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Effect of the 110'K Phase Transition on the SrTi03 Conduction Bands
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The linear-combination-of-atomic-orbitals (LCAO) model of the preceding paper for the
cubic-Sr Ti03 band structure is applied to predict the effect of the 110 K phase transition on

the SrTi03 conduction bsnds. In this cubic-to-tetragonal structural transformation, neigh-
boring octahedral Ti06 complexes are rotated rigidly in opposite directions about the c axis
through small angles +y. This LCAO approach is expected to be accurate since nearest-
neighbor distances and bond angles are unchanged in this transition. ' This enables one to ap-
ply the LCAO parameters for cubic SrTiO& to predict the band structure in the tetragonal state.
The effects of the tetragonal distortion are introduced into the LCAO secular equation as
small changes in the cubic structure factors, e~"' J. Neglecting spin-orbit coupling, this model
predicts a splitting of the I'25s conduction-band minimum by an energy proportional to y . At
4.2 'K, where c/a = 1.0006 and rp =2. 1', 1 25. is split by about 90 tnev into a lower doubly
degenerate &&+ state and an upper nondegenerate I'4+state. Spin-orbit coupling further splits
the I"5+state by an energy comparable with the titanium 3d spin-orbit parameter, $3& = 25 meV.
This produces a warped single-valley model for the SrTi03 conduction bands at low carrier
densities n and a two-band model containing "heavy" and "light" electrons for n &10 cm 3.

It is shown thet the splitting of the conduction-band minimum in SrTi03 is similar in magni-
tude but opposite in sign to that caused by the ferroelectric transition in BaTiO&.

I. INTRODUCTION

In the preceding paper (hereafter referred to
as I), the nonrelativistic augmented-plane-wave
(APW) method has been combined with the linear-
combination-of -atomic-orbitals (LCAO) interpola-
tion scheme to determine the band structures for
several "ideal" cubic perovskite-type compounds,
including KNiF3, SrTiO3, KMoO3, and KTa03.
These calculations predict that the conduction-
band minima for Sr TiQ3 and KTaQ3 consist of
warped bands at the zone center I' rather than
many valleys at or near the Brillouin-zone bound-
aries along the (100) directions, as Kahn and Leyen-
decker have proposed. At the moment, there is
no decisive experimental data for either compound
that can distinguish bebveen these warped-band

and many-valley models.
In the case of Sr Ti03, the interpretation of the

low-temperature data is complicated by the occur-
rence of a cubic-to-tetragonal phase transition at
about 110 'K, plus the possibility of additional
structural transformations at lower temperatures.
Unoki and Sakudo have identified the space group
of the tetragonal phase below 110 K as D4~ using
electron- spin- resonance techniques. They find no

evidence for a further reduction in symmetry down

to 4. 2 'K. However, in a recent study involving
monodomain samples, Sakudo and Unoki observe
a dielectric anisotropy within the plane perpen-
dicular to the c axis below 65 K, and this suggests
that Sr TiQ3 possesses orthorhombic or lower sym-
metry in this temperature range.

According to Lytle's x-ray data, a the c/a ratio
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in SrTiQ~ changes by only 6 parts in 10 between
110 and 4. 2 K. As a result, it has generally
been assumed that the effect of the cubic-to-tetrag-
onal phase transition on the Sr TiOS band struc-
ture is negligible. However, there is some limit-
ed experimental evidence which indicates that the
Sr Ti03 band structure is modified in the tetragonal
state, particularly in the low-temperature piezo-
resistance, '~ magnetoresistance, ' optical, and
heat-capacity'~ data. Now that techniques for pro-
ducing monodomain SrTi03 samples are available, '
it is anticipated that detailed studies of the aniso-
tropy in various physical properties will be in-
vestigated, effects that were previously obscured
by the random alignment, of domains at low tempera-
tures.

The purpose of the present investigation is to
apply the APW-LCAQ model for the cubic Sr Ti03
band structure to predict the effect of the 110 'K
cubic- to- tetragonal structural transformation on
the Sr TiO3 conduction bands. This calculation is
based entirely on the adjusted LCAO parameters
for cubic Sr TiO3. No additional parameters or
adjustments are introduced in this study. The
present investigation is concerned primarily with
the effect of the cubic-to-tetragonal structural
transformation on the titanium t~~ conduction-band
states. It includes a simplified representation of
the oxygen-2P bands. It neglects the titanium-e,
and oxygen-2s bands and all the nearest- and
second-neighbor 2P-2P valence-band interactions
which are included in the cubic LCAO secular
equation in I.

The present simplified LCAO model for tetrag-
onal SrTiQ3 is described in Sec. II, along with
the relevant information about the D4„space group.
This model is applied in Sec. III to obtain perturba-
tion-theory estimates of the Sr TiO3 conduction-
band splitting at the zone center and these results
are compared with the analogous splittings which
are produced by the ferroelectric transition in
BaTi03. The energy-band results for tetragonal
Sr Ti03 are presented in Sec. IV, while the final
section includes a discussion of these results and
their implications regarding the electronic prop-
erties of monodomain Sr TiQ3 at low temperatures,
assuming that it remains tetragonal down to 4. 2 'K.

II. LCAO MODEL FOR TETRAGONAL SrTiOq

The relative positions of the individual atoms
in cubic and tetragonal SrTiQ3 are compared in
Figs. 1(a) and 1(b), respectively. The arrows in
Fig. 1(b) indicate the directions in which the vari-
ous oxygen atoms are displaced in the tetragonal
state. The projection of one layer of titanium and
oxygen atoms on the (001) plane is shown in Fig.
l(c). The dashed and broken lines in Fig. 1(c)
indicate the boundaries of the Wigner-Seitz cell in

CUBIC TETRAGONAL

(a)

esr
Ti

0 ~
(b)

(c)

FIG. 1. (a) Atom positions in cubic SrTi03. (b)
Arrows indicate the displacement of the oxygen atoms in
the tetragonal state. (c) The projection of one layer of
titanium and oxygen atoms on a (001) plane.

the cubic and tetragonal phases, respectively. The
angle y is the angle between a nearest-neighbor
titanium-oxygen bond in the (001) plane and the
original cube axes. For a perfectly rigid rotation
of neighboring TiO6 octahedra, one expects that
cja =1/cosy, and, to within experimental error,
this condition appears to be satisfied. 3'

Unoki and Sakudo have shown that the space
group for tetragonal Sr Ti03 is D4„'„which is a
nonsymmorphic space group with a body-centered-
tetragonal Bravais lattice. The primitive transla-
tions for this Bravais lattice are defined by the
vectors

t, =-,'W2 a(- i+j )+ck

tz= —,'W2 a(i j)+ck—
A At, = -,'W2 a(i +j ) —ck

where i, j, and 0 are unit vectors along the x, y,
and z axes, respectively. Although the coordinate
system that is represented by Eq. (1) is useful for
constructing the symmetric signer-Seitz cell and
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the corresponding Brillouin zone for the body-cen-
tered-tetragonal Bravais lattice (Fig. 2), we sim-
plify the following discussion by describing the
tetragonal state in terms of a pseudocubic coordi-
nate system and the distortion angle y.

According to Eq. (1), the volume of the tetrag-
onal unit cell is 2a c, or twice that of the cubic
cell. As Koster points out, the body-centered-
tetragonal Bravais lattice becomes fcc if c = a.
This is very nearly the case in tetragonal Sr TiO„
where c/a increases to only 1.0006 between 110
and 4. 2 'K. Consequently, the Brillouin zone for
the body-centered-tetragonal lattice with c = a is
very similar to that for the fcc lattice, as shown
in Fig. 2.

It is interesting to note that two distinct space
groups can be obtained by varying the stacking
arrangement of the successive (001) layers which
are shown in Fig. 1(c). According to Fig. 1(b),
the D4'8 space group is obtained if successive (001)
layers are arranged so that neighboring Ti06 com-
plexes are rotated through opposite angles + y
along the c axis. Another possible stacking ar-
rangement has successive layers of Fig. 1(c)
stacked one above the other, so that the rotation
angle y is identical for neighboring TiO6 com-
plexes along the c axis. In this case, the space
group is D4„, the unit cell volume is again doubled,
and the Bravais lattice is simple tetragonal.

The cubic-to-tetragonal phase transition from
the 0„' to the D4& space groups involves softpho-
nons at R. The doubling of the cubic unit cell
causes the R point at the corner of the dashed cu-
bic Brillouin zone in Fig. 2 to be folded onto the
X' point in the tetragonal state. These soft pho-
nons have been observed directly in the Raman
spectrum by Fleury et al. ~ and in inelastic neu-
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FIG. 2. Brillouin zone for the body-centered
tetragonal Bravai:s lattice with c = a.

tron-scattering measurements. " The correspond-
ing transition from the 0„' to the D4~ space group
would involve soft phonons at M since, in this case,
the doubling of the unit cell causes the M point to
be folded into the I' point in the tetragonal state.
Apparently, there are no perovskite-type com-
pounds which transform to this structure.

When the origin. of coordinates is chose-n at a
titanium site, the symmetry operators In

~ tJ for
the space group D4„are of two types. First, there
are those operations whose rotational parts o/ cor-
respond to the eight operations in the point group

C4„. These operations are always associated with

primitive translations t. The remaining opera-
tions in D4„contain a combination of primitive
translations plus the nonprimitive translation
7 = (0, 0, c). Since the present analysis is con-
cerned only with the band structure for wave vec-
tors within the body-centered- tetragonal Brillouin
zone near k=0, we need not bother about the com-
plications that can occur on the Brillouin-zone
boundaries with nonsymmorphic space groups.
Koster has shown that the appropriate irreducible
representations for wave vectors inside the zone
are just those for the corresponding point group.

The irreducible representations for the D4„
point group are tabulated by Koster. They in-
clude ten distinct representations, which we des-
ignate I",+, I"~+, . . . , F5+. Of these, eight are
singly degenerate (I', a, ... , I'4+) and two are
doubly degenerate (I', +). It is easily shown that
at the zone center, states which have I'3,. and R3,.
symmetry in the cubic state reduce to I"4+, I', +
and I",+, I', +in the tetragonal state, respectively.
As a result, the tetragonal distortion is expected
to reduce these cubic threefold degeneracies
(I'3,. and R~,.) and produce a. pair of doubly degen-
erate (2I', +) and singly degenerate (I"3+, I'4+)
bands at k= 0. Along the c axis or ~ direction of
Fig. 2, the group of the wave vector remains C4„,
as it was in the cubic case. However, in the basal
plane, the corresponding groups along the [100]
(D) and [110](Z) axes are reduced to Ca, . Finally,
along the [101] (S) and [111](A) axes, the appro-
priate point groups in the tetragonal state are C,.

The LCAO matrix that is applied to determine
the energy-band structure for tetragonal Sr TiO3
is summarized in Table I. A total of 16 oxygen-
2P and 6 titanium-Sd (t~~) orbitals are involved in
this simplified treatment. (The oxygen-2Po or-
bitals z3 and z6 are omitted, for reasons which
are described below. ) Since tetragonal SrTi03
retains its inversion symmetry, one can obtain a
real LCAO matrix if the proper symmetrized com-
binations of LCAO basis functions are considered.
These are defined in part 8 of Table I. In parts
C and D, the various orbital energies and nonzero
3d-Sd and 2P-3d energy-overlap integrals and
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TABLE I. LCAO matrix for tetragonal SrTiO3.
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Function
Oxygen

Origin Function
Titanium

Origin

Xi) yfg Zf

X2~ y2~ z2

X3,
x4p y4y z4
X5, yg~ z5

xs~ y6

xyf q yzf, zxf
Xy2 s yZ2, ZX2

A. Tight-binding orbitals

~(-,'y, —,', o)
&(0, o, ,')
~(-2, w2, 0)
a(--,'y, --,', o)
c(0, o, -~2)

~(0, o, o)
&(1, o, o)

No. Symmetry

(xi —x4)/~2
(yi -y4)/~2
(z, -z4)/W2
(x2 -x()/v 2

{Z2 -z,)/V 2

i(xf +x4)/V 2

i(yi +y4)/v 2

No.

9
10
11
12
13
14
15
16

B. Basis functions
Symmetry

i(zi+Z4)/v 2

i(X2+x5)/~2
i(y2+y5)/v 2

i(z, +z,)/v 2

( g -xg)/~2
(y3 —ys)/~2

i (x3+XS)/~2
i(y3+ys)/~2

C. Diagonal matrix elements

No.

17
18
19
20
21
22

Symmetry

(xyi +xy2)/~2
(xyi —xy, )/ 2

(yzi+yz2)/v 2

(yzi —yzm)/v 2

(zxi +zx2)/W2

(zx, -zx, )/ 2

Hg ]=Ep, for i =1, 5, 7, 11
H; ] =Ep~ fori =2—4, 6, 8-10, 12-16
Hf7 i, =E~, +2(dd(5)cos&
Hi s, f s =Su, 2(dd~) COSC

Hie fe =E&,+2(ddt) eos)
H2p 2p=E& -2(ddt)cos)
H2i ~f =E„.,+2(ddt)cosy
H22 22 =Ez, —2(ddt)cosy

hf —=2E„,„,(2, gy, 0)

h3 —=2E, „(—', -'y, 0)

h, =-2E„„„(0,o, '.)
Hf f 7

= hf cos2 g cos2y g
Hf is=hi sin2$ sin2yg
H, „=-h, »n-,'~ sin-,'yq
H2 f s h2 cos& $ eos2y 8
H3 fe

——h3 cosgg cos2yg
H3, 2p h3 Sin2~ Sl
H3 2i = -h4 sin& $ sin&y g

H3 22=-h4 COS2$ Cos~g

H4 f &
= h2 sinyy $ sin&q

H4 is= —h2 Cosgy( COS2$

H5 fv
= —hi cos2y) cos2$

H5 is=hi sin~y~ sin
Hs fo

= h4 sin&y $ sin2$
H6 2p

——-h4 COS2yf COS2'g

H6 gf
=- h3 Cosyy ) Cos 2'g

Hs 22
= h3 Sing y $ Sln 2'g

His 22
= —h5 cosy ~

Hf 4 2p
——h5 COS2 0

D. Nonzero oxygen-titanium (p-d) energy (and overlap) interactions

s, =2S„(-,', ~, O)

s4=2Sg ~(g, 2y, 0)
s5 —=2S, „(O, O, —,')
H~ iv=h» cos21$ sin2yg
H7, is hi s'ng ~ cGS2

1 1
Hs f 7 h2 sin2$ cos2yg
HS f S

—h2 cos2 $ sing y Q

Hs f9
= h3 eos2 ( sin2y g

H9 2p=-h3 sin~~) cos2yq
He 2i =h4 sin2$ cos2yg
Hg 22

= —k4 cosgt slnylpfJ

Hio i7=+ cos$p& sin~g
Hf p f s h2 sin2y ( cosyg
Hii iv

= hf sln2y $ cos2$
Hff, fs=hf cos~y) sin&g

Hf2 fs h4 cos&y $ sin&p

Hf2 2p
—h4 Sin2yk COS2 1

Hfm 2i =h3 slD2y $ cos2$
Hj, 2 22 h3 cos2y $»nyn

Hf& i9=h5 sin2&

E. Two-center approximation for LCAO overlap and energy parameters

hi =2 siny [v 3 cos2y (pdo.)+(1-2 cos2y) (pd7()J

g = 2 cosy [ 3 sin2y (pdo.) + (1 -2 sin2y ) (pd7r) J

h3 = 2(pd7t. )siny
h4 = 2(pd&) cosy
h, =2(pd~)

si =2 siny [v 3 eos~yS, +(1—2 cos2y)S~J

s2 = 2 cosy [v 3 sin yS~+ (1 -2 sin y)S~J
s3 =2S» siny
s4 = 2$2,cosy
s5 =2$,

matrix elements are listed, with $ = p„a, q = k,a,
and f=k,c. In part D, only the energy matrix ele-
ments are tabulated explicitly. The corresponding

overlap matrix elements S& &
are easily obtained

from II& & by replacing the energy parameters h~

with the corresponding overlap parameters s~.
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The various LCAO energy (h, —h, ) and overlap
(s&—s, ) parameters that occur in the tetragonal
structure are related to the cubic LCAQ param-
eters in part E, using the two-center approximation.

Several comments are in order concerning the
approximations which are contained in this simpli-
fied LCAO model for tetragonal SrTiQ3. First,
this model neglects both the nearest- and second-
neighbor oxygen-oxygen 2P interactions that were
included in the cubic LCAQ matrix in I. In princi-
ple, the nearest-neighbor interactions could be
included in this analysis since this distance is un-
changed in the tetragonal state. However, it is
quite tedious to work out in full detail the form of
these matrix elements in the tetragonal state.
The treatment of the second-neighbor interactions
is more complicated since, according to Fig. 1,
these distances vary with the rotation angle y.
As a result of these approximations, the present
LCAQ model does not provide any detailed infor-
mation concerning the effect of the tetragonal dis-
tortion on the oxygen-2P valence bands. It ne-
glects the effects of valence-band dispersion on

the shape of the conduction bands near k= O.

It is easily shown that the matrix elements
which connect the titanium-tz and the oxygen-z3
and -z6 orbitals vanish. As a result, these bands
are perfectly flat (with energy equal to E~,) in both
the cubic and tetragonal states when nearest-neigh-
bor 2p-2p interactions are neglected. Consequently,
these orbitals have been omitted from the LCAQ
matrices in Table I.

The energy-overlap parameters h„s ~ and h2, s2
of Table I, part E involve the bvo-center pa-
rameters (P der), S„(Pdr), and S,. In the cubic
perovskite structure, the parameters (Pdr) and
S, are determined from interactions involving
the oxygen-2pm and the titanium-t2, orbitals where-
as (P do) and S, involve the 2Po and e~ orbitals.
Since the radial wave functions for the oxygen-2Po-
2pm and titanium-e~-tz orbitals are not necessarily
identical in the perovskite structure, the param-
eters (Pdo) and S, in Table I, part Z may differ
from those derived in I from the e~-2PO inter-
actions in cubic Sr TiO3. However, these differ-
ences are not e. pected to be substantial so that
we shall apply the values for the (Pdo) and S, pa-
rameters that are determined in I to the present study.

Finally, this LCAQ model neglects the inter-
action between the oxygen-2s and the titanium-t2,
orbitals in the tetragonal state. According to the
analysis in I, these interactions vanish in the
cubic state. However, using the values for (sdo)
and 8, that are derived from the oxygen-2s and
titanium-e~ bands in the cubic state, we show in
the following section that these interactions have
a small effect on the states near the conduction-
band minimum in tetragonal Sr TiQ3.

A
Z(I'4+)=E(r~, , )+Ssin y

Z(I', +)=Z(I'3,.)+-,' sin~y
~

«[gdw) —Z„S,]'
25 2

~ E E

= E(r~,.)+-,' sin'pa,

(3a)

(3b)

where
A=—v 3cos~p [(Pdo) —Z~„S ]

+(I —2cos'y)[Qdm) -Z„,S,] . (4)

In Eq. (3b), the quantity in large parentheses on the
right-hand side of the first line is replaced by 4,
[Eq. (5) of I] in the second.

It is clear from Eq. (3) that both E(I"4+) and

Z(I'5+) reduce properly to Z(r~~. ) in the limit
where the angle y approaches zero. According to

Eq. (3), Z(I'4+) and Z(I', +) are each raised above

E(r3~. ) when the titanium-f3, conduction bands are
above the oxygen-2P valence bands [(E~,—E~,) & 0],
so that the actual splitting depends on the relative
magnitude of the second terms on the right-hand
side of Eq. (3). To evaluate these terms, we use
the adjusted LCAO parameters for SrTiQ3 of I,
which are listed in Table H. With energies ex-
pressed in electron volts, it is found that

E(r&+)= E(rz~. )+ 63 sin y
5)

E(I', +)= Z(1"3,, )+ l. csin'y .

Thus, the shift in E(I'4+) is 40 times larger than
that in E(I', + ). In Sec. IV we show that the latter
state represents the conduction-band minimum in
tetragonal SrTiQ, . At 4.2 'K, where y = 2. 1', Eq.
(5) predicts that

E(I' +) =Z(I', )+ 0. 085 eV,

III. ESTIMATES OF I', SPLITTING IN TETRAGONAL
SrTi03 AND BaTi03

Although one can solve the secular equation that
is derived from the LCAO matrix of Table I ex-
actly with the aid of a computer, it is useful to
first estimate the magnitude of the splittings using
second-order perturbation theory. In this section,
we utilize this approach to compare the effects of
the tetragonal distortion in Sr TiQ3 and the ferro-
electric transition in BaTiQ, on the conduction-
band mlnlmum I 25' ~

In tetragonal Sr TiQ, at k=0, the off-diagonal
2p-3d energy (overlap) matrix elements involving
the states which evolve from I'3,. are W2 h, (V 2s~)
and h, (s,), respectively. To second order, the
energies of the conduction-band states with I'4+
and I",+ symmetry are given by

Z(I'4+ )= E(I'3, ,)+ 2(h, —E„s,)'/(Z„—Z~,), (2a)

E(r, +)= Z(r„.)+ (a, —Z„,s,)'j(E„-Z„) . (2b)

According to the results of part E of Table I, these
equations are equivalent to
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TABLE II. LCAO parameters involved in the present
simplified LCAO model for tetragonal SrTi03. Energies
are in electron volts.

Parameter

@Pr

(dd&)

S~
(Pda)

(Pd~)

&3~

Fitted

—0. 8120
—1.0251

6.3444
—0, 0167

0. 0777
-2.1224
-0.0584
l. 0374

Adjusted

—0. 8120
—1.0251

2. 9931
-0.0167

0. 0777
-2.2526
—0. 0584

1.1354
0. 0245

Z(r, +)=Z(r, .)+ O. OO2 eV.

The total splitting is therefore predicted to be
about 80 meV.

We now estimate the effect of neglected 2s-3d
interactions on this splitting. At k= 0, the matrix
elements connecting the 3d state with I', + sym-
metry vanishes. For the I'4+ state, the corre-
sponding 2s-3d energy (overlap) matrix element
is 2v 3siny cosy(sdv) (2v 3sinycosps, ). This
contributes an additional term to E(l ~+), which
can be written as 2sin~y eos~y 4„where 4, is
also defined by Eq. (5) of I. According to the re-
sults of Table X in I, 4, = 2 eV in cubic Sr Ti03 so
that 2sin~ycosayb, =0. 005 eV at 4. 2 K, where

y = 2. 1'. This additional contribution to E(I'4+)
increases the total E(l"4+) —E(I', +) splitting to
about 90 meV at 4. 2'K.

It is interesting to compare this splitting of the
conduction-band minimum in tetragonal Sr TiO3
with that expected in ferroelectric BaTiQ3. Brews
has applied the Kahn-Leyendecker model for cu-
bic Sr TiO3 to this problem and has shown that the
I'z, . splitting in tetragonal BaTiO, is opposite to
that predicted here for SrTi03. According to the
results shown in Fig. 1 of Brews's paper, I"z5.
is split in the ferroelectric state into a lower
nondegenerate &2. state and an upper doubly de-
generate 4, state. The total splitting is about
90 meV, which is remarkably similar to the pres-
ent estimate of the analogous splitting in tetra-
gonal SrTi03.

In order to determine the various contributions
to this splitting in tetragonal BaTiO„we consider
a simplified model of the ferroelectric transition
in which all the atoms in the unit cell are fixed
except the titanium atom. In the tetragonal state,
the titanium atoms are displaced along the c axis
by —,'Ea, where &= 0.056. %e now define y as
the angle which the displaced titanium atom makes
with the (001) plane containing the four nearest-
neighbor oxygen atoms. In terms of the observed
titanium displacement, y= 3.1' at 20'C in BaTi03.

It is straightforward to work out the correspond-
ing LCAO matrix for this case. Since the ferro-
electric transition destroys inversion symmetry,
the LCAO matrix ean no longer be made real.
Applying second-order perturbation theory at
k= 0, the energies of the 43. and 45 states are
given by

E(&3 )=Z(r25 )

E(~g) = E(rag )

(Va)

[h q-Z~, s~] + [ha —Z„,s~] + (5v) (~+ g

It is found that energy of the nondegenerate 4~.
state is unchanged in the BaTiO, ferroelectric
transitionwhereas Z(&5) is raised by three addition-
al contributions. The first two contributions involve
the same LCAO energy (overlap) parameters
h~(s~) and h, (s~) that occur in the corresponding
calculation for tetragonal Sr TiO, [Eq. (2)]. The
last term on the right-hand side of Eq. (Vb) in-
volves a new parameter, 6m. This term arises
from the fact that, in its displaced position, the
titanium atom has moved closer to one oxygen
atom along the c axis and further from the opposite
one. This produces two different energy and
overlap matrix elements, which we denote by
(Pdv)' and S'„respectively. It is easily shown
that 6m is given by

(8)&v = (P dw)' —(P dm) —Z, (S;-S,)
Using the results of Eqs. (2) and (5) and setting
y=3. 1', we estimate that the hj sg and h3 s3
contributions to E(b,,) in Eq. (Vb) are about 0. 094
eV.

To evaluate the 5m contribution to Z(b, ), we
must determine the distance dependence of (pdv)
and S,. Zook and Casselman have estimated
the dependence of S, on the nearest-neighbor dis-
tance d, using atomic wave functions. Their re-
sults predict that for the observed displacements
in BaTi03, the ratios S;/S, = 0.84 and S,/S, = 1.19,
respectively. If we assume that the ratios (Pdv)'/
(Pdv) and (pdv) /(pdv) scale in the same way, the
5m contribution to E(4,) can be written

—,'(s, —s;/s, )' ~, ,

and this amounts to about 50 meV. Thus, the to-
tal splitting of the 12,.state inferroelectric BaTi03
is estimated to be about 150 meV at 20 'C. This
result is in reasonable agreement with the 120 meV
splitting that Bergluiid and Baer~ infer from mea-
surements of the Seebeck-coefficient anisotropy.

The main source of the 60 meV discrepancy
between the present estimate of the I'25. splitting
in ferroelectric BaTi03 and Brews's earlier cal-
culation can be traced to the relative signs of
the covalency integrals (pdcr) and (pdv). Brews's
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calculation is based on the Kahn-Leyendecker~
model for Sr Ti03, where (/do) and (Pdm) are both
positive. This causes the o and m terms in A of
Eq. (4) to cancel rather than add, thereby reducing
the magnitude of this contribution to the total split-
ting. If the sign for (/do) is changed, Brews's
calculation yields a 6, —~~. splitting of 120 meV,
which is precisely the experimental value quoted
by Berglund and Baer. ~

IV. RESULTS

We now consider in more detail the nature of
the Sr TiO3 conduction bands near the minimum at
k= 0. The results presented in this section are
obtained by solving exactly the secular equation
for tetragonal SrTiQ3 that is obtained fxom the
energy and overlap matrices of Table I and the
adjusted LCAQ parameters of Table II. As in I,
spin-orbit effects are introduced by means of a
titanium-3d spin-orbit parameter, $ M

= 0. 025 eV.
The splitting of the Sr TiQ3 conduction-band

minimum as a function of the rotation angle y is
shown in Fig. 3 with $3„=0 and 0. 025 eV. When
spin-orbit coupling is neglected, the I"», state is
split by the tetragonal distortion into a lower I', +
and an upper I'4+ state. At 4. 2 K, where cp=2. 1,
the energy splitting between I'4+ and I'~+ is 87meV,
which is slightly greater than the perturbation-
theory estimate of 83 meV in Eq. (6).

The corresponding pattern of splittings becomes
more complex when spin-orbit coupling is included.
In the cubic state where y= 0, the F~,. state is
split by —', $M, or 0.038 eV for $M = 0.025 eV. This
splitting preserves the center of gravity of the
I'». state, since the energy of the fourfold de-
generate I'8+ state is lowered by —,

'
$M while that

of the doubly degenerate I"~+ state is raised by
In the tetragonal state where y W0, thp I'8+

state is split into a pair of doubly degenerate states
whose energies approach Z(I"~+) +-,')I at large
angles. Similarly, the energy of the doubly de-
generate state which evolves from I'~+ approaches
that of the I'4+ state when y-2'. For y=2. 1',
the splitting of the lower bands is about 20 meV
and the total splitting is approximately 100 meV.

The energy-band results near k= 0 are shown
in Fig. 4 with $„=0. In the tetragonal state,
these results are shown for y = 0, 1', and 2. 1'
and k along the [001] (6), [100] (D), [110] (Z),
[101] (S), and [111](A) directions. The results in
the first column are obtained from the cubic LCAQ
model for Sr TiQ3 that is presented in I. By com-
paring these results with those derived from the
present simplified model for tetragonal Sr TiO3
with y=0, one can determine the accuracy of the
latter model near the conduction-band minimum.
It is clear that the simplifications that are intro-
duced in the present LCAO model for the tetrag-
onal state have little effect on the accuracy of the
bands in this energy range.

When y 0, the most interesting results are
those for wave vectors along the [001] (&) and

[100] (D) directions. In the former case, the

energy of the cubic &, band is essentially unchanged
in the tetragonal state and the flat ~~. band is
rigidly shifted with the 1"4+ state, with no notice-
able change in its width or shape. Along the [100]
or D direction, the flat cubic ~2. band becomes an

equally flat D4 band, while the center of gravity of
the D3 and D3 bands tends to follow the cubic ~,
band. Similar changes occur in the tetragonal
state for wave vectors along other symmetry direc-
tions.

The effect of including spin-orbit coupling in
these calculations is shown in Fig. 5. As expected,
this introduces additional splittings and eliminates
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FIG. 3. Splitting of the SrYi03 con-
duction-band minimum as a function of
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FIG. 4. E$) along symmetry directions for p =0, 1', and 2.1'. The results in the first column are obtained from
the cubic LCAO model of I. Wave-vector magnitudes are in units of {7t/g).

band crossings in most symmetry directions. How-

ever, most of the qualitative features of the results
shown in Fig. 4 are preserved in Fig. 5, including
the flat band along the D direction.

It is clear from the results of Fig. 5 that the
tetragonal distortion has an important effect on the
shape of the constant-energy surfaces in n-type
Sr TiOa. The bulges that exist along all three (100)
directions in the cubic state occur only along the
[100j and [010]directions in the tetragonal state.
This is illustrated in Fig. 6, where constant-ener-
gy surfaces for cubic (p=0) and tetragonal (y= 2. 1')
SrTi03 are compared. In both cases, these sur-
faces correspond to Fermi energies (relative to

the band edge) of 12. 7, 16. 7, and 20. 7 meV. The
results for the tetragonal state represent carrier
densities n=0. 8, 1.5, and 2. 5&&10 cm . For
y= 2. 1' and $M =0. 026 eV, the splitting of the

lowest pair of bands at I' is 20. 7 meV, so that the

second band is occupied in the tetragonal state for
n& 2. 5&&10 cm

In I, we designated the carriers that are associ-
ated with the inner (dashed) and outer (solid) con-

stant-energy surfaces in cubic n-type SrTi03 as
"light" and "heavy" electrons, respectively. Ac-
cording to Figs. 5 and 6, the bands associated with

light electrons in tetragonal SrTiO3 are unoccu-

pied at low carrier densities. It is clear that the



cubic-to-tetragonal structural transformation has
little effect on the shape of the constant-energy
surface for the heavy electrons in the plane per-
pendicular to the c axis. However, the prominent
bulges that exist along [001]or the c axis of the
heavy-electron surface are removed in the tetrag-
onal state.

For Fermi energies greater than 20. 7 meV,
two bands are occupied. The shape of the con-
stant-energy surface for X~= 40 meV is shown in
Fig. 7, where n=n~+n&=1. 12~10 cm . At this
energy, the ratio n~/n„= 0. 086.

Cyclotron masses have been calculated for or-
bits on the tetragonal Sr TiO3 constant-energy sur-

faces with the magnetic field 1T in various sym-
metry planes. These results are shown in Fig. 8
for the three carrier densities shown in Fig. 6.
In agreement with the results of similar calcula-
tions for cubic SrTiQ3 in I, it is found that the
cyclotron-mass results for tetragonal SrTiO3 de-
pend on the carrier density, particularly for or-
bits which pass near the [100] and [010]bulges.
Similar results have been obtained for the con-
stant-energy surface shown in Fig. 7. In this
case, the mass ratios for light (heavy) electrons
with H along [0017, [100], and [110]are 0. 83, 0. 67,
0. 83 (6.0, 3. 5, 0. 8), respectively. The cyclotron-
mass results for the heavy electrons are consid-
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EFFECT OF THETHE 110 ' K PHASE TRANSITION. . .
TETRAGONAL

4749

[oo]]

CUBIC [o]o]

= ]2.7, ]6.7, 20.7 meV

n = 0.8, ].5, 2.5x IO cm19

[o]o]

FIG. 6. Constant-energy
surfaces for cubic {p=0)
and tetragonal {p=2.1') SrTi03 ~

[o]o]

[]oo]

[]oo]

erably less accurate at these high carrier densi-
ties because the constant-energy surfaces become
grossly anisotropic in shape.

V. DISCUSSION

't ~n 10 c-m ). Similarly, intheircarrier density n - cm
e ec ron-l t -spin-resonance studies of Fe ' in SrTi
Unoki and Sakudo find that the observed ang e o

if the immediatedistortion p is reduced by 30 o
' e '

t th 11The results of Sec. IV predict that the 110 K
cubic-to-tetragonal phase transition produces large
changes in e rth S TiO conduction bands, effects
which should be observable in monodornain sam-
ples at low temperatures. The present analysis is
concerne en ire y w'd t' l with the band-structure changes
that are cause yd b the cubic-to-tetragonal structur-
al transformation. No attempt has been made to
estimate the additional modifications that may re-
sult from the other low-temperature phase transi-

of L tie andtions thai are suggested by the data o y
Sakudo and Unoki. '

Despite the large number of experimental stud-
ies that have been performed on pure and doped
SrTi03 samples, many gaps still remain in our
over-all knowledge of its low-temperature prop-
ert' . One question of primary importance con-
cerns the effects of doping on the intrinsic prop-
erties of pure SrTiO, . The results of several
diff erent experiments suggest that fundamental
differences may exist between the properties of

lf-doped (oxygen-deficient) and Nb-doped sam-se
f SrTiO . For example, ultrasonic meas

that thements by Jones and co-workers show tha e
cubic-to-tetragonal phase transition that is o

a les at 110'K isserved in insulating SrTi03 samples a
depressed to 85 K for self-doped samples but is
unchanged for Nb-doped samples with the same
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environment of an Fe~' ion includes a nearest-neigh-
bor oxygen vacancy. These results suggest that
the magnitude of the low-temperature distortion
may be reduced significantly in the self-doped
samples.

These differences between the self-doped and
Nb-doped samples are also reflected in the low-
temperature heat-capacity results of Phillips
et al. These data indicate that the self-doped
Sr Ti03 samples contain a significant concentration
of paramagnetic centers, which Phillips et al. ~

attribute to localized Ti' ions that are trapped
between pairs of oxygen vacancies. They find
that the concentration of these paramagnetic cen-
ters increases with the carrier density n in the
self-doped materials and is about ten times larg-
er in the self-doped materials than in Nb-doped
samples of comparable carrier density. '~

Phillips et al. also note that uncertainties
exist in the values for the density of states that
are inferred from heat-capacity data for both the
self-doped and Nb-doped samples of Sr Ti03. In
both cases, they observe that the data exhibit
deviations from the temperature dependence that
is expected for the sum of lattice and electronic
heat capacities. In addition to a term associated
with paramagnetic centers, they also find that the
heat capacity includes a possible contribution from
the low-temperature structural transformations.
In view of these uncertainties, it is perhaps not

surprising that the agreement between the experi-
mental and calculated density-of-states (DS) re-
sults for n-type SrTiO3 is relatively poor. In Fig.
9, we compare the DS results that are derived
from the heat-capacity data of Phillips et al. ~~

and Ambler et al. ~2 with the calculated band-den-
sity-of-states results. In general, the "experi-
mental" values for the density of states are 3-5
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FIG. 9. Comparisons between experimental heat
capacity and calculated DS results fox n-type SrTi03.
The dashed line through the experimental data represents
an n~~s dependence.
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times larger than the calculated values. It is
found that the experimental values for y (and the
corresponding values for the density of states)
are roughly proportional to n 3. However, non-
parabolic effects cause a more rapid increase in
the calculated dependence of the density of states
on n.

The results of low-temperature piezoresistance
studies on n-type Sr Ti03 samples indicate an
anisotropy in the electrical resistivity which is
consistent with the mass anisotropy that is pre-
dicted by the present LCAQ model for the conduc-
tion bands in the tetragonal state. Tufte and
Stelzer and Frederikse et al. have studied the
piezoresistive properties of self-doped and Nb-
doped samples at low temperatures. Below 110 'K,
they observe that the resistivity increases if a,

compressive stress is applied along a [001]axis
and decreases for tensile stress. They observe a
saturation of the piezoresistive effect at low stress
values of 1-2&&108 dyn/cm2. This is the same
stress range where Muller et al. ' have shown
that a uniaxial compressional stress along a [001]
axis will flip 85-90% of the domains so their c
axes are perpendicular to the stress direction.
Presumably, tensile stress produces a monodo-
main sample with the c axis aligned parallel to
the stress direction. For a Nb-doped sample with
n=6x10~8cm ~, Frederikse et a/. find a 10% in-
crease in the resistivity for compressional stress
and a 10% decrease for tensile stress. If these
changes are attributed entirely to the alignment
of domains perpendicular and parallel to the stress
axis, then these results suggest that the resistivi-
ty along the c axis is 20% smaller than that in the
basal plane. This is consistent with the results
of the present calculations which show that the
cubic- to- tetragonal structural transformation
causes a decrease in mass for electrons with wave
vectors along or near the c axis but not in the bas-
al plane.

It is interesting to contrast the resistance
anisotropy in tetragonal Sr Ti03 with that observed
in ferroelectric BaTi03. At room temperature,
Berglund and Baer find that the resistivity paral-
lel to the c axis is ten times greater than that in a
perpendicular direction. Thus, the resistivity
anisotropy in ferroelectric BaTiQ3 is much larger
in magnitude and opposite in sign to that observed
in tetragonal Sr TiQ3. In both cases, however, the
sign of the effect is consistent with the prediction
that the masses in the tetragonal state are reduced
for electrons whose wave vectors point along di-
rections which are parallel (SrTiOS) and perpendic-
ular (BaTi03) to the c axis, respectively.

By the use of monodomain samples, it may be
possible to perform a decisive experiment which
can distinguish between the warped-band and

many-valley models for the conduction bands of
tetragonal SrTi03. The two most promising ex-
perimental techniques for such a study are cyclo-
tron resonance and the Shubnikov-de Haas effect.
The latter experiment is particularly attractive
since Frederikse et al. 23 have already observed
Shubnikov-de Haas oscillations in SrTiQ~ samples
which were presumably multidomain in character.
Using a monodomain sample, a systematic study
of the Shubnikov-de Haas frequency variation in
one or more symmetry planes could probably dis-
tinguish between the present warped-band and
Kahn-Leyendecker many-valley models for the
Sr TiQ3 conduction bands. By extending the pres-
ent analysis to the many-valley model, it is clear
that the tetragonal distortion will empty the valley
along the c axis, leaving two ellipsoids centered
at the X points in the basal plane (see Fig. 2) with
their major axes along the [100] and [010]direc-
tions, respectively. According to the results
shown in Figs. 6 and 7, the warped-band model
for tetragonal Sr Ti03 yields constant-energy sur-
faces that are essentially the sum of two such
ellipsoids, both centered at I'. The uncrossing of
bands separates these overlapping ellipsoids into
the light- and heavy-electron surfaces, and only
the latter is expected to be occupied at low carrier
densities.

To varying degrees, the effects of the cubic-to-
tetragonal phase transition have manifest them-
selves in other experimental data. Frederikse
et al. observe 10

%%d
changes in the magnetoresis-

tance of a sample when it is warmed to room tem-
perature and then recooled. These changes are
attributed to shif ting domain patterns. Similar
effects have been observed by Tufte and Stelzer
in their low-temperature data.

Blazey has studied the temperature-dependence
of the wavelength-modulated absorption and reflec-
tivity spectra of SrTi03 near the band gap. He at-
tributes a peak in the ref lectivity spectrum at
3. 34 eV to the lowest energy direct band gap. He
also observes structure in the absorption at lower
energies, which he interprets as indirect transi-
tions. Between 100 and 140 K, Blazey observes
two minima in the absorption which are separated
by about 30 meV; he attributes these two minima
to the coexistence of the cubic and tetragonal
phases over this temperature range. However,
Redfield and Burke have suggested an alternative
interpretation of these data which involves phonon
emission and absorption and does not require the
coexistence of the cubic and tetragonal phases
near the 110 K structural transformation.

As discussed in I, the present calculations for
cubic Sr TiQ3 predict that the band gap is direct.
It is found that both the conduction-band minimum
and the valence-band maximum occur at the zone
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center. However, the location of the valence-
band maximum is not a particularly reliable re-
sult since similar calculations for KNiF3 KMOQ3,
and ReQ3 predict that this maximum occurs at
either the M or 8 points in the Brillouin zone.
Since I* and B become equivalent in the tetragonal
state, the valence-band maximum must occur at
either X or I if the edge is to remain indirect in
both the cubic and tetragonal states. It is possible
that the location of the valence-band maximum is
shifted by band-. structure changes that are caused
by the tetragonal distortion, as suggested pre-
vious). y by Fleury et al. ' Since the present LCAQ
model for tetragonal SrTiQ3 contains an oversim-
plified treatment of the oxygen-2P valence bands,
it provides little information about these effects.

It is interesting to compare the optical dichroism
that is observed in tetragonal Sr TiO3 and BaTiQ3.
%'emple finds that at 23'C, the two Urbach edges
corresponding to light polarized parallel (n„) and
perpendicular (o.,) to the c axis are separated by

08 meV w 1th +J ~ Q ([ at a given photon energy.
This splitting is quite similar in magnitude to the
120 meV splitting of the BaTiQ3 conduction band
that Berglund and Baer' infer from their Seebeck
measurements. This suggests that the dichroism
of 108 meV arises primarily from the splitting of
the conduction-band minimum in the ferroelectric
state. Although the present calculations predic t
a comparable splitting of the Sr TiQ3 conduction-
band edge in the tetragonal state, MiiQer et al. ~

and Capizzi. and Frova 6 report a 3 meV dichroism
in tetragonal Sr TiQ3 at 82 'K. They observe that
the dichroism is opposite in sign (&„&o,) to that
observed by temple in BaTiQ3 and smaller in
magnitude. In terms of the present results, this
suggests that the origin of the dichroism in tetra-
gonal Sr TiQ3 may be more complicated than that
in BaTiQ3 and may involve changes in both the
Sr TiQ3 valence- and conduction-band states.

Superconductivity has been observed in self-
doped and Nb-doped samples of Sr TiQ3 with carrier
densities in the 8 & 10' to 3 && 10 cm range. ~ The
transition temperature T, falls to zer o at the lower
and upper carrier-density limits and reaches a
maximum of about 0. O'K near v=8&&10~ cm '.
Phillips et al. ~~ note that the T,-vs-n behavior ap-
pears to be different for the self-doped and Nb-
doped samples. They observe that the Nb-doped
samples tend to have higher T,'s, and there is no
well-defined maximum in the T,-vs-n curve for

these samples. They suggest that the decrease
in T, with increasing n may be a consequence of

the increasing concentration of paramagnetic
centers in the pelf-doped materials.

Several theories have been proposed to explain
the observed variation in T, as a function of n.
Each neglects the possible influence of paramag-
netic centers on T, in the high carrier-density
limit. The theory proposed by Cohen emphasizes
the importance of intervalley phonons in explaining
the occurrence of superconductivity in many-
valley semiconductors and semimetals. Koonce
et al. have applied this theory to SrTi03, assum-
ing a many-valley model for the conduction bands
which is based on the Kahn-Leyendecker calcula-
tion. 2 The theory of Appel29 emphasizes the in-
travalley exchange of soft optical phonons between
conduction electrons, whereas the small-polaron
theory of Zinamon involves intravalley acoustic-
phonon interactions. Each of these theories pro-
vides an accurate representation of the observed
dependence of T, on n. However, the latter two

models appear to be more consistent with the pres-
ent model for the Sr TiO3 conduction bands since
they involve only intravalley phonon processes.

Pfeiffer and Schooley ~ have studied the effect
of stress on T, in both self-doped and Nb-doped
samples. They find that T, is generally reduced
by hydrostatic pressure or uniaxial compression.
However, they do observe that T, increases for
[100] compression in a Nb-doped sample and de-
creases for a similar compression in a self-doped
sample. These results provide additional evidence
for suspecting a fundamental difference between
the Nb-doped and self-doped samples. The inter-
pretation of these data is also complicated by the
fact that Burke and Pressley observe a stress-
induced ferroelectric transition in insulating
Sr Ti03 samples in this stress range.

It should be clear from this discussion that
many experimental uncertainties remain regard-
ing the low-temperature band structure of Sr Ti03.
Hopefully, the results of the present calculations
will stimulate new experimental studies which will
help eliminate some of these ambiguities.
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Raman scattering and exciton luminescence and absorption have been studied in high-purity
single-crystal Cu20 at liquid-helium temperature using 4880-A laser excitaticn. The Haman-
active mode has been unambiguously identified at 515 cm ~, and the first observation made of
luminescence from the n =2, 3, 4 yellow excitons and their continuum. Comparison of the
Raman spectra with the absorption and luminescence spectra near the n =1 exciton has clari-
fied the origin of the strong 220-cm Raman feature and yielded evidence for wave-vector-
independent and wave-vector-dependent exciton-phonon coupling, respectively, for the I'&2

and ~
&5 optic phonons.

INTRODUCTION

In this paper we present the results of Haman
scattering and laser-excited recombination lumi-
nescence from the yellow exciton series' in
cuprous oxide Cu&O. These measurements have
allowed us to unambiguously identify at 515 cm '
the I'~; Raman-active mode whose frequency has
previously been reported as 220, 197, and 598 cm '

by various groups. 4 6 We have also observed for
the first time the direct recombination radiation
from the g=2, 3, 4 and higher exciton states and
from the series continuum. Comparison of the
Raman spectra with the phonon-assisted 1S exci-

ton luminescence has clarified the origin of other
features of the Raman spectrum, such as the
strongest peak at 220 cm ' which we identify as
scattering from two 110-cm phonons. Finally,
digital measurements of phonon-assisted 18 exci-
ton absorption have indicated that the exciton-
phonon coupling is independent of the phonon wave
vector q for the I'» phonon but linear in q for the
I'» phonon.

Our experiments were performed on a 1-mm-
thick slice from a large single-crystal Cu30
boule grown by Brower and Parker by a floating-
zone technique. Forman, who has studied
the optical absorption of these crystals, provided


