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The infrared reflectivity was measured as a function of hole concentration at 82'K for
Pb& „Sn„Te alloy samples with z =0.06 and 0.21 and as a function of temperature for one sam-
ple with x =0.21 and hole concentration 8.7 && 10' cm 3. The measured reflectivity spectra
were remarkably well fitted by the classical free-carrier dispersion relations. The opticaL
dielectric constant e„, the susceptibility effective mass m„and the optical mobility p~& were
determined from a curve-fitting technique and a minimum-reflectivity technique generalized
to include the effect of nondegeneracy. Using the former technique, a second valence-band
maximum situated at about 0.23 eV below the main valence-band maximum was detected in
the alloy with z =0.21. The energy gap and e„were found to be related by lnE& =0.086&„
+1.65 in lead-rich Pb& „Sn„Te alloys. The optical mobility was found to be about a factor of
2 lower than the conductivity mobility in all samples measured. The experimental values of
m, were compared with those expected from the Kane, Cohen, and Dimmock models. The re-
sults of these comparisons indicate that the two-band models of Kane and Cohen, especially
the former, are more suitable than the six-band model of Dimmock to explain the carrier-
concentration dependence of m„and that none of the models account for the large increase of
m~ with temperature.

I. INTRODUCTION

The I. symmetry of the main valence- and con-
duction-band extrema appears to be well estab-
lished in PbTe and in lead-rich Pbz „Sn„Te alloys.
Because of the small energy gap, both conduction
and valence bands are nonparabolic and their non-
parabolicity is due mainly to the interaction of
these two bands. In fact, the two-band models,
such as the Cohen and the Kane models, have been
used with some success to explain experimental
data in PbTe. ~ However, theoretical band in-
vestigations' show that there are six relatively
closely spaced (111)bands near the Fermi level,
the interactions of which need to be considered to
determine the nonparabolicity of the valence and
conduction bands. Also, in p-type Pbz „Sn„Te,
while most of the carriers are in the ( ill) ex-
trema, there is evidence for extra band maxima
contributing to conduction. ' ' This further com-
plicates the situation in p-type material because
the nonparabolicity effects and the heavy-mass
band effects are often difficult to distinguish.

One of the best tools to investigate the nonpara-
bolicity and the presence of extra bands participat-
ing in conduction is the determination of suscepti-
bility effective masses from measurements of
infrared ref lectivity. These measurements can
be made over ~ large range of carrier concentra-
tion and temperature. To quote Dixon and Riedl

''they serve as a stringent consistency test of pro-
posed band models and their parameters. " In the
present experiment, we chose to investigate p-
type Pbq „Bn~Te alloys with x=0. 06 and 0. 208 be-
cause their band structures at (111)resemble that
of PbTe. Also, it was expected, since the main
gap varies appreciably with alloying, that the rela-
tive position of all the band extrema participating
in conduction would change sufficiently to give new
manifestations of their presence.

In order to extract more information from the
experiments, the ref lectivity measurements were
analyzed in terms of classical dispersion models
using both the fitting technique first used by Dixon
and Biedl and the Moss et al. technique. The
susceptibility effective-mass results have been
presented so as to illustrate the advantages of using
the two methods of analysis in the present case.
Also, additional data concerning the high-fre-
quency dielectric constant and the optical mobility
have been given. Finally, the predictions of the
two-band Kane and Cohen models and of the six-
band Dimmock model have been compared with the
experimental results.

II. EXPERIMENTAL

The ref lectivity measurements were made using
a Baird Associate spectrometer equipped with
either an NaCl or a KBr prism for the shorter
(4-15-p) and the longer (12-22-p) wavelengths,
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the x-ray penetration depth, indicated that the
surfaces were free of major damage and strains.
Also, the measured ref lectivity spectra were
reproducible and well fitted (see Fig. 5) by those
calculated from Eqs. (1), (4), and (5) given be-
low. This indicates that these ref lectivities are
characteristic of the bulk rather than a damaged
surface layer. As has been found previously '

when the surface preparation was terminated with
mechanical polishing these conditions were not
realized. Thus, in the present work, only the re-
flectivity spectra obtained from surfaces prepared
according to the full procedure described above
were analyzed.

The values of the carrier concentration N and of
the conductivity mobility p, , were determined from
measurements of the weak-field Hall coefficient
Ro and of the conductivity o using the relations
N= (r/Roe)77oK and p, =a/Ne. In these equations
r=RO/R„, where R„ is the high-field Hall coeffi-
cient. Qfith available magnetic fields, r could be
measured in the lowest carrier-concentration sam-
ples only. Its value was close to 0. 9 for both al-
loy compositions studied. In the absence of any
direct experimental determination of r at higher
carrier concentration in the alloys studied, we
have defined a quantity p* = (0. 9/Roe), 7o „, which
has been used in the analysis of the ref lectivity
measurements. However, in Sec. V, the final re-
sults were corrected using semiempirical values
of r versus carrier concentration. We postpone
this discussion to Sec. V. Table I lists the sam-
ples and their electrical properties. The last
three columns make use of the values of r versus
carrier concentration given in Fig. V(b).

III. THEORY

A. Classical Dispersion Equations

The ref lectivity R at normal incidence on thick
specimens in air or vacuum is given in terms of
the index of refraction g and the extinction coeffi-
cient & by

It is related to the complex dielectric constant g

through the defining equations:

(2)

The knowledge of the pairs (q, z) or (ez, &z) fully
describes the phenomenon of reflection macro-
scopically through Maxwell' s equations. These
pairs are usually related to models which describe
the physical processes on the atomic scale, using
the simplifying assumption that the effective field
is the same as the externally applied field. "
A consequence of this assumption is that the dif-
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respectively. The light from the exit slit of the
spectrometer was collected using a large spherical
mirror which focused a small image of the exit
slit on the sample. The light reflected from the
sample was in turn focused onto the detector using
a short focal-length ellipsoidal mirror which was
adjusted so that the fina. l image of the exit slit was
centered and within the sensitive area of the bo-
lometer detector. The samples and the aluminum
mirror were mounted on the cold finger of an op-
tical Dewar similar to that described by Fortin. '
Rotation about the axis of the cold finger was pos-
sible for both the samples and the windows inde-
pendently. This allowed for sample and the win-
dow to be adjusted so that only the light reflected
from the sample was collected, the light reflected
from the window being eliminated in a systematic
way. The temperatures were measured to within
1'K using a copper-constantan thermocouple
soldered to the copper cold finger. The angle of
incidence of the light on the sample was about 10
and 15' from normal for the central and extreme
rays, respectively. For these angles of incidence
the ref lectivity was the same as that obtained at
normal incidence to within 1%. The ref lectivity
was determined by taking the ratio of the intensity
reflected from the sample to that reflected from
a front-surface aluminum mirror.

The samples were single-crystal Pb& „Sn,Te
alloys grown in our laboratory using the Bridgman
technique. For each of the two single-crystal in-
gots used, several samples were cut from one
circular disk (14 mm in diameter and 5 mm thick)
taken from the first quarter of the ingot to freeze.
In this way, the composition gradients across the
samples were kept smaller than about g = 0.003 in
all cases. The compositions of the two sets of
rectangular parallelepipeds (approximately 9 && 2
x 1 mm) were x= 0.060 and 0. 208, respectively.
The various carrier concentrations were obtained
by heat treatment following which about 100 p, of
material was removed from all six faces of the
samples to eliminate the carrier -concentration
gradient often present in a thin surface layer after
the heat treatment. The growth, characterization, R= 1P

q —1) +z

and heat treatment are described in detail else-
where. "

The samples were prepared for the ref lectivity
measurements by removing the damaged surface
layers through the following steps: (i) a deep
(-50 g) chemical etching using a procedure and

an etch similar to that described by Coates et al';
(ii) a light mechanical polishing with 0. 1-0.01-p
powder to restore the flatness of the surface; (iii)
and finally, shallow (-10 p, ) chemical etching that
left the surface flat and mirrorlike in appearance.
Using the aboveprocedure, Laue photographs, taken
with low (10-kV) x-ray-tube voltage to minimize
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TABLE I. Electrical properties of p-type Pb& „Sn„Te samples at, 77.3'K.

Sample
No.

8-3
8-5
8-6
8-1
8-2
8-7
8-4
8-8

6-1
6-0
6-6
6-3

p" = (0. 9/Ape)7, K

(cm 3)

1.192 x 10"
1.055 x10"
9.864 x 10~9

4.586 x 10's
1.926x 10
9 765 x 10is
6 406 x 10ts
2.56 x 101s

2.882 x 10~s

1.116x 10~s

5.805 x 10's
4.66x 10"

p, (77'K)
(cm /V sec)

20, 8-mollo SnTe

205
258
351
874

2 184
4 087
5 740

10 400

6-mol% SnTe

1 150
3 240
5 670

15 900

Rp/R (77 'K)

0.80
0.73
0.60
0.70
0.76
0.80
0.82
0.86

0.73
0.79
0.82
0.90

X (77'K)
(cm 3)

1.05 x 102p

8.5 x 10~9

6.6 x10"
3.57x 10's
1.63 x 10's
8.68x 10
5.84x 10~s

5 x 10fs

2.34x 10is
9.8x ]0&

5.3x 10~s

4.66x 10~'

~From Fig. 7(b) (see text).

ferent contributions to the dielectric constant in
cubic material are additive:

—Ne 2

'g —K
msEp

a'(~)'
1 + ~ a (T)

27(K =

in which

Ne

mq &p&g

(7&

1 + z a (T)
(5)

~, = e + &~.(x) —(1 —~„/~,) (~ /x,')~',
where g and ~ are the wavelength and the angular
frequency of the infrared radiation, ep is the

&= 1+ @ac+&zc+&r.v ~

in which the Z's represent the contributions of
bound carriers, free carriers, and lattice vibra-
tion, respectively. For wavelengths somewhat
beyond the fundamental absorption edge and shorter
than that of the longitudinal optical mode g~, the
imaginary part of Z~c and ZI,v may be neglected, ' ' '
and their real parts written as

e, c= c„+&e„(X)

and '

&zv= —(1 —& /cg)(& /Xg)$

respectively. In these expressions, the optical
dielectric constant &„ is the bound-carrier contri-
bution at wavelengths well beyond the fundamental
absorption edge, &e„(X) is its wavelength-depen-
dent deviation from E„near the fundamental ab-
sorption edge, and e~ is the static dielectric con-
stant. The complete equations, including the
free-carrier dispersion and absorption' and taking
into account the distributions of scattering times
7 and effective masses m through approxima-
tions, o are (in mks units)

permittivity of free space, N is the carrier con-
centration, m, is the susceptibility effective mass
given by 1/m, -=(1/m), and a~=(w~)/(v)~, in which
the bracket signifies average over the distribution.
We also define the optical mobility as p„,=—e(&)/m, .

The validity of the approximations involved in
the avera. ge over the distribution of scattering times
in Eqs. (4) and (5) has been discussed else-
where. ' In the present experiment, it intro-
duces negligible error in the determination of the
susceptibility effective mass m, because (dv &3
(see Tables III and IV) and the statistics are suffi-
ciently degenerate tsee Fermi energies in Figs.
13(c) and 15(a)], For nonparabolic bands, there is
a distribution of effective masses m as well as of
scattering times 7. Thus, to bring out explicitly
the u, v, and m, dependence in Eq. (4), it is nec-
essary to make the additional approximation

This later approximation introduces negligible er-
ror in the determination of m, in the present case.
This is because for sufficiently large (g7 values the
bracketed term containing v does not vary much
with carrier energy since 7. appears in both the
numerator and the denominator. However, the
corresponding approximations for the average over
the distribution of 7 and m in Eq. (5) introduce
negligible error in the determination of (r) only
when the relevant 7 and m values are in a narrow
range. This is not the case in the present exper-
ment because of the nonparabolicity and of the an-
isotropy of the energy surfaces. Fortunately, the
effect of the approximations in Eq. (5) on the ac-
curacy of m, is negligible, since m, is determined,
almost exclusively, from Eq. (4). However, the
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optical mobilities are expected to be different from
those measured from conductivity experiment
because the mixing of 7 and m occurs as reciprocal
products at optical frequency, as can oe seen for
large ~v values,

2qg = (Ne'/e, ~') ( I/m7 ),
while it occurs as quotients (v/m) in the steady-
state conductivity.

B. Relationship of Susceptibility Mass to Energy Bands

Dixon and Riedl developed equations from which

m, can be calculated for the Cohen model. These
equations were derived from the Boltzmann equa-
tions assuming ~v» 1. We would like to point out
that this assumption is not always necessary, even
when 7 depends on energy, and that the validity of
these equations can be extended to smaller i~ 7

values. Equation (25) of Dixon and Riedl, ~ written
without any assumption concerning i~7 values, be-
comes

1 2e' r
~

~' ef,
OX, =

3 (2 )3 k I I~ 2~2 sZ
0

wads„~ dZ, (6)

final equation, valid for &v & 3 in the present case,
ls

Ng -4
m, 3I'(2w)'

I V, ZI kr
i(vz)t ~)"

in which

Ng = —= — H(z) dz,

where

2 L max

H(Z)=
(2 ),

~

k'„dk, .

Equations (8) and (4) form the link between the
measured susceptibility effective mass and the
energy-band models. Given the energy dispersion
Z(k), we can find k~,„, kr, and [ I V~Z~ 2/

I (V„Z)r!]kr and integrate Eq. (8) analytically or
numerically to obtain the calculated mass m, . In
turn, it is the same quantity m, (as shown above)
which is obtained from the experiment using Eqs.
(4) and (5).

where I" is the number of equivalent valleys,
g= (I/h)V~Z, and s~ is a constant-energy surface
in k space. In many cases, such as the present
experiment where r~7&3, th'e term 7 /(1+ ~ 7 )

is, as explained before, a slowly varying function
of energy E. For these cases, it can be averaged
separately outside the integral using the same ap-
proximations as those involved in Eq. (4) with the
introduction of negligible error (see Sec. III A).
Using X, = rp —g~ —1, comparison of Eq. (6), ap-
proximated this way, with Eq. (4) (in which e, = 1

for free-carrier dispersion only) gives also Eq.
(26) of Dixon and Riedl:

where N& ——N/I' is the carrier concentration in one
valley. Thus it is seen that Eq. (I) is valid for
the same range of ~7 values as was Eq. (4).

For all the models used in this paper (Kane,
Cohen, and Dimmock models), the constant-en-
ergy surfaces have an axis of revolution, and we

may write

ds =2wk dk [V~Z/i (V, Z)ri ],
in which the factor in square brackets projects
the cylindrical dk~ element on the surface of con-
stant energy, and k& and kL, are the transverse and
longitudinal wave numbers, respectively. The

IV. METHOD OF ANALYSIS

The various methods of analysis by which some
or all of the parameters N or m„a„, and p,„,
are determined from Eqs. (1), (4), and (5) have
first been developed ' ' ' ' under the assumption
that a, = a„and a = 1. The contribution of M (X)
is usually detected as an abrupt increase in re-
flectivity with decreasing wavelengths starting
at about the absorption edge. For all the present
samples, the absorption edge, estimated as the
main gap ' plus a Burstein shift equal to the Fermi
energy (see Fig. 13), was outside the range of
wavelengths used in ail cases. Also, the experi-
mental ref lectivity did not deviate from the cal-
culated free-carrier dispersion curves (see Fig.
5) by more than 2% at the shortest wavelengths,
corresponding to a value of hc„/e„ less than 5%.
Moreover, b, e„(X) decreases rapidly with increas-
ing wavelengths and may be neglected at the posi-
tion of the ref lectivity minimum. The relative
contribution of the lattice dispersion was esti-
mated using' ' 6

(1 —e„/e, ) (X'/X~) = 0. 9(X'/X~)

and the interpolated values of g~ versus alloy com-
position. ' It was found to be less than 6% at 22 p
in all cases, and less than 3% at the position of the
ref lectivity minimum in all but the three lowest
carrier -concentration samples.

The assumption that a =- I has been found to in-
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troduce negligible errors at low temperature in
most cases of interest. However, at higher tem-
peratures when there is a distribution of scattering
times and the condition r~ r» 1 is not well satis-
fied, this assumption has been found to introduce
appreciable errors in the determination of sus-
ceptibility effective masses. '9 The method of
analysis first proposed by Lyden has been ex-
tended to these cases by using a x 1 in Eq. (4).
Here we extend the Moss et al. technique to cover
these cases as well. The equations given below
reduce to those of Moss et al. when a = &.

We start from Eqs. (1), (4), and (5) with e, = e„
and find the conditions for a minimum in reflec-
tivity. Differentiating

(1+R)/(1 —R) = (rl + I( + 1)/2ri

with respect to K and equating to zero gives the
condition

7l

d(~') 1+~' —rl' (9)

[2z + 3e„+(4a —3)rP I g —(e„rP)—
[ 2rl' —3e„+(4a' —3)~"jri'+ (e„+g')'

(11)

Manipulation of Eqs. (4) and (5) to eliminate q

leads to

1' q (e„-rP+g ) a ¹ (r )c„—ri+z la+ " zz4' x m, co
(10)

which after differentiation with respect to K gives

dn = n
d(K ) 2K

From Eqs. (9) and (11), we obtain the following
relation between q and K at the ref lectivity mini-
mum:

4~2 4 2(3~8 2

(w» -rP+K )

in which the last term on the right-hand side is
negligible for ~ 7»1.

Writing!q~= Ãe /m, eo e„—(r~~ is the plasma fre-
quency) in Eqs. (4) and (5), we obtain

+K8 3

+
fQ

2 2

( ) 3 &»+K —'g

27)K

~2K2g2

e (c +K —'g)
(13)
(14)

For given valises of e„and a, pairs of rl „„
satisfying Eq. (12) at the minimum refiec&ivity
can be found and the corresponding R „
and &a „(r)a values calculated using Eqs. (1),
(13), and (14), respectively. From plots of i~~/
& |,and ~ „(r)a versus R „for different values
of e and a, it is then possible to determine (r )
and co~ knowing the experimental values of R „
and &u „only. ~~/~ „versus R „is plotted
in Figs. 1 and 2 for g =1 and a =2, respectively,
while co „(r)a versus R „is plotted in Fig. 3.
In all graphs, curves are shown for several values
of q„For interm. ediate values of a or e, a
linear interpolation is sufficiently accurate.

In the present experiment, both the fitting tech-
niques and the Moss et al. technique (modified as
above) were used. Good fits are always required
to ascertain the accuracy of the results obtained
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TABLE II. Optical dielectric constant measured at 82
and 300'K in Pb& „Sn„Te.

Sample
No. q„(82 'K) e„(300 'K)

8-8 0.208
6-3 0.06
PbTe ~ 0

From Refs. 28 and 29.

43.3
38.8
36.8

40. 5
34.5
31.8

Thus E„was found from the ref lectivity at these
wavelengths using e„=[(R ~~+ 1)/(1 —R ~2)] . Each
measurement of c„was repeated three times (each
time on a repolished surface), thus givi:. g an ac-
curacy of about 5% for the estimated 3% error in
the absolute ref lectivity. It is seen from Table II
that there is a relation between &„and E~ in PbTe
and in the lead-rich Pb, „Sn„Te alloys investigated:

increases when E~ decreases owing to decreas-
ing temperature or increasing SnTe content. Fig-
ure 4, a semilogarithmic plot of Ec ' versus the
corresponding values of e„given in Table II, gives
the following empirical relationship:

lnEG = —0.086&„+1.65 . (i5)

The empirical relationship" &„E~= "constant, "
which was found to be obeyed quite well in several
semiconducting compounds, '7 is also plotted (dotted
line) for comparison. The "constant" was chosen
to fit the room-temperature data for PbTe. As
seen, the latter relation does not fit our experi-
mental results. The logarithmic form of the em-
pirical relation (15) may be justified as follows.

The optical dielectric constant is given by

6~ —1 = ' 2'gg
2 dE

(15)
1al

Q

in which 4/x= —dE/E has been used. The 2qg
curve for P-type PbTe is given versus wavelength
by Moss" and is reproduced schematically in the
insert at the top of Fig. 4. On replotting as 2qg/y
and integrating graphically over all wavelengths,
Moss ' found &„=30. 3 in good agreement with the
experimental value of 31.8 given in Table II. An
important characteristic of this 2gI(; curve is that
the value of 2gI(. is close to a constant on the short-
wavelength side of the absorption edge for an ap-
preciable range of wavelengths, i. e. , a photon en-
ergy range from EG to some value E». Thus, the
2@I|." curve may be approximated by a constant value
(2qz)~, in this range and by zero for energies be-
low Ec, . By choosing a convenient value of the en-
ergy E», Eq. (16) may be integrated in two parts,
from ~ to E» and from E» to E~. In view of the
similarity of the band structure in PbTe and the
lead-rich Pb~ „Sn„Te alloys, ' the above model
for PbTe was carried over to the alloys and both

E» and (2qa)~, were assumed to be the same in the
alloys as in PbTe. If, in addition, the contribu-
tion of the integral from ~ to E~, is taken to be the
same for all samples measured, the integration
gives

(2/. )(2n.)„ '
This is Eq. (15) with 2=1.65 and (2qz), =18.2.
The fact that Eq. (1V) fits our experimental. result
and that it yields a value of (2gz)» close to that
measured in PbTe (i. e. , 16.5) suggests that the
assumptions of the above model are reasonable.

B. Susceptibility Effective Mass

Figure 5 shows some of the experimental re-
flectivity data obtained at 82 K together w'. th the
calculated best fit. The fitting parameters M,
= m, /mo, e„, and p,„,corresponding to the best
fit are shown on each graph. In all cases, the ex-
perimental ref lectivities are remarkably well fitted
by the classical free-carrier dispersion model. In
order to extract more information from the exper-
imental data, the ref lectivity measurements were
analyzed using the Moss et al'. technique also.
Table III lists the data obtained from the reflectiv-
ity minimum.

The susceptibility effective masses obtained
from both methods of analysis are compared in

l
)

I
f

I
)

1

0.6

0,5

0.2

6g)

FIG. 4. Relation between energy gap and optical di-
electric constant. The values of Ez are from Refs. 25
and 30. The values of e„are from Table II. The insert
shows the 2qy spectra for PbTe, taken from Ref. 17,
from which e„can be calculated.
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FIG. 5. Experimental (points) and calculated (solid
curves) ref lectivity spectra. The calculation was based
on classical free-carrier dispersion relations, as dis-
cussed in the text, . The dispersion parameters, corre-
sponding to the best fit shown, are given on each graph.
The temperature of the measurements is 82'K in all
cases.

Fig. 6. These results were obtained using the
values of the Hall factor y and of the optical dielec-
tric constant &„ measured independently on low
carrier-concentration samples and given earlier.
The discrepancy between the two curves arises
because the curve-fitting technique neglects the

I I I I I I

0.30 — T = 82 K
6mol. %Sn Te

1 1 I I I I I

0.20—
O
E
EA

0.10—
0.08—
0.06— chnique

x Fitting technique (uncorrected)-
I I s & I I

19 20
(a) "0 p~ =0.9/Rpe(cm ~)

FIG. 6. Uariation of the susceptibility hole mass m, /
mo with p* at 82'K in Pb& „Sn„Te alloys with (a) 6-mo1%
SnTe and (b) 20. 8-mo1% SnTe. There is an apparent
disagreement between the experimental values of m, /mo
obtained from the two methods of analysis used as ex-
plained in the text.

variation of z with carrier concentration while the
Moss et al. techniques neglect mainly the varia-
tion of the ratio rje„with carrier concentration.
The kink observed in the full curve indicates an
abrupt change in either e„, r, or m, (or several
of them) and is taken as evidence for the presence
of a second valence-band maximum. This second
valence-band maximum was detected also in the
electrical results which indicated in addition that
it is a heavy-mass band maximum compared to the
main (111)maxima.

Figure V(b) shows a semiempirical curve of the
Hall factor y versus carrier concentration. We

TABLE III. Data obtained from the ref lectivity minimum at 82 K in Pb& „Sn„Te samples withdifferenthole concentrations.

Sample
No. "dmin

&m&n

(%) &min

20. 6-mol% SnTe (T=82'K)

cu t, &~) (cm /U sec)

8-3
8-5
8-6
8-1
8-2
8-7
8-4

3.37
3.23
2.91
2.75
2.07
2.18
2.44

1.33
l.30
lo 23
1.19
0.92
0.98
1.08

7.96
8.02
8.06

10.52
14.12
17.37
20. 39

35.30
33.95
30.72
28. 95
19.40
21.29
24. 90

0.913
0.920
0.933
0.940
0.964
0.960
0.952

3.75
4.10
5.04
5.65

10.27
9.17
7.30

0.1890
0.1674
0.1537
0.1200
0.0862
0.0667
0.0614

134
148
172
426

1452
2140
2203

6-mol/o SnTe (T =82'K)

6-1
6-0
6-6

2.22
l.92
2.05

0.97
0.84
0.90

12.28
16.50
20. 92

21.50
16.82
18.95

0.955
0.965
0.961

8.12
11.20
9.61

0.1096
0.0751
0.0633

680
1970
2715
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FIG. 7. Variation of (a) the optical dielectric constant
e„, and (b) the Hall factor Rp/R„with carrier concentra-
tion K in Pb&„„Sn„Te alloys at low temperature.

have assumed for carrier concentrations below the
kink, that r varies in the same way in PbTe and

Pb& „Sn„Te alloys with x=0.06 and 0. 21, on the
basis that their ratio of longitudinal to transverse
band-edge mass K= m~/mz is the same and that
their band structure is similar. ' Thus, the ex-
perimental values of r measured in the low car-
rier-concentration samples 6-8 and 8-8 (with
x= 0. 06 and 0. 21, respectively) were plotted to-
gether with those measured by Allgaier' in PbTe.
For carrier concentrations just past the kink, we
have assumed that r behaves as is expected theo-
retically and indicated by the dotted line r = 0.6N/NI
(where 0. 6 is the extrapolated value of r at the
kink and N& is the carrier concentration in the main
(111)extrema at the kink). This simple relation
is obtained because immediately past the kink,
most extra carriers go into the heavy-mass band
because of its high density of states and do not
contribute appreciably to conduction. As the num-
ber of heavy-mass carriers is increased further,
r deviates from the simple relation as indicated
by the solid curve in Fig. 7(b). The experimental
values of &„ versus carrier concentration are those
obtained from the ref lectivity spectra using the
curve-fitting and the slope techniques. These re-
sults are very similar to those obtained in SnTe,
in that e„decreases with increasing carrier coD-
centration and then shows a kink when the second
valence band becomes populated. Past this kink,
while &„ is constant in SnTe, it appears to in-
crease in the alloys studied. This increase could
not be explained. The gradual decrease in &„
versus carrier concentration before the kink may
be explained in terms of the Burstein shift of the

0.20—
O

E

0.10—
0.08—
0.06—

I

I I I I I I
I

T=82 K
o~ 20.8mpl. % Sn Te
c)x 60 l/ S T

I I I I I I I I

IIl IIl
10'9, , 1o'0

p~ =0.9/Rpe(cm ~)

ed)

FIG. 8. Variation of the susceptibility hole mass ms/
nap with p* at 82'K in Pb& „Sn„Te alloys with 6-mol% SnTe
and 20.8-mo1% SnTe. The values of ms/rnp are corrected
for the variation of y and e„with carrier concentration as
explained in the text.

fundamental absorption edge as was the case for
SnTe. RePlacement of Eo by Eo+ EI, in EIl. (15)
gives approximately the observed values of &„
versus carrier concentration. It is to be noted that
the ratio r/e„ is close to a constant for various
carrier concentrations. Finally, we would like to
point out that the curve of r versus carrier con-
centration calculated by Tsu, Howard, and Esaki '
for SnTe is very similar (except for the position
of the kink) to that shown in Fig. 7(b) for the alloys
studied. This appears to be a further justification
for the assumptions used above concerning r in
Pb& „Sn„Te alloys. Voile experimental measure-
ments do not confirm the presence of a kink in
SnTe, ' they are consistent with its presence ac-
cording to Tsu, Howard, and Esaki. ' This point
has also been discussed by Bis and Dixon. '

Figure 8 gives the susceptibility effective masses
now corrected for the above variation of r and &„
with carrier concentration. The values of m, de-
termined from the Moss et al. technique are the
same after correction as those of Fig. 6 (to better
than 5/o) and are reproduced unchanged. This is
mainly because r/e„ is close to a constant at all
carrier concentrations. But those determined
from the fitting technique are now lower, after
correction, and agree well with those determined
from the Moss et al. technique. The discrepancy
still remaining for two points was attributed to
experimental errors in the ref lectivity measure-
ments, such as deviation from the absolute reflec-
tivity to which the fitting technique is particularly
sensitive. In fact, these two samples gave the
worst fits.

Figure 9 shows the final result, this time with
N= r/Roe as abscissa. The kink is now almost
absent suggesting that the effective mass in the
heavy-hole band is not too different from that in
the light-hole band at the carrier concentration
of the kink. Also it is seen that this kink would
have. gone undetected if only the fitting technique
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FIG. 9. Variation of the susceptibility hole mass m~/
mp with carrier concentration N at 82'K in Pb& „Sn„Te
alloys, with 6-mo1% SnTe and 20. 8-mol% SnTe. Only the
values of m~/mp determined from the minimum reflectiv-
ity technique are shown.

sured values at 82 and 300 K. ' For these cal-
culations, isotropic acoustic scattering was as-
sumed at all temperatures. A contribution from
impurity scattering is also expected at lower tem-
peratures, but for sample 8-7 the calculated values
of a were about the same from 82 to 200'K for
both types of scattering. As seen from Table IV,
accurate values of a are not required to correct
m, , since in the worse case (room temperature)
a 40% increase in a leads to only a 4% decrease
in rn, . The correction soon becomes negligible as
the temperature is lowered because r~ „(v) values
increase while a decreases. The correction for
p„, is, however, large: It is 36 and 4% at room
temperature and 82 K, respectively.

had been used. Only the results obtained from the
Moss et al. technique are shown in Fig. 9 because,
as seen earlier, they are more accurate in the
present case.

Table IV lists the values of m, and p, „tobtained
in sample 8-7 between 82 and 300'K. The values
of e„were obtained by linear interpolation between
the experimentally determined values at room
temperature and 82'K. The values of m, and p.„t
corrected for carrier scattering (a x I) are given
in the last columns. The values of a necessary
to find these corrections were estimated using the
Kane model, described below, with a value of E~
found from linear interpolation between the mea-

C. Optical Mobility

The optical mobility determined from the ex-
perimental ref lectivity, using the Moss et al. tech-
nique is given in Figs. 10 and 11 together with the
conductivity mobility. The conductivity mobility
was calculated from p, ,= o(T)/Ne, in which o(T)
is the conductivity at temperature T. Both p, , and

p.„tshow similar variation with carrier concentra-
tion and temperature but p, „t is always lower than

p, by a factor of approximately 2. This has also
been observed in PbTe and in SnTe. '+ As the
thermal velocities of the carriers are hardly af-
fected by the small electric field in either optical
or conductivity experiments, (~) should depend only

TABLE IV. Data obtained from the ref lectivity minimum at several temperatures in a Pbp
~ 7)2Snp 2p8Te sample with

8.68&& 10 holes cm

&&a
(%) les

Uncorrected
~apt

(cm2/V sec)

Corrected
)"erat

M, (cm /V sec)

84. 0
87.5
93.6

101.0
110.3
122.4
132.2
143.2
155.3
165.8
178.4
188.6
198.7
212.2
221.5
228. 9
240. 3
251.4
261.6
272. 6
286.0
299.7

43.3
43.3
43. 2
43.0
42. 9
42. 8
42. 7
42. 5
42.4
42. 2
42. 0
41.9
41.8
41.6
41.5
41.4
41.3
41.1
41.0
40. 9
40.7
40. 5

22. 10
22. 53
22. 80
22. 98
23.48
24. 30
24. 72
25.65
26.45
27.30
28.48
29.30
30.50
31.20
31.97
32.80
33.46
34.40
35.30
36.56
37.54
39.20

17.30
17.36
17.40
17.46
17.54
17.69
17.80
17.97
18.11
18.29
18.44
18.54
18.76
19.00
19.24
19.34
19.64
20. 00
20. 18
20.46
20. 65
20. 87

0. 9587
0. 9578
0.9570
0.9564
0.9551
0.9530
0.9517
0.9491
0.9467
0.9440
0.9398
0.9367
0.9320
0.9290
0.9255
0.9215
0.9181
0.9129
0. 9076
0.8992
0.8915
0.8785

8.79
8.55
8.37
8.22
7.97
7.52
7.32
6.85
6.51
6.14
5.65
5.33
4. 92
4. 68
4.43
4.20
4.02
3.76
3.55
3.24
3.01
2.67

0.0658
0.0664
0.0670
0.0678
0.0688
0.0705
0.0717
0.0738
0.0755
0.0779
0.0802
0.0818
0.0848
0.0880
0.0911
0.0931
0.0970
0.1022
0.1055
0.1108
0.1154
0.1217

2157
2087
2030
1975
1897
1762
1696
1557
1457
1347
1213
1128
1016

943
873
814
760
687
633
558
503
427

0.0658
0.0664
0.0670
0.0678
0.0688
0.0705
0.0717
0.0738
0.0755
0.0779
0.0802
0.0818
0.0848
0.0880
0.0910
0.0923
0.0960
0.1005
0.1035
0.1080
0.1100
0.1170

2074
1997
1933
1863
1773
1624
1542
1403
1289
1176
1041

952
847
770
704
651
598
533
485
423
375
314

1.04
1.04
1.05
1.06
1.07
1.08
1.10
1.11
1.13
1.14
1.16
l.18
1.20
1.22
1.24
1.25
1.27
1.29
1.30
1.32
1.34
1.36
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FIG. 10. Variation of conductivity and optical mobili-
ties with carrier concentration at 82'K in Pb& „Sn„Te
alloys with 6-mol% SnTe and 20. 8-mol% SnTe.

on the crystal properties and temperature" and
should be the same in both types of experiment.
However, as pointed out earlier, for a nonpara-
bolic band 7 and m are not separable in general
and the nature of the average over the distribution
is different in the two types of measurement. In
the present case, at 82'K the ~7. values are large
and the statistics are degenerate. Using K= m~/m z
and b= v~/vr for the anisotropic energy surfaces, the
quantity to be averaged in Eq. (5) is

tion depths at the ref lectivity minimum, calculated
using the z values from Table III, ranged from 0.4
to 1.8 JLt, . A rough estimate of the mean free path
A = vz(~), using v~ = (2Ez/m, ), in which the per-
tinent values were taken from Fig. 13 and Table III,
gave A ranging from 0.02 to 0. 12 p, . The mean
free path of the carriers is at most 8% of the pen-
etration depth, and boundary scattering, while not
negligible, cannot account quantitatively for the
observed difference between the optical mobility
and the conductivity mobility. It thus appears that
most of the discrepancy between the two types of
mobility has not yet been explained adequately and
that perhaps it is due to different properties of the
thin surface layers as compared to those of the
bulk. For example, surface strains (improbable
in the present case as indicated in Sec. II) or
chemisorbed impurities are all expected to lower
the mobility of the thin surface layer probed by the
light.

VI. COMPARISON OF EXPERIMENT WITH VARIOUS BAND
MODELS

A. Carrier-Concentration Dependence

1. Kune Model

We refer here to the simplified Kane model for
which the dispersion relation is

(18)

mw 3b 2K+1 m

Qn the other hand, we have
4000

holes(crn )—

b(2K+ 1)'
(2Kb+ 1)(2K+ b) c ~

For K=13 and b=3 this is about 0. 95@, This
difference is small and does not account for the
observed difference between the two types of mo-
bility in Fig. 10.

The optical mobilities are not necessarily rep-
resentative of the bulk since the light probes a
very thin layer of material near the surface. If,
for example, the mean free path of the electrons
becomes comparable with the penetration depth,
collisions with the surfaces reduce the scattering
time or mobility. In the present case, the penetra-

m ' 2K+ 1 b+2 m

With these relations, Eg. (5) becomes

Xe (2Kb+ 1)(2K+ b) 1 1

to~ b(2K+ 1) m pc

Thus, the quantity determined from the ref lectivity
measurements was

2000

O
0)

cv 1000
E
O

O

560

500

I I I

100
I I I i I I I

200 400
Temperature { K)

FIG. 11. Variation of conductivity and optical mobili-
ties with temperature in Pbo 792Sno 208Te alloys with 8.68
&& 10~8 holes cm 3.
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jn which the M s are the susceptibility, band-edge
conductivity, and band-edge density-of -states
masses in electron-mass units, N is the carrier
concentration in cm, and C = 18.17x 10

Thus, the susceptibility mass squared versus
should be a straight line. Such a plot is shown

in Fig. 12. As seen, the experimental results
deviate more and more from the expected straight
lines as the carrier concentration increases. For
comparison, a theoretical curve has been plotted
using M, =0.022, M, =0.310, and E,=O. 14 eV.
These band-edge parameters were determined for
PbTe at 4. 2 'K by Cuff et al. ' Since the energy
gap for Pb& „Sn„Te with x= 0. 06 is about the same
at 82'K as it is for PbTe at 4. 2'K, the above pa-
rameters should apply to both cases. The theo-
retical and experimental curves for 6/o Sn Te alloys
converge for carrier concentration less than about
10 holes cm . For both alloy compositions, we
find that the Kane model does not explain our re-
sults for carrier concentrations in excess of 10"
cm ~

in which k~ and k~ are the tra, nsverse and longitu-
dinal wave numbers, m~ and m~ are the transverse
and longitudinal band-edge masses, and E~ is the
interaction gap. This model has been used to ex-
plain the energy dependence of the density of states
determined in p-type PbTe from the thermoelectric
power in strong magnetic field. For carrier con-
centrations from 5.4x10 to about 2x10 cm
these results were well described by the Kane
model with the parameters E~ = 0. 15 eV and a
density- of- states band-edge mass mg = 0 13mp .

The expression for the susceptibility effective
mass for our degenerate samples at 82'K is easily
found from Eqs. (18) and (8), which can be inte-
grated analytically to give

2. Cohen Model

The Cohen model has been used with some suc-
cess in PbTe by Dixon and Riedl to explain their
experimental results of susceptibility effective
mass versus carrier concentration. The disper-
sion relation describing the constant-energy sur-
face is given in Dixon and Biedl as

k (kr
2 ( mz 1+ (1/Ez) (E+k kI/2m&, ) mz

(20)
in which mL is the longitudinal band-edge mass of
the conduction electrons. The expression for m
was obtained as before from Egs. (20) and (8) as
described in detail for the Cohen model by Dixon
and Biedl. For the alloys studied, the following
band parameters were used: First, m~/m~ = l. 3,
as determined from Shubnikov-de Haas measure. -
ments in PbTe, was used for the alloys. The cal-
culated values of m, were very insensitive to this
parameter. Second, K= m~/mz wa.s taken to be 13
as measured from Shubnikov -de Haas measure-
ments by Burke et at. who found that E is inde-
pendent of carrier concentration and alloy com-
position in Pbz „Sn„Teup to x=0.3. Third, we as-
sumed that the relation mz = E~/(E~ —E~) with
E~= 6. 4 eV as determined by Cuff et a/. ' was valid
in the alloys studied as well. As pointed out by
Cuff et al. , the interaction with the most remote
energy levels at (111) is of secondary importance
and the mass components are determined princi-
pally by the small gap between the valence and
conduction bands. This suggests that the same re-
lation may be used in the alloys studied, because
of their small gap.

Figure 13 compares the experimental values of
m, with those calculated from the Cohen model.
The values of E~ = 0. 16 and 0. 12 eV, in fair agree»
ment with the optical gap, gave the best fits (the
full curves) for the alloys with x=0.06 and 0.21,
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respectively. It is seen that our experimental re-
sults versus carrier concentration at 82 K are
well explained by the Cohen model for carrier con-
centration up to about 2&& 10 holes cm . At high-
er carrier concentrations, in the alloy with x=0.21,
part of the discrepancy may be attributed to the
heavy-mass band. From the kink at 6. 6&& 10 holes
cm (Fig. 8) and the Cohen Fermi energy [Fig.
13(c)], this heavy-mass band is situated at 0.23 eV
below the light-mass band in Pbo, gSno» Te at
82 Z.

0.04

(a) N(cm 3)

FIG. 13. Carrier-concentration dependence of the sus-
ceptibility hole mass m~/mo at 82'K in Pb& „Sn„Te alloys
with (a) 20. 8-mol% SnTe and (b) 6-mol% SnTe. (c) Cor-
responding carrier-concentration dependence of the Fermi
energy. The Cohen model is used to calculate all curves.

in which E and Eo are in rydbergs (2 Ry=-1 a.u. )
and k is in atomic units. The zero of energy is
taken at the center of the energy gap; E is positive
for PbTe and negative for SnTe (going through zero
at about Pb, ,Sn, ,Te); and E is positive for the con-
duction band and negative for the valence band.
The susceptibility effective mass was calculated
from Eq. (8) written in the same units as Eq. (21)
(i.e., k equal to 1 and m, in units of free-electron
mass), using the expressions for the integrants
given by Eqs. (A2)-(A4) in the Appendix. All inte-
grations were performed numerically.

The calculated values of m, are shown in Fig.
14(a) together with the experimental values. The
three calculated curves shown are for E~ equal to
0. 23, 0. 19, and 0. 11 eV. These values corre-
spond to PbTe, Pbo.g4Sn0. 06Te and Pbo. vgSno g,Te,
respectively. The corresponding Fermi energies
are shown in Fig. 14(b). As can be seen, the
Dimmock model does not account for our experi-
mental results for any of the carrier concentra-
tions measured. The failure of the Dimmock
model in the present case appears to have its ori-
gin. in the determination of the parameters of the
model. For example, Overhof and Bossier's' band-
calculation results disagree with those of Lin and
Kleinman (which were used by Dimmock) in that
the far removed bands (all four of them) are situ-
ated farther away from the main gap. Dubrovskaya
et al. pointed out that, as the far removed bands
are brought closer to the main gap, the nonpara-
bolicity is reduced. Thus, if the results of Over-

0.2—
)
III

U.

01—

3. Dimmock Model

Dimmock" has derived a dispersion relation
for Pbz „Sn„Te. He has treated the interaction
between the valence and conduction band at (111)
exactly, and included the interaction of the far re-
moved bands at (111) as a second-order perturba-
tion. Thus, the Dimmock model appears to be bet-
ter founded in that it takes into account the inter-
action of six bands. All the parameters of the
model were determined by Dimmock ' using the re-
sults of Cuff et al. ,

' the positioning of the far re-
moved bands, and the matrix elements of Lin and
Kleinman. ' The only explicit parameter left was
EG. The model equation is

(,' E~ + l. 81kl + 3.38k r——E)(- 2Eo —0.87k~—

(b)
I I I I I I I
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FIG. 14. (a) Carrier-concentration dependence of the
susceptibility hole mass rn~/mo at 82'K in Pb& „Sn„Te
alloys with 20. 8-mol9~ SnTe and 6-mol% SnTe. (b) Cor-
responding carrier-concentration dependence of the Fermi
energy. The Dimmock model is used to calculate all
curves.
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The Fermi energies corresponding to the calculated
curves are given in Fig. 15(a).

VII. CONCLUSION

A. Experiment Accuracy of m,

0.04— 20.8mol. 4 QnTe
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FIG. 15. Experimental (points) and calculated (full
curves): (a) Fermi energy and (b) susceptibility hole
mass vs temperature in. Pbo 792Sn() 208Te alloy with 8.68
& 10 holes cm 3. The Cohen and Dimmock models are
used in the calculations as indicated.

hof and Rossler are correct, the Dirnmock model
underestimates the nonparabolicity, as the experi-
mental results indicate in Fig. 14.

B. Temperature Dependence

The experimental values of m, in sample 8-7
from &2 to 300 'K (given in Table IV) are plotted
in Fig. 15(b). They are compared with the values
of m, calculated using the two-band Cohen model
and the six-band Dimmock model. The value of
EG(T) =E~(82'K)+ n(T —82'K), in which EG(82'K)
=0. 12 eV and n is the linear variation coefficient
of EG with temperature (in eVj K), was used in
the calculation. For the experimentally deter-
mined 0 values of n = 3x 10 eV/'K, none of the
models accounts for the large increase observed
in m, with increasing temperature. The dotted
line shows that the agreement is improved, with
the Cohen model, for larger values of n. How-
ever, there are no justifications for using such
large values of n. An alternative to using a la, rge
value of n would be to use in the relation between
energy gap and the transverse mass found by Cuff
et al. at 4. 2'K, a value for the momentum pa-
rameter E~ which decreases with increasing tem-
perature.

The discrepancy between the calculated and
measured m, near room temperature cannot be
attributed to the heavy-mass band situated at about
0. 23 eV below the light-mass band at 82 K. Cal-
culations for this sample indicate that this heavy-
mass band is empty up to 250'K at least, and that
it contains less than 5% of the holes at 300'K.

The results of m, obtained using the Moss et ai.
method of analysis contain two types of error.
The first type was statistical and was inherent in
the method of analysis and the measurements.
Repeated measurements involving remounting,
repolishing (chemical), etc. , indicated that the
errors in the values of R,„and g „were less than
5 and 0. 5~go respectively, thus contributing less
than 2. 5/p error in m, . The second type of error
was a systematic one in the values of z and E„
used. These systematic errors can be eliminated
at a, later date (starting with the m, -vs-p* results
in Fig. 6) if more precise values of these param-
eters become available.

B. Valence-Band Structure

The kink observed in Fig. 6 at a hole concentra-
tion N = 6. 6x 10' cm cannot be attributed to er-
rors of the first type, and therefore it indicates
an abrupt change of E„,x, or m, . This abrupt
change is taken as evidence for the presence of a
second valence band because &„, x, and m, are
expected to vary smoothly with carrier concentra-
tion for a single band. The Fermi energy cor-
responding to the kink at 82 K is found from Fig.
13(c) (Cohen model) to be 0. 23 eV. This value
does not change appreciably when using the Kane
or Dimmock models. It thus appears that in
Pb& „Sn„Te alloys with x=0. 21, there is an extra
valence-band maximum 0. 23 eV below the main
one. In the alloys with x= 0.06, no such kink is
observed up to carrier concentration 2. 3x10
cm suggesting that the carriers are all in the
main band for carrier concentrations lower than
this.

For carrier concentrations below that of the kink
(& 6.6x 10 cm ) the large increase of m, with in-
creasing carrier concentration, at 82'K, was at-
tributed to the nonparabolicity of the main (111)
band. We found that the two-band Cohen model
gave the best fit to our data and that the six-band
Dimmock model was inadequate. This is surpris-
ing because the Dimmock model is better founded
in that it takes into account the interaction of six
bands at (111). However, as indicated above, the
ma. in assumptions leading to the Dimmock disper-
sion relation for Pbz „Sn„Te are questionable, and
there is evidence that the model, underestimates
the nonparabolicity of the main (111)valence band.
Also as pointed out by Dubrovskaya, the success
of the two-band models can be explained because
of the considerable compensation of the effects of
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the two higher and the two lower bands. Finally,
the results of m, versus temperature could not be
accounted for by any of the models used. But, the
Cohen model could provide a good fit by assuming
a larger variation of the main gap with tempera-
ture than that measured experimentally, or alter-
natively by using a m~=.entum parameter E~ which
decreases with increasing temperature. Since the
influence of the far removed bands is contained in

E~, this suggests that a six-band model is needed.
Complete explanation of the experimental data thus
probably requires an adequate six-band model of
the (111)extrema in Pb, „Sn„Te alloys.

APPENOIX

In order to calculate the susceptibility effective
mass for the Dimmock model, ' expressions for
kz, , kr, and [I V, E I /1(7', E) rl ]kr are needed.
To avoid carrying numbers through the long alge-
braic manipulations necessary to arrive at these
expressions, Eq. (21) is rewritten as

kr = — As+ — (As —4be [(G+

akim,

—E)
2 be 2be

with
x(G+ ck', +E)+Pk', ])"', (A3)

As= (e+b) G —(e —b)E+ (ac+bc) kz+q .

The expression for [I VsE I / l(VsE)r l]kr is found

by implicit partial differentiation of Eq. (Al). The
final result is

with

A, = (c+a) G+ (a —c)E+P .

For the alloy compositions studied, the valence-
band extrema are at the L point. Thus kl, ,„ is
equal to zero when E = —|", and only the positive
sign is to be retained in Eq. (A2). This is not
true for Pb, „Sn„Te with x &0. 9, since then the ex-
trema occur at k~ 4 0. '

The expression for k~ also is obtained from Eq.
(Al) and is

(G+ak~+bkr —E) (G+ckI+ekr+E)+pkI. +qkr= 0,
(Al)

with G = 2E~, etc.
The limit of integration k~,„ is obtained by

writing ksr = 0 in Eq. (Al). After a few algebraic
manipulations we have

-Aq
2ac 2ac

1/2

x[A, —4ac(G+ E)(G —E)]', (A2)

i V„E I'
I (~~E)r I

2k~i[As+ (bc+ ac) kr] + 2kr(As+ 2bekr)
I [A4+ (e —b)kr](As+ 2beksr) I

in which

As= [(a+ c)G+ 2acks + (a -c)E+p],
A4= [2E —(a —c) k~~]

and A2 is given above

)

(A4)

*Work based on a thesis submitted to the University of
Ottawa by G. D. in partial fulfillment of the requirements
of the Ph. D. degree in Physics.
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Excitons Bound to Ionized Donors: Application of the Interparticle-Coordinates Method
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The interparticle-coordinates method given by Pluvinage and Walsh for helium and lithium
atoms has been developed to apply to excitons bound to ionized donors. Good agreement vrith
experiment for CdSe has been obtained. In these calculations the effect of the polarizability
has been taken into account. This method can easily be generalized to apply to other exciton
complexes of more than three particles.

I. INTRODUCTION

In a preceding paper, ' the Pekeris method~'3 for
helium atoms had been developed extensively to
apply to three-particle systems. Using this meth-
od, the binding energies for excitons bound to ion-
ized donors have been calculated for several real
systems of semiconductors. Good agreement with
experiment has been obtained. Owing to the limi-
tations of the use of the perimetric coordinates,
the Pekeris method cannot be developed for sys-
tems having more than three particles. On the
other hand, for other observed exciton complexes
having more than three particles, various au-
thors 'i have used the Born-Oppenheimer approx-
imation in their calculations. This approximation
is usually valid for small ratios cr = m,*/m*„, where
m,* and m*„are, respectively, the effective masses
of the electron and the hole. For this reason, it is
of considerable interest to develop a method that
can be applied to systems of any number of parti-
cles and that is valid for any value of 0. The
Pluvinage method' ' for helium generalized re-
cently by Walsh for lithium could satisfy such
conditions. In this article, this method has been
developed to apply, as an example, to three-par-
ticle systems. Comparison with experiment has
been carried out for excitons bound to ionized do-
nors in CdSe. Excellent agreement with experiment
has been obtained. Owing to the success of this
method for such exciton-ionized donor systems, its
application to the different observed exciton com-

plexes having more than three particles, are in
progress. In these calculations, the effect of the
polarizability has been taken into consideration and
Haken's exciton potential has been adopted. ' 7

II. METHOD OF SOLUTION

Let r,2, rf3, and r~3be, respectively, the dis-
tances between the donor and the electron, the do-
nor and the hole, and the two particles in the exciton
(Fig. 1). As described by Haken, ia the dielectric
constant K(raa) between the hole and the electron
of a delocalized exciton is a function of the dis-
tance r23, of their effective masses, of the optical
(K,) and the static (K,) dielectric constants, and of
the longitudinal vibrational frequency ~ of the lat-
tice. Since atomic units in terms of a certain ef-
fective dielectric constant K,«are usually adopted,
the generalized Haken potential~' for any two par-
ticles i and j of effective masses mf and mf in a
crystal can be written in the following form:

FIG. 1. Exciton-ionized donor complex.


