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The Compton profile for bcc single-crystal iron has been measured using Mo and Ag Kn
x rays. The observed profile is somewhat narrower than that calculated for a free-atom
Fe 3d configuration. Within the experimental uncertainty of + 3%, the profiles measured
with the x-ray scattering vector along the f111) and 1100] crystal directions show no an-
isotropy. Using the doubly and triply degenerate 3d-orbital description, a simple model is
proposed which is consistent with the results of the Compton (momentum-density), charge-
density, and unpaired-spin-density measurements.

I. INTRODUCTION

The iron Compton-profile measurements were
undertaken primarily to determine the band-elec-
tron momentum distribution. A secondary purpose
was to evaluate the usefulness of the technique for
obtaining accurate momentum-density information
when comparatively low-energy radiation (- 20 keV)
is used with elements of atomic number - 25.
Compton scattering from polycrystalline Fe has
been measured with 17-keV MoK& radiation in a
preliminary experiment by Cooper and Williams,
and at 60 keV using a Ge-Li detector by Felsteiner,
Fox, and Kahane. ~

Other experimental determinations of band-elec-
tron distributions in Fe with which the Compton
results can be compared are the momentum dis-
tribution measured by positron annihilation, ' the
unpaired spin density measured by neutron dif-
fraction, and the charge density measured by x-
ray diffraction. ' Comparison of the measured
Compton profile with profiles derived from cal-
culated wave functions can provide a fairly strin-
gent test of the calculations.

II. EXPERIMENT

The apparatus was similar to that described
elsewhere, but employed a more stable data-acqui-
sition system with more', precise e/(28) tracking. 7

The housing enclosing the x-ray tube and Fe sam-
ple was evacuated in order to remove air from the

beam path. Air between the Mo target and sample
contributed 42% of the Compton scattering at the

Compton peak when the housing was not evacuated.
Both MoK& (1V. 5 keV) and AgK& (22. 2 keV) radia-
tion was used. For the Mo and Ag experiments, the
spectrographic x-ray tubes were operated at 60
keV, 40 mA and 80 keV, 30 mA, respectively;
Soller- slit collimator s on the tubes limited the angle

between extreme rays striking the sample to + 3'
and + 6, respectively, and the mean Compton scat-
tering angle 2~, = 158' and 159, respectively. In
each experiment the energy analysis of the scat-
tered beam was made with a LiF crystal using the
(400) reflection and a pair of Soller slits. The
total instrumental resolution (full width at half-
maximum) due to divergences allowed by the Soller
collimators and the mosaic spread of the analyzing
crystal was 0. 31 and 0. 42 a. u. , respectively, for
Mo and Ag. The peak counting rates were 145 and
180 counts/min, and the Compton/background in-
tensity = 2. 9 and 1.8 at the peak for Mo and Ag,

respectively.
Four bcc Fe samples were used: (i) an Fe poly-

crystalline powder, (ii) a strain-annealed Fe
crystal, (iii) a 1. 5-at. /0 Si o'.-stabilized crystal,
and (iv) a 1.5-at. % Al n-stabilized crystal. For
both Mo and Ag experiments, data were obtained
with the x-ray-scattering vector approximately
along the [100]crystal direction [crystals (ii) and (iii)],
and with the scattering vector approximately along
the [111]direction [crystal (iv)]. No impurity lines
were observed from any sample, nor was there
any signif icant diff erence be tween profiles measured
with different crystals for the same incident wave-
length.

Considerable care was necessary in orienting
the crystal sample in order to minimize Bragg
scattering of the continuum radiation in the wave-
length region of the Compton peak. Thus, e. g. ,
in the "[111]orientation" the crystal was actually
oriented with the scattering vector 4 from the
[111]. Even with the crystal set to exclude most
Bragg scattering from the data, some elastic scat-
tering will be present because of the density of
reciprocal lattice points and the long Bragg-peak
tails resulting primarily from thermal diffuse
scattering (TDS), i.e. , phonons. This additional
scattering is not important in our experiment, be-
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FIG. 1. Normalized Compton profiles for Fe measured
with MoKO, radiation (average of [100] and [111]data) and

AgKG, radiation ([ill] data). Each curve represents the
sum of hundreds of scans at 0.06-a.u. intervals with a
total of 40000 x rays counted per interval at the peak.
The calculated 2s 2p 3g 3p impulse-approximation core
profiles are also shown. Since AgKn radiation produces
a larger energy shift than MoKn, the 2s and 2p Compton
thresholds are shifted further from the peak for Ag.
~ile only data for z &0 are presented in the final experi-
mental results, the small differences between the Ag and

Mo results in Table I m@y in part be due to the influence
of the 2g-2p levels.

The theory of Compton scattering has been de-
scribed in recent articles and will not be treated
here. ' When the electron binding energy E~ is
small compared to the energy transferred to the
electron in the Compton collision (the impulse ap-
proximation), the Compton profile J(z) and the one-
electron ground-state momentum wave function y, (p)
are related by the expression

J(z) = ' ~ f~.i l
& (p)

l

'dp. dp. (1)

where the scattering vector s is perpendicular to
the x-y plane,

y, (p) = (2v) ' f0 g;(r)e ' ' d'r, (2)

tSC 2hz= — . &&- —sin &,
2~p sine, mc

1+&&+ (3)

~p is the wavelength of the incident x ray, ~ is the
wavelength of the scattered x ray, and ~~ = ~ —&p.

The energy transferred to the scattered electron at
the center of the Compton peak is 1090 and 1720 eV
in the Mo and Ag experiments, respectively. Thus

cause its magnitude is small compared to other ex-
perimental unc ertainties.

III. DATA ANALYSIS

the Fe 1s electrons do not contribute to the Compton
scattering. The Ss, SP, and 3d electrons satisfy
the impulse-approximation condition [Eq. (1)],
whereas the 2s and 2p electrons do not (Es= 850
and 710 eV, respectively). The normalized Comp-
ton profiles presented in Fig. 1 illustrate the dif-
ferences between the data collected with MoÃ&
and Ag K& radiation. The calculated impulse-ap-
proximation 2s 2p Ss 3p cores for both wave-
lengths are also shown in Fig. 1. Below E~ the
2s and 2P electrons do not contribute to Compton
scattering, and for energy transfers not much
greater than E~, departures from the impulse ap-
proximation are expected. No calculation has been
done whichproperly treats scattering in this regime.
Thus values of J(z) for z & 0, where the uncertainty
in the core calculation is greatest, are not includ-
ed in the results reported below. For z ~ 0, the
experimental J'(z) curves obtained at the two wave-
lengths agree to within the experimental uncertain-
ty of +3%

In order to obtain the experimental J(z) curve
the data (x-ray counts vs LiF 29) are analyzed in
the following way. A smooth visual curve is drawn
through the data . The background from Compton
and TDS scattering of the bremsstrahlung con-
tinuum is approximated by a straight line. The
slope and height of the background line are ad-
justed by trial and error until the resulting J(5)
agrees with the value calculated for a Hartree-
Fock Fe 2sz2p~3sz3p63d configuration (the band
electrons contribute very little at z = 5), and the
difference between the background and the data be-
low the Ku threshold equals the KP Compton scat-
tering. (The KP Compton profile was measured
in a preliminary experiment. ) Requiring the ex-
perimental profile to match the calculated profile
at z = 5 a. u. essentially eliminates background un-
certainties from significantly influencing the re-
sulting normalized experimental profile for z & 0.
With this linear background subtracted, the data
are corrected for the wavelength dependence of the
Compton cross section, the absorption in the sam-
ple, and the ref lectivity of the LiF. The Ea~ and
Knz components of the Compton scattering are
separated using the Rachinger method, and the
resulting curves are converted to an electron-mo-
mentum (z) scale and the area normalized such
that f,'"J(z)dz = 10. 37, the calculated impulse-
approximation area for 2s 2p63s 3p 3d electrons.
This normalization is obviously only a first approx
mation (better for the Ag than the Mo experiment),
because it assumes that the 2s~2pe area for z & 0
is correctly given by the impulse approximation.
Some discussion of this point can be found in Ref.
9; the experimental justification is the agreement
between the results of the Mo and Ag experiments
within the experimental uncertainty.
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FIG. 2. MoKo. radiation scattered
from polycrystalline Fe at 20, =158'.
Superimposed on the Compton pro-
file are the Bragg peaks due to elas-
tic scattering of the bremsstrahlung.
Bragg scattering can be eliminated
by using single-crystal samples.
The MoKn& peak is enhanced relative
to the Ke& TDS peak because of elas-
tic scattering from the tails of the
(651), (732) Bragg reflections.
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IV. RESULTS

Initially an Fe polycrystalline (compressed pow-
der) sample was used, as we were mainly interested
in measuring the over-all shape of the Comptonpro-
file rather than seraching for possible anisotropies.
Previous Compton experiments on low-Z (& 20)
elements have routinely employed polycrystalline
samples. However, it became evident after data
were accumulated for several days that Bragg
scattering of continuum radiation was contributing
significantly to the measured intensity. The re-
sult of a 5-day polycrystalline experiment with
MoK& is shown in Fig. 2. Bragg peaks with high
multiplicity are contributing & 10/& of the maximum
Compton intensity. (The width of the Bragg peaks
=0. 1 I ~8, ) under the conditions employed in our
experiments. ) Clearly meaningful results can not
be extracted from data obtained using polycrystal-
line samples of high-Z (Z- 25) materials with simple
unit cells for wavelengths - 0. 5 & ~ & 1.0 A, because
there will always be Bragg peaks in the wavelength
range spanned by the Compton profile. As ~ de-
creases, the ratio of Compton/elastic sca.ttering
will become greater, and for ~ short enough poly-
crystalline samples of high-Z materials can be
used.

At both Mo and Ag wavelengths, profiles were
measured for each of the three crystals described
above. The average of the sum of these results,
representing L120000 x rays counted per 0.06 a.u.
interval at the peak, is shown in Fig. 3 and given
in Table I. The uncertainty in the final Z(z) arising
from counting statistics is much smaller than the

-+ 2 /o uncertainty at J(0) due to background sub-
traction and wavelength corrections.

The experimental band-electron profile, i. e. ,
the difference between the average experimental
Z(z) and the impulse-approximation core of Fig.
3, is shown in Fig. 4 and Table I. Assuming the
validity of the calculated core, the error in the
band profile due to all experimental uncertainties

N 3

z (a. u. j

FIG. 3. Experimental Fe Compton profile, represent-
ing the average of all data at both Mo and Ag wavelengths,
with 120 000 x rays counted per 0.06-a. u. interval at the
peak. The calculated 2s 2P 3s 3pe impulse-approximation-
core profile is shown by the dashed curve.
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FIG. 4. Experimental Fe band-electron profile (solid
curve). The calculated profiles are for the spherically
averaged Mn 3d ' +0.8 free-electron (dashed curve) and

Fe 3d' +0.8 free-electron (dot-dashed curve) configura-
tions discussed in the text.

is+4% at J(0).
Momentum-density anisotropy was examined at

both wavelengths by comparing profiles measured

for [100] and [111]crystal orientations. No differ-
ence in the profiles measured at a given wave-
length was detected outside of the experimental un-
certainty of each measurement of + 3%, i. e. , the
measured difference

2[8,n(0) —Z,oo(0)]/[Jq~, (0) + Z)oo(0) ] & 3%.

Considering the effects of core subtract. '~n and
+,2 deconvolution, this implies a band-electron
profile anisotropy of & 6% for these two directions
at z=o.

V. ANALYSIS OF RESULTS

A. X-Ray Results

The analysis of the following x-ray data was un-
dertaken to see whether a consistent and reason-
able set of wave functions could account for these
experimental results on iron: (a) the Compton pro-
file, (b) the absolute x-ray-scattering factors, '
(c) intensity differences between the (411)-(330)
and (600)-(442) paired x-ray reflections, 6 and (d)
the small anisotropy in the Compton profile.

We assumed a band-electron configuration 3d '

+0. 8 free electrons, and attempted to fit the above
data to within the quoted experimental errors.

TABLE I. Measured and calculated Gompton profiles for Fe.

0. 0
0. 2
0. 4
0. 6
0. 8

Mo

5. 54
5.46
5. 21
4. 79
4. 30

Ag

5.33+0.16
5. 28
5. 11
4. 70
4. 25

Experimental
J (~)

2 2@6 3 2 3@6

Impulse app.
z(~)

2. 69
2. 68
2. 63
2. 54
2. 41

Experimental
band
z(~)

2. 75 +0.11
2, 69
2. 53
2. 21
l. 87

2. 65
2. 60
2. 46
2, 04
1, 82

Band J(g) for
Mn 3d —Cr 3d model

[100] [111]

2. 88
2. 79
2. 55
2. 13
1.78

1, 0
1.2
1,4
1.6
1.8

2. 0
2. 2
2. 4
2. 6
2. 8

3. 0
3.2

3.6
3. 8

4. 0
4. 2

4. 6
4. 8

5. 0

3. 79
3.32
2. 88
2. 47
2. 12

1.84
l. 61
1.44
1, 29
1.16

1.03
0. 94
0, 85
0. 77
0. 71

0. 66
0. 61
0. 57
0. 53
0. 50

0. 46

3.79+0.11
3.34
2. 94
2. 55
2. 20

1.91 + 0. 06
1.67
l. 49
1.32
1.18

1.05 +0. 05
0. 94
0. 84
0. 76
0. 69

0.64+0. 05
0. 60
0. 57
0. 55
0.53

0. 51 + 0. 04

2. 25
2. 07
1.89
l. 69
1.51

1.34
l. 18
1.05
0. 94
0. 85

0, 77
0. 69
0. 64
0. 60
0. 57

0. 53
0. 50
0. 47
0. 44
0. 42

0.41

1.54+0. 08
1,26
1.02
0. 82
0. 65

0, 53 +0. 04
0.46
0.41
0, 36
0. 32

0.27+0. 04
0.25
0.20
0, 16
0. 13

0. 12 +0, 04
0. 10
0. 10
0. 10
0. 09

0. 07+0. 03

1.55
1.32
1.11
0. 92

0. 64

0. 27

0, 10

0. 05

1.50
1.26
l. 06
0. 88

0.61

0.26

0. 10

0. 05
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Using the doubly and triply degenerate 3d-orbital
description, we had at our disposal the ratio of

to~ to e~ 3d electrons (the total of course was held
fixed at 7. 2) and the radial 3d functions for the tz
and e~ orbitals. By trial and error it was possible
to account for the experimental results employing
the following parameters: 5. 0+ 0. 1 t2, —symmetry
electrons having a Mn Hartree —Fock (HF) radial
wave function (for a 3d -configuration), 2. 2+0. 1

e,—symmetry electrons having a Cr HF radial wave
function (for a 3d configuration). " In terms of the

e,-tz~ orbital description, the scattering factor
f and the Compton profile J(z) per electron in a
cubic crystal are given by

f~(@&I) =
&jo)t 3 &&j4)~,

j'.(h&I) =&jo).+ l&&j4). ,

(j„)=J Rzj„(sr)r dr,
3(A(4 ~ ))4+14) 9($2/2 ~h212+ $2/2)

(h +&+I )

where j„ is the spherical Bessel function, s the
magnitude of the x-ray-scattering vector, R the
radial part of the 3d wave function, and t2~ and e~
are abbreviated by t and e.

J(z)~= — [jk(Pr)]g n(+|3~ p) +~~ — PdP

(5)
j$(pr), = J R,j z(pr)r dr,
and a corresponding expression for the e~. o, P,
and & are coefficients that depend on the direction
of the x-ray-scattering vector relative to the crys-
tal direction. ~z The functions &jo) and &jQ have

been evaluated by Watson and Freeman' for various
3d' free-atom configurations and the functions

f [jfQr) ]'(z/p)"p dp, n = 0, 2, 4 (6)

have been evaluatedby Weiss| for the same 3d wave

functions. To obtain the total scattering factor
and Compton profile per atom the core and free-

electron contributions must be added to the 3d con-
tributions. For the core-electrons free-atom HF
functions for Fe were employed, ' '"while the 4s
contribution was assumed to be free-electron-like
with a correction for correlation. For free elec-
trons the contribution to the Bragg peaks is zero
and the contribution to the Compton profile is

3 &z
&(z)=

4
1-~— per electron,

where P~ is the Fermi momentum. For 0. 8 elec-
tronper atom in Fe, p~=0. 67. To allow for cor-
relation the free-electron profile was scaled to the
difference between the observed lithium valence-
electron profile and the profile obtained from Eq.
(7). [The correlation correction reduces the cal-
culated Z(0) by only 3%.]

The results of the calculations employing the
orbital populations and radial wave functions cited
above are given in Table I and Table II, together
with two band calculations for the scattering fac-
tors. ' '~ The agreement with experiment is quite
good using these functions, better than either band
calculation for the elastic-scattering data.

As an example of the sensitivity of the results to
the choice of parameters, using a single radial
function, the best fit is obtained for the Mn 3d func-
tion and e, —ta, population 2. 2 and 5.0, which gives
f[110]= 18.09, J,oo(0) = 5. 24, J»&(0) = 5. 53, and

f (442)/f (600) =- 1.042. The Compton profile is
shown in Fig. 4. The only significant change from
the model above is a small increase in the discrep-
ancy with the measured f[110]. Replacement of the
Cr and Mn 3d radial functions by V and Fe 3d radi-
al functions for the e, and t& orbitals, respectively,
gives f[110]= 18.10, J,oo(0) = 5. 37, J», (0) = 5.49,
and f (442)/fz(600) = 1.082. Thus the agreement be-
tween the measured and calculated f[110]and

f (442)/f (600) becomes somewhat poorer. Keeping
the Cr and Mn 3d radial functions but changing the
e —tz population to 2. 6 and 4. 6 yields f[110]=17.94,

TABLE H. Measured and calculated scattering factors for Fe. The calculations are for the Mn 3d -Cr 3d model
discussed in the text and for the band calculations cited.

Fe core 2 ~ 2f ft2 ftotal

Measured
(Ref. 5)

Band calculations 7

(Ref. 18) (Ref. 17) free atom

110
200
220
330
411
442
600

0.247
0.349
0.494
0.741
0.741
1.048
l.048

15.15
13.14
10.62
7.97
7.97
6.38
6.38

0.74
0.62
0.07

—0.06
0.10
0.08
0.13

2. 08
0.82
0.52
0.11

—0.16
—0.09
—0.30

17.97
14.58
ll. 21
8.02
7.91
6.37
6.20

17.6+0.2
14.7+0.2
11.1 +0.2
7.7 +0.2
7.7+0.2

18.37
15.12
11.53
8.08
8.05

18.55
14.89
11.65
8.03
8.02

18.7
15.3
11.6
8.1
8.1

f'(330)/y'(4»)
f (442)/f (600)

1.028
1.054

l.023 +0.005
1.05 +0.01

1.007
1.012

1.002
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FIG. 5. Hartree-Fock radial wave functions (Ref. 11)
for Cr 3d (dashed curve) and Mn 3d' (solid curve) used
in calculating an Fe Compton profile in agreement with
the measurements. The Co' function (dot-dashed curve)
gives a calculated unpaired-spin-radial form factor in
agreement with experiment.

If the same radial functions employed above are
now used to calculate the(magnetic-scattering fac-
tors, they are in serious error with experiment.
The neutron-diffraction measurements of Shull and
Yamada, whi"h measured the unpaired spin den-
sity in Fe, can be accounted for using the Co'
3d or Fe 3d free-atom radial wave function and
an orbital e~/ta, population ratio = 1.13. The Co'
radial function is considerably contracted relative
to the radial functions used above to evaluate the
charge and momentum density. Figure 5 shows
the Cr, Mn, and Co' wave functions. Thus the
present analysis supports the expectation that the
unpaired spin arises primarily from electrons
near the top of the band with 3d free-atom-like
radial wave functions which are contracted relative
to the total 3d wave function.

J,M(0) = 5. 45, Z»~(0) = 5. 51, and f2(442)/f2(6QQ)
= 1.02. Again, agreement with the measured

f (442)/f (600) is poorer.
While the final choice of parameters is not

unique, the calculations are sufficiently represent-
ative to provide a qualitative picture of the electron
dis tribution.

The Compton profile calculated for 7. 2 electrons
in an Fe 3d free-atom configuration+0. 8 free
electrons is also shown in Fig. 4. The fit to the
measured profile is poor, and the calculated scat-
tering factors (given in Table II) are in poor agree-
ment with the observations. A better fit to the
profile at J(0) is obtained using an Fe Sd + 2 free-
electron configuration, but again the agreement be-
tween the calculated and observed scattering fac-
tors is poor.

B. Neutron Results

4 .-
POSITRON

1%y+

3

N 2
I

0
0 05

I

1.0
z (a. u. )

1.5

+r~
~+eg~

2.0

FIG. 6. Experimental Fe band-electron Compton
profile (solid curve), experimental positron-band profile
(Refs. 3 and 19) normalized to the same area for 0&@&2
a.u. (dashed curve), and the positron profile calculated
by Mijnarends (Refs. 3 and 19) using the Wakoh-
Yamashita potential (dot-dashed curve).

C. Positron Results

In order to compare our x-ray results with the
results of positron-annihilation measurements,
it is necessary to take into account the positron
wave function. If we assume that the annihilated
electron was unperturbed by the positron before
annihilation, then the only conceptual difference
between the x-ray and positron measurements is
to replace g;(r) in Eq. (2) by theproduct (,(r)P~(r),
where g~(r) is the ground-state Bloch wave function
for the positron. Figure 6 shows a comparison
between the Compton band profile and the positron
band profile, i. e. , the Fe single-. rystal results
of Mijnarends~ with a calculated core (-20%%u~ of the
total annihilation radiation) subtracted. '9 (The posi-
tron profile has been normalized to the Compton
area. ) If we assume the positron wave function is
essentially constant in the band-electron overlap
region, both profiles should be identical. An in-
spection of Fig. 6 shows that this is not the case.

Mijnarendss has calculated the positron curve
by evaluating the positron wave function in the
Wakoh-Yamaskita potential' used in the band cal-
culations ' cited in Table II. With this positron
wave function and the band wave function from the
Wakoh-Yamashita potential, Mijnarends has cal-
culated the positron curve' shown in Fig. 6,
which is still not in good agreement with the posi-
tron results. However, it is interesting that here
again the experimental results depart from the
calculation in the same direction as the x-ray re-
sults, i. e. , an expansion of the charge density in
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the solid, hence a narrowing of the momentum
density.

VI. CONCLUSIONS

We have found a reasonable set of HF free-atom
3d~' and 0. 8 free-electron wave functions which
predict a Compton profile and x-ray form factor
in agreement with the measured results. The band
calculations cited appear to be at significant vari-
ance with the elastic-scattering and positron mea-
surements, notably the band results are too Fe-
free-atom-like. Perhaps a fresh examination of
the band calculations would be useful.

Wakoh and Yamashita~~ construct their potential
function from the free-atom 3d functions of Wat-
son, with minor modifications for crystalline
effects. It is perhaps not surprising that the charge
density they obtain using this potential is very
free-atom-like. There is of course no a priori
justification for this procedure. Perhaps a more
accurate potential could be obtained from ab initio
calculation of the Fe molecule (a central atom and
eight nearest neighbors arranged as in the bcc lat-
tice). The potential around the central atom of the
Fe molecule could then be used for the band cal-
culations. It would also be instructive to use the
potential obtained from the measured x-ray-scat-
tering factors. Self-consistency in a band calcula-
tion based on an assumed starting potential does
not necessarily provide sufficient justific" tion for
its accuracy. A wide variety of starting potentials
may lead to a wide variety of "self-consistent"

charge densities.
At present the largest uncertainty in the hand-

el.ectron-momentum distributions obtained from
low-energy Compton-scattering measurements in 3d
metals is introduced by the 2s 2p core subtraction.
An accurate theoretical treatment of Compton scat-
tering from electrons with binding energies of the~
order of the electron recoil energy is not available.
Thus there is no rigorous method for separating
the 2s32p core-electron contribution from the ob-
served profile. The error in the band-electron
profile resulting from the subtraction ef an im-
pulse-approximation core may be greater than the
uncertainties introduced by counting statistics or
other experimental errors and correction. The
experimental justification for using the impulse
core is the agreement between the profiles mea-
sured with Mo and Ag radiation. This agreement,
together with the fact that the largest core con-
tribution in the band-electron region comes from
the 3s~3pe electrons, certainly suggests that the
Compton results are sufficiently accurate at pres-
ent to provide a test of band calculations, partic-
ularly when used in conjunction with elastic-x-ray-
gcattering, neutron-diffraction, and positron an-
nihilation results.
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