattice of
interacting spins. Each layer might then be one or
several (0, 0, 1) planes depending upon the range
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of interplane forces. Note that we have not
limited the range of interaction in any direction
other than the layering direction z. Formally we
could accommodate long-range intralayer forces
in #,(n, n+1). However, with the inclusion of such
forces, the detailed calculational problems soon
become prohibitive.

For clarity we present the formalism in a con-
crete, matrix form and later generalize to more
abstract notation. This latter notation makes it
clear that systems with a continuity of configura-
tions may be treated, if we replace the transfer
matrix by a suitable integral operator.

Assume that our layers are specified by a set
of configurations {a}, and that for the »th layer in
configuration «,, the energy function 7,(n, n+1) is
given by 8(q,, @, 4). [We have dropped explicit
dependence of 7,(n, n+1) upon the layer index #.]
We specify the boundary conditions in the layering
direction either by assigning a priori weights
{Wy(a)} and {W; .,(a)} to the configurations of the
first and last layers, respectively—representing
“end walls” —or by taking the first and (L +1)th
layers to be the same layer—representing cyclic
or periodic boundary conditions. The partition
function may be written

L
ZL,sz" o 20 Wyla) Wy (ag )T e 8 nr up
1

@y ar, 41 n= ’
(3.3)
with end walls, or
L
ZL’CZZ...EH 6‘35(0‘71’0‘7”1) (].EL"‘I)’ (34)

ay ay n=1

with periodic boundary conditions. These forms
for the partition function make clear why the meth-
od is essentially restricted to classical systems,
since for a quantal system

Z2=Tr{exp[- 8 i h(n, n+1)]}
el

;eTr{ILI exp[- Bhln, n+1)]}, (3.5)
n=1

because ¢2*B does not equal e? ¢ except in the
special case that A and B commute. However,
provided that the interlayer and intralayer Hamil-
tonians commute, we may still have quantum
mechanics within each layer.

We introduce column vectors W, and WL .1 Whose
components are the N weights {W(a)} and {W,,,(a)},
respectively (N being the total number of config-
urations of a layer). Then the transfer matrix K
is defined by its (@, o) matrix elements:

(K)a, =" @20 (¥ xF).

(3.6)

Consider the inner product of VVL+l with §L . VVI:

W.}, a4’ (KL : ‘_5;1)

L
= Z" WL+1(aL+ 1)Z> tte Z W]_(al)II e'ﬂg‘“l' %ra) s
*1

@r 41 ar 1=1
3.7)
where f indicates the Hermitian conjugate or
transpose of a vector or matrix. This inner prod-
uct is seen to be identical with (3. 3) for the parti-

tion function in the case of end walls. Hence
ZL,WZWId'_IEL'WI' (3.8)
Further, consider the trace of g_L:
L
Trk:= 20 o DIl e*era | (3.9)

1= QF 41 ap 1=l

Again, we see that this is the same as (3. 4) for the
cyclic partition function. Therefore,

Z,, c=TrK" . (3.10)

Since the partition function determines the com-
plete thermodynamic behavior of a system, Eqgs.
(3.8) and (3.10) are sufficient basis for a thermo-
dynamic study of classical systems with strictly
short-ranged interactions. Further, we may use
them to clearly demonstrate how one builds up a
system layer by layer through repeated operations
with K. Let us define Z, by

7, =K - W, ; (3.11)

then the components of EL are the partition func-
tions Z; (a) for a system with the (L +1)th layer
restricted to its ath configuration. Definition
(8.11) implies the following fundamental recursion:

Zp.1=K- 7 . (3.12)
With Z, , given by Wi.i* Zg, (3.12) explicitly
specifies how to perform this layer-by-layer con-
struction.

We are now in a position to derive transfer-ma-
trix formulas for the expectation values of observ-
able quantities. A simple, correct definition of the
average of an observable A(x) in the nth layer is
the following. The average of é(l) is given by its
value, A(l, o) in the oth configuration, times the
probability p(l, «) that the Ith layer is in its ath
configuration, summed over all configurations a:

N
(A())=22 AL, @)p(l, @) . (3.13)
a=1

The probability p(I, «) is just the ratio of the par-
tition function for a system in which the /th layer
is constrained to be in its oth configuration, to
the full partition function. For the case of end
walls, we have

AL, a)p(, @)
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D DI Wila) Wy, 1(az, )

%1 %741 oL 41

L

x [T e 26 et
£=1

(3.14)

Let us introduce a projection matrix which filters
out all but the oth configuration. We label this
matrix B(a). Since a layer is specified by the
totality of its configurations, these projection ma-
trices satisfy a completeness relation:

2y Pla)=1 (3.15)

where I is the NXN identity matrix. Also, since
A(1) is an observable for our systems,

A()P(a)=P(a)A(D) = A(l, a)P(a) . (3.16)

Using (3.14) and (3.16), we can write A(l, a)p(l, @)
as

A, a)p(l, @)

=7z Wi, KT Pla)- AQD) - K- Wit

(3. 17)
Then using (3.13), (3.15), and (3.17) we may write
the average of A(l) as

(AD)y=2; wiWi. o KE - AQ)- Wit
(3.18)
By an entirely analogous derivation, the joint ex-
pectation of the observable é(l) in layer [ and the
observable B(I+R) in layer /+R is found to be

(A(B+R) )y

z;lw{vxh1 K*®-1. B(1+R)- K- A(D)- AR

(3. 19)
However, these arguments have been independent
of the boundary conditions, so we may immediate-
ly write the related formulas in the cyclic case as

(AD))c= 2 - Tr[A(DKE], (3.20)

(A(DB(+R))c=2;*  Tr[K--® B(1+RKFAQ)] .

(3.21)
Before proceeding further, it is convenient to in-
troduce a more abstract notation. From the theory
of linear vector spaces, we know that K forms a
representation of an abstrg.»ct operator, also de-
noted K, and further that W, and W, are the com-
ponents of abstract vectors | W;)and |W,,,) in
this representation. Having recalled these facts,
we see that our fundamental equations may be re-
written

Zy = (WL+1)| K| wQ)), (3.22a)
ZL,c=Tr{§L}; (3.22b)
| 2(1))=K| 2(L - 1)), (3. 22¢)

a)=la)(a|l, Z,la)(a|= (3. 22d)

(ADBR+1) )y = (W(L+1)|KE-R-
x BR+DKFADK' | wy )z, , (3.22e)
(A(B(1+R) )c = Z;, o Tr[K""*B(R+ DK*A()] .
(8. 22f)
In order to treat the case with explicitly layer-de-
pendent interlayer and intralayer interactions, all
we need realize is that the transfer matrix K then
retains an explicit dependence upon which layer it
is adding to the system. Because matrices are
noncommutative, we must replace iterates of K
by ordered products KiK,+++ K K, ,;--+. For ex-
ample, the cyclic partition function becomes
ZL, C:Tr(&KL-I oo

KKy . (3. 23)

This additional complication may make trivial
problems difficult, and difficult problems insolu-
ble—the reason being that noncommuting operators
cannot be simultaneously diagonalized.

Our abstract notation is sufficiently general to
treat such problems as the S=« or classical
Heisenberg model and the classical gas in the
grand-canonical ensemble for which there are con-
tinuous infinities of configurations available to a
layer. Here instead of matrix representations,
the representations of K will be the kernels of suit-
able integral operators.!®

Having completed our introduction to the trans-
fer-matrix formalism, we go on in the next sub-
section to discuss general properties of the eigen-
value spectrum when the layer is finite in size.
For a lattice system, the size of a layer is defined
as follows: Let Ny, N, ..., N, {be the number
of sites to each of the d — 1 intralayer directions;
then the layer size N isgiven by NgN; -« N,_y,
where N, is the number of lattice planes in a layer
thickness. For a continuum system we may use
the same definition for N, where now, for example,
N, is the (dimensionless) extension of the layer in
the jth direction, measured, say, in hard-core
diameters. At finite N, we show that the limit as
the number of layers L tends to infinity is well be-
haved and considerably simpler than the problem
with L finite. The asymptotic decay of correlation
is expressed in terms of the spectrum of the trans-
fer matrix K.

B. Eigenvalue Spectrum, Infinite Limit, and Asymptotic Decay
of Correlation Functions

Generally even for a lattice system with dis-
crete degrees of freedom, the transfer matrix will
be real but not symmetric. Hence, we cannot al-
ways expect its eigenvectors to form a maximally
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linearly independent set, i.e., the spectrum of K
will not, in general, be complete. However, K
must have a Jordan normal form?'; and as noted
previously,'® this is just as good for our purposes
as the completeness property. )

Our matrices K all have non-negative elements,
and our integral operators are positive semidefin-
ite since the energy function is real. However, for
infinitely repulsive interactions, some elements
may be zero. On the other hand, we can expect
generally that there will be an iterate K", for suf-
ficiently large », which will have positive-definite
elements. This simply corresponds to the fact
that sufficiently separated layers should be com-
patible in the sense that the joint probabilities
{P(1, a; 1+R, B)} should be nonzero for arbitrary o
and B for large enough R. Indeed under very gen-
eral conditions, _I_{_2 will be positive (no zero ele-
ments)—physically any state of layer » is compati-
ble with any state of layer »+2 via some state in
the (n+1)th layer. (This follows from our assump-
tion that only neighboring layers interact with each
other.) Given this physically reasonable assump-
tion, we may employ the Perron-Frobenius theo-
rem.?? This important theorem states that if K is
positive semidefinite and has a positive iterate with
positive-definite elements, then K has a unique,
simple, and positive largest eigenvalue 2y. Fur-
ther, the eigenvector of this largest eigenvalue
will have non-negative entries. So, not only is X,
nondegenerate, but also there are no eigenvalues
A with modulus [); | equal to X,.

We now express K in its Jordan normal form.2
Let K'=T-'KT be the Jordan form of K. Then K’
is a block dlagonal matrix, the dimensions of its
blocks being the degeneracies of its eigenvalues.
Assume that there are » eigenvalues, x> > 2,
>Xg- - >y, With associated degeneracies Jy=1,
Jiy Joy eeey Jpz, Jy 1. Since the sum of the
multiplicities must equal the dimension of the
transfer matrix, we have

-1

=3

J,=N. (3.24)
p=0
We write K’ as
Mo ]
L,,00)
E‘]z()\z)
K ’
L, 0n0) | NxN
- - (3.25)
with

— —

A1
A

LJO\) =

A1
A

IXJ

1
L A
Since (K')"=T"'K™T, it suffices to examine (K')" i
order to 1nvest1gate the spectrum of K. It follows
from (3.25) that (K')" is block diagonal with the »n
blocks [L, ()], =0, 1, ..., n-1.
Let us now consider the structure of [L ,(x)]™:

(L, =[A+35]", (3.26)

where I is the JXJ identity matrix, and J7, is a
representation of a so-called lowering operator in
a space of dimension J. It is named in analogy with
the operator J- familiar from the theory of angular
momentum in quantum mechanics.? Consider the

J states {| )} defined through their column vector
representation:

.1
. (3.27)
0

- J

the 1 being in the ith place. Then clearly we have

|n=-1), h=2,3,...,J
33 1)= { r=1

. Y], h=1,2,
(nl 35= {0, =

Equation (3. 28) implies the following representa-
tion for J7:

J=1

2 Y+t . (3.29)
h=1
Hence
im |l)<l+m| , m<dJd
[37]m=9""1 (3. 30)

0, m>d .

We use (3.30) together with a binomial expansion
of (3. 26) to see that

L= 5 ;) 5 Jowmer el

, b (3.31)
p=
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where {m, J} is the minimum of » and J-1. We
can write each {L,, (\)}" in the form (3.31). Since
the associated vectors are orthonormal— (\,,lI,, 7)

840, —We may simply write (K')" as the sum of
these orthonormal operators. That is, we con-
sider each [L;,(2,)]" to be an operator in the full
N—dlmensmnal space, all of whose entries except
for the #th block are zero. Then, we have

n=1{ } Jdt-p
R "=2, bl (Z‘) D N, DAT? (n,, 1+p].

- t=0 p=0 1=1
(3.32)
This result is of fundamental importance in the the-
ory of the transfer matrix. Using it we may derive
general results for the free energy, the asymptotic
decay of correlations, correlations near surfaces,
etc.

The associated vectors {I1,, 1)} form a complete
set since they are orthonormal and since there are
exactly N of them. They are referred to as gen-
eralized eigenvectors of K’ of rank [ and eigenval-

ue 2. This is because they have the following
properties:
K =2D"|2,1)=0, mxl (3.33a)
K =2D" [, 1)#0, m<l. (3.33b)

J

285 3o [557 (1)

t=90 q¢=1 s=0 p=0

or more simply,

n=1
Zy o= [1+2 J,00/0F]  (o=1). (3.36)
t =1
We can determine all bulk thermodynamic proper-
ties from the (general) free energy per layer given
by
- BF.=lim (1/L)In(Z; ) .

L+

(3.37)
Using (3. 36), the free energy is written

n-1
~ BF,=lm\g+1lim (1/1)1n[1 +Z:l T /2] .
t =

L+
(3.38)
The last term on the right-hand side of (3. 38) is
seen to be majorized by

(1/L)In[1+ Ny /Al [~ (N/LYA /A =0 as L— .
(3.39)

Thus the cyclic free energy per layer is complete-
ly determined by the largest eigenvalue of K:

(3.40)

It should be emphasized that F, is the free ener-

—=BF,=1nx, .
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This is easily seen because, in the ¢#th block, sub-
tracting ), I from K’ leaves only J7,, and (J5,)" has
the property that all the entries of its first m col-
umns are zero!

In order to study the thermodynamic limit (L
- =) and the asymptotic decay of correlations, we
substitute the Jordan form for K™ into the formulas
of Sec. IITA. The transformed states | Wi ) and
| W} ,,) are defined by

[wiy=T"w,),

<WJIL+11 = <WL+1
and the transformed observable A’(7) by

AD=T AW .

T (3.34a)

(3. 34b)

With these definitions at hand we see that all the
results of Sec. IITA hold also if all the unprimed
variables are replaced by primed variables.
Again, this is obvious from linear-vector-space
theory—expectation values are invariant under
similarity transformations.

For simplicity we shall first consider the case
with cyclic boundaries and then consider the differ-
ences induced by end walls. In what follows, the
layer size N is kept finite; thus our matrices are
finite, and the Perron-Fr&benius theorem applies.
We use (3.10) and (3. 32) to write the cyclic parti-
tion function in the {I,, 7)} basis as

-p
> lhs,l>h’;"”<>\s,l+p!]lxt,q>, (3.35)

1=1

T

gy per layer and as such is still proportional to N,
the layer size. Ultimately in calculating bulk
thermodynamics, one takes the further thermo-
dynamic limit N-«, Thus the free energy per site
f is to be calculated

- Bf,=lim lim 7\/'1? In(Z;, ¢)=1lim A%ln()xo(N)) .

New Law Neow
(3.41)

Evidently a finite free energy per site will imply
that xo(N) = ud [1 +o(e")] as N tends to infinity. In
the formal part of this work we do not consider this
latter thermodynamic limit. However, in the ap-
plication to the Ising model, f will be calculated via
perturbation theory and found to be finite. (Under
suitable conditions, it may be shown very general-
ly that 7 exists and is finite.?)

We now calculate the expectation value of an ob-
servable A(7) in the [th layer. We shall find that if
_A_(l) has no explicit dependence upon layer index,
the result is independent of the layer:

(A >—Z#C"Z‘Z<x,,ql[2“1 J“([f)

r=0 ¢=0 t= p=0



|o»

Jt-p

% 21 [N, IIAE-2 (3, l+p|] A'D|n, q) .
1=
(3.42)
Or, as L tends to infinity; we have

<A(z)>c="f) Eé'l “5 Qe L+pIA' (DN, 1)

b
t= Xo

Q) s

Now suppose that (xg|A’(7)|1¢) is nonzero, then
(AD)e= (ol A" (D] 1g) . (3. 44)

However, if the right-hand side of (3.44) is zero,
so also is that of (3.42). [This is because the re-
maining terms in (3.42) are majorized by 0({x,/
Nof*) which tends to zero as L tends to infinity.]
Thus (3.44) is correct for an infinite system.
Then, as claimed above, if A’(7) does not depend
upon /, neither does its expectation.

The derivation of the joint expectation value of
A(?) and B(7+R) is only slightly more complicated
and yields in the limit as L - c:

(A(DB(+R) )= (A(D)). (B(I+R)),+ (6A()6B(+R)), ,

=]
e d
"

o
-~
"

[

(3.45)
where
a=l (Rag} Jt<b  yR-p
(6A()6B(1+R) ), = > (R> ﬁ l‘T
- - t=1 p=0 \P/) 1=1 Ao

X (Al B[, 1) (N, 14p|A"[2g) . (3.46)

Using (3.46) we are able to calculate the decay of
net pair-correlation functions as R— «.

Suppose that (for N finite) the matrix element
(N!B'IAy, 1) (\y, I+pIAINg) isnonzero for at least
some [ and p. Then as R tends to infinity the con-
tributions from 2, in (3.46) are exponentially
greater than those from any other eigenvalue and
determine the ultimate decay of correlation. We
define an inverse range of correlations x through®

«=lim (-j—z In| GAWSBR+D), |> . (3.4m)

R~
Then if x is nonzero, we know that the net correla-
tion function (3.46) decays as ¢ as R tends to in-
finity. But note that definition (3. 47) is sufficiently
general that it includes, for example, functions
which decay like P(R; n)e *F, where P(R; n) is a
polynomial of degree # in both R and R,

As R tends to infinity, (3.46) becomes

(6A(8B(I+R) ), ~ Gl)ﬁ 1751' (R)

0 =0 4

Ji-p

x 2 (MI‘B.I”HJ;P(M,Z+P’él“o> )
1=1 1

(3.48)
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Then « defined by (3.47) is
K=1n(7\0/l7\1|) . (3-49)

This may be taken as a proof on the basis of the
Perron-Froébenius theorem that in systems with
finite-size layers and with discrete degrees of
freedom, net pair correlations will always decay
exponentially with decav specified bv the largest
and next-largest level. Now the formulas we have
derived above are true for 1 < R<< L even if L is
finite. Thus, the layer size N, given by

NgN;iN, - -+ N, _; will still be finite if we take N; to
be L for every j>1. Then our formulas will be
true for the decay of correlations in the layering
directionof a large but finite hypercube. If the
system has strictly short-range forces, the lay-
ering direction is arbitrary. Hence, for such a
system the correlation function will decay exponen-
tially in all directions.

At this point one may ask to what extent we can
apply these results to a system with continuous
degrees of freedom (so that the transfer “matrix”
is now an operator in an infinite-dimensional
space). For example, one could ask whether the
Perron-Frdbenius theorem extends to such sys-
tems. In its full generality this question goes be-
yond the level of this work and will not be consid-
ered herein. However, as noted previously!® for a
positive completely continuous operator one can
use the Jentzch and Hopf theorems?® which then re-
place the Perron-Frobenius theorems.

For the systems with continuous degrees of free-
dom which we consider (e.g., the classical Heisen-
berg model or a classical fluid), the “transfer op-
erators” will be completely continuous since they
can be derived from limiting sequences of bounded
finite-dimensional operators. Further, as in the
discrete case, they will be nonnegative but not
necessarily positive definite. However, as pointed
out above, _K_2 will be positive under very general
circumstances and thus will have a positive unique
eigenvalue of largest modulus. This suffices to
prove that a net pair correlation function defined
on such a system decays exponentially under the
conditions noted above in the discrete case.

It is often most convenient to employ periodic
boundary conditions. However, in order to justi-
fy their use, we must convince ourselves that these
simplified boundary conditions do justice to the
bulk thermodynamices of a system with end walls.
One expects this to be the case because the number
of “end-wall” interactions is proportional to N,
whereas there are O(NL) bulk interactions. Then
as L tends to infinity these surface terms should
have a negligible effect upon such bulk properties
as the free energy or the decay of correlation func-
tions far from either end. On the other hand, we
know that periodic boundary conditions are inad-
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equate to treat such interesting effects as surface
tension, scattering from surface states, and the
decay of correlations near a surface. In addition,
when a system is ordered, order induced by a
pinned surface might well propagate throughout the
system, affecting both bulk expectation values and
the decay of correlation functions within the bulk.
Therefore, we shall treat the case of end-wall
boundary conditions in order to justify the use of
cyclic boundary conditions for bulk properties and
to enable us to treat surface properties.

The weight vectors | W;i) and (W;,,! defined in
(3.34a) may be expanded in the {I2,, ¢ )} basis:

a1

J
‘W{>= i W1(t:q)!>\t:¢1>,
t=0 ¢=1

(3. 50)

n-

1 J
<WI,4+1|=Z> é WL+1(t) q) <)\t!q| .

£=0 g¢=1

Using (3.22a) (in the primed representation),
(3.32), and (3.50), the end-wall partition function

1 n

(AD),=2
t1

(';Z,E,l) cL.thz) (l)(L—l) :b

-1
t9=0 p1=0  pp=0 P1/\ b2 =1

We take the “thermodynamic limit,” L tending to
infinity, with [ fixed. Then

RS A AAN = W,y (t, p+s)
<é(l)>w-t§ Zso (P)§1 w,(0,1)

1-p
x M 0glal,, s) . (3.54)
Ao

For sufficiently large 7, we see that all the terms
in (3.54) except (xolA’l}g) are majorized by
O(Iny/Xol?). Hence, for large I, we have

(A, = (ol A" ng) +OfA, /2gF) . (3. 55)

Generally, we measure a bulk density A defined by
L+1

A=lim —i— 22 (A, . (3.56)
=1

Lo
There will exist a positive number p such that for
I greater than p, (A(l)), is given by (3.55). For
the p terms in (3.56) with 7 less than or equal to
p, it suffices to replace the summand by O(1).
Then A may be written

L
A':iim /L) Z>1[<xo!é'lxo>+o<\xl/xol‘>]
-® l=p +

+0(p/L). (3.57)

W. J. CAMP AND M. E. FISHER

It =1

|

is seen to be

-1 {L Jg} Jg-p
ZL'W=§3 b (L) i) Wyt 1+p) Wy .18, INE-?

t=0 p=0 \P/ 1:1
(3.51)

When L tends to infinity, if the weights W;(0,1) and
W .1(0,1) are nonzero, the dominant contribution
to the partition function is W,(0, 1)W; ,,(0, 1)25.
Then the free energy per layer is given by

(3.52)

which is in exact agreement with the free energy
calculated in the case of cyclic boundaries. Thus,
except in the unusual case that the end walls are
such that w,(0,1)W, ,,(0, 1) is identically zero, we
have shown that the bulk free energy is independent
of the boundary conditions imposed upon the end
surfaces.

The calculation of expectation values is some-
what more cumbersome. Consider the expectation

- BF,=1nx,,

of A(1):
Jt,=P2

22 Wy(ty, py+5)Wp .15, sp)
sz=1 ZL,W

X O P10 77772 Oy, Pa 52 A7 2y 81) - (3.53)

As L tends to infinity we may allow p to become
infinite, as long as p/L tends to zero. Then (3.57)
becomes, very simply,

A= (nglA’| %) . (3.58)

Formulas (3.55) and (3. 58) reproduce (3.44) for
the cyclic expectation value of A(l).

Thus, bulk expectation values are unaffected by
the end-wall boundary conditions. Similar consid-
erations to those above show that the joint expecta-
tion of A(!) and B(I+R) becomes independent of
boundary conditions when L, [, and L -7~ R tend
to infinity. That is, for fixed R,

(AMB(+R)),=(A()B(+R)),,
(3.59)

L- o,

Jww, L-R—l=.

In particular, the decay of pair correlation func-
tions remains exponential with the same inverse
range of correlation ¢ defined above.

It should be noted that were ), allowed to be de-
generate, expectation values need not become in-
dependent of boundary conditions even within the
bulk of the system. The result is explicitly depen-
dent upon the weights {W,(0, ¢); W,.1(0, ¢')} as-
signed to the degenerate largest eigenvectors in
the first and last layers. However, the free en-
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ergy F would still be given by (3.52), as is seen
by (3.36) and (3. 51) with J, not equal to one.

To simplify our considerations, we shall now as-
sume that K has a complete spectrum {Ix,, ¢)} and
that the vectors | W(1)) and | W(L+1)) can be writ-~
ten in this representation as

n=1

J
'W(1)>=Z; 2 Wl(t,q)‘kt,(ﬂ )

t=0 ¢q=1
(3.60)

n-1 Z‘%
<W(L+1)‘ =E I'V)L+J.(t; q)(xt?ql .
t=0 ¢=0
With the completeness property, K™ may be ex-
pressed as

n=1 -’i
K"=20 20 [N, g0 gl (3.61)
t=0 ¢=0
Then (3. 18) for the expectation of A(7) may be
written

:E:ﬁ o000 W3(0, @)Wy, 1(0, )0, p1A 12, q)
4{:01 Wl(o, CI>WL+1(O, q) ’

(3.62)

with L+, [~, and L -]~- . Note that although
this expectation value is independent of the layer

1, it still depends upon the weights assigned to the
end walls—this despite the fact that I corresponds
to a layer within the bulk! With degenerate larg-
est level, the analogous cyclic expectation be-
comes, as L tends to infinity,

(A@D),

J
ADY=L 2 s alAlre, @) - (3.63)
Jo

q=1
Even in cases where the cyclic expectation (3. 63)
is zero—such as the cyclic expectation of the mag-
netic moment of an Ising ferromagnet below its
critical temperature-—the end-wall expectation

(3. 62) need not be zero. Thus, for a system with
a degenerate largest level, the expectation value

of an observable quantity depends upcn the bound-
ary conditions imposed. Such a situation is indica-
tive of the existence of long-range order in the
system. For no matter how far we choose our
layer from the walls, expectations of quantities
defined within the layer will explicitly depend upon
the configurations of the end walls. Such long-
range order is found to arise below the ordering
temperature of a system exhibiting a continuous
phase transition. For such systems there exists
an ovder parameter: a physical variable whose
expectation value is strictly zero above the order-
ing temperature, but whose value ranges over a
finite interval of values, depending upon boundary
conditions, below the ordering temperature.?” Ex-
amples of such order parameters are the spon-
taneous magnetization of a ferromagnet, the differ-
ence in density between the liquid and gaseous

phases of a liquid-vapor system, and the super-
fluid density of He II. Thus we have confirmed the
intimate link between the existence of such long-
range order and the degeneracy of the largest
eigenvalue of the transfer matrix,®:!®

Now, of course, for finite cross section N, we
know that the Perron-Frodbenius theorem requires
that 2, be nondegenerate. But, as N tends to in-
finity, 2, and A, may become asymptotically de-
generate in the sense that®:13:20

N/ =1+ 0(e?¥), N- o, (3.64)

Thus, in the full thermodynamic limit there may
exist a range of temperature (0, 7,) over which the
system exhibits long-range order. Equation (3. 64)
is the basis for a very simple calculation due to
Fisher!® of the surface tension at the phase bound-
ary between two coexisting phases. The basic
notion is that we can determine the surface tension
by a comparison of the partition function with the
ends weighted for different phases, to the partition
functions for a system in which the ends are weight-
ed for the same phase. Weighting the end walls for
the two phases presents no difficulty, since at low
temperatures, by the Perron-Frdbenius theorem,
the largest eigenvector is a symmetric combination
of the two phases, whereas evidently the next
largest eigenvector is the corresponding antisym-
metric combination. The resulting formula for

the surface tension is

- fo(1,2) =lim N°! In{ln[xo(V)/2;(WN]}.  (3.65)
Concerning the nature of long~range order, one
should note that although external fields may induce
“order” in a system in the sense, for example, that

the spin-correlation function (S#(0)S “(R) does not
decay to zero as R tends to infinity in a magnetic
field, H; there is no true propagation of order
thrvoughout the system. In fact, for a ferromagnet,
a finite field will break the degeneracy (or quasi-
degeneracy) of Ay and Ay, thereby destroying the
ordered state, We have emphasized this point to
make clear the difference between true long-range
order, evidenced by X, ~2; and externally induced
“order” or alignment,

To conclude this section, we present a few gen-
eral remarks of Fisher!® about the asymptotic
decay of correlations, Since the transfer matrix
is positive semidefinite, its characteristic poly-
nomial K(\) has all real coefficients. Thus, the
eigenvalues must either be real or appear in com-
plex-~-conjugate pairs (A, 2;*). This being the case,
we may list the possibilities for the second-largest
eigenvalue X;: (i) X, is real, positive, and no other
eigenvalue has equal modulus; ) A, is also sim-
ple (nondegenerate); (ii) A, is negative, real, or
(A4, A{*) are a complex-conjugate pair; (iif) A, is’
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positive, real, and there are other eigenvalues of
equal modulus.

Let G(R) be the net correlation function of inter-
est. In case (i), G(®) decays exponentially. Gen-
erally, A, will be degenerate, and we will find

Gy ®) ~P,®) e** as R—w, (3.66)

where P,,(R') is a polynomial of degree » equal to
one plus the degeneracy of A,. In case (i), A is
also simple (nondegenerate). Then n will be zero,
and the decay will be a pure exponential:

Gy ®)~Ae™® ag R~oo, (3.67)
For real, negative A, we find that
G(u)(ﬁ)=Ae'“R[(—1)RVPn(§)] as R—, (3.68)

where v is a positive constant and »=1+J;. That
is, in case (ii), G(R) ultimately oscillates in sign.
In the complex case (ii), we have

>\1= [ Atl eie and >\{k= | M{e'ie.
Hence, we have

Gy @®) ~P,(R) cosR6 e as R~ , (3.69)

In case (iii), we have a general combination of the
other two cases:

G(Hi)(ﬁ) z[‘Pn(le)'(" QP(R)(" 1)"R+ EiAiCOSRel]e-KR.

(3.170)
Whether or not this last correlation eventually
does not change sign depends upon the relative
amplitudes of the monotone and oscillatory com-
ponents. In any case, this correlation function
will always contain an oscillatory component.

1IV. SUMMARY

In this work we have reviewed the phenomeno-
logical prediction (1.4) for the decay of correlation
in many-body systems, extended it to treat the
decay of correlation near surfaces, and contrasted
this prediction with the exactly known results for
the two-dimensional zero-field Ising model. In
order to reconcile the differences between the
phenomenological and Ising results, we consider
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in the following papers of this series the decay of
correlation in d-dimensional Ising models with
arbitrary magnetic fields, away from the critical
point.

Our study of the decay of correlation in Ising
systems is based on a general transfer-matrix
method, !* which we have developed in sufficient
detail herein to form a basis for the remaining
papers of this series.

The general formulas of use are (3. 22a)—(3. 22f)
for the partition function and for expectation values
of physical quantities both for cyclic and for “end-
wall” boundary conditions in the layering direction.
Equation (3.22) is a general formula for a positive
iterate of an arbitrary matrix. Equations (3.40)
and (3.44) determine the bulk-free energy and the
expectation of bulk quantities, respectively, while
the inverse range of correlations defined in (3. 4%7)
is given by (3.49). The decay of correlations is
given by (3.48). (Note, however, that this result
is for finite cross section N, As N tends to in-
finity, the eigenvalues immediately below A, may
close up to form a band!'5'® with leading edge },.
Then the contributions from the eigenvalues at this
band edge are not damped with respect to that from
A, as R tends to infinity. Therefore, in such cir-
cumstances we need integrate over the leading
edge of this band.) From (3. 62) we can calculate
the expectation of, for example, the order param-
eter (e.g., spontaneous magnetization) of an or-
dered system, that is, a system for which the two
largest eigenvalues of the transfer matrix are
asymptotically degenerate. Equation (3. 64) yields
the surface tension at a phase boundary below the
ordering temperature of an ordering system.
Finally, formulas (3. 66)—(3.70) depict the various
kinds of asymptotic decay possible depending upon
the reality, positivity, and simplicity—or lack
thereof—of A;, the second-largest eigenvalue,
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