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The specific heat of granular Al-A1203 films with T, —= 2'K has been measured between 1.3
and 8'K. The results show that the enhancement of T~ is a bulk effect. Within experimental
accuracy the electron density of states at the Fermi surface is the same as that of pure Al.
The lattice heat capacity is increased in the granular films such that the measured OD is 28%
less than that of pure Al. This result indicates that the phonon density of states is greatly
enhanced at low frequencies and seems to confirm the tunneling data of Klein and Leger. The
experimental methods used to measure the small (-0.5 erg/'K) heat capacity of the films are
discussed. The thermal conductivity of Au+7-at. %-Cu wire and the heat capacity of silicon
(-50 mg) were measured to test the capability and accuracy of the experimental techniques.

I. INTRODUCTION

Since the pioneering experiments of Buckel and
Hilsch, ' the transition temperature of Al and other
superconductors has been enhanced by a variety of
methods. Such techniques as evaporation onto a
4. 2 'K substrate, evaporation with a partial pres-
sure of oxygen, or coevaporation of metal atoms
and other atoms, all produce small-grain-size
(granular) films with an enhanced T,. For Al the en-
hanced T,. can be as high as 6.45 'K, though more
typically 2 K, as compared to the bulk T, of
1.19 'K.

Numerous theoretical studies have. tried to ex-
plain the enhancement of T, in superconducting
films. Although no one theory has explained all
the experimental results, most experiments on
nontransition metals are compatible with Mc-
Millan's idea that the occurrence of "soft" phonon
modes can lead to higher T,. For example, Leger
and Klein explained their tunneling results on the
basis of soft surface phonons being responsible for
the enhanced T, in granular Al flims. On the other
hand, one of the authors has found that the en-
hancement of superconductivity in granular Al films
can be explained by a shift in the bulk-phonon spec-
trum associated with an increase in atomic volume.
This explanation is consistent with McMillan's
model without having to invoke the concept of sur-
face phonons.

In order to better understand the enhancement of
T, we have for the first time measured the low-
temperature specific heat of a granular Al film.
From the specific heat we can determine and com-
pare to normal Al two important parameters in
superconductivity theory, namely, the electron
density of states at the Fermi surface N(0) and the

lattice Debye temperature e~. Any change in QD

from the normal value will be related to changes in
the phonon density of states. In addition, the heat
capacity, being a bulk measurement, can show if
the enhanced T, is a property of the entire film.
The previous resistive and tunneling experiments
were subject to uncertainty due to possible surface
and filamentary effects. ~

Whereas previous workers have used the ac
technique to measure very small, almost discon-
tinuous, changes (0. 015 erg/ K) in heat capacity,
our experiment is a measure of the absolute heat
capacity of the films from 1.5 to 8 K using both
the relaxation-time and the ac method. ' Our
films have a heat capacity as small as 0. 5 erg/

K. To our knowledge this is the smallest ab-
solute heat capacity yet measured. The results
of calculations describing the contribution of the
finite heat capacity of the electrical lead wires to
the experimentally measured heat capacity are
presented. The performance of our apparatus was
checked by measuring the heat capacity of a small
silicon chip.

II. EXPERIMENTAL METHOD

A detailed description of the experimental tech-
niques is given in Ref. 9. The basic configuration
of the experiment is shown in Fig. 1. The sample,
attached to a silicon thermometer, is inside a vac-
uum chamber and is thermally linked to a copper
block by its two electrical leads. The copper block
is brought to the desired temperature above the
helium-bath temperature by means of an electrical
heater and acts as a heat reservoir at that tempera-
ture. The sample and thermometer are heated
above the block temperature by means of a He-Ne
laser shining down a light pipe. Room-tempera-
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mula"
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We have shown elsewhere~2 that the finite heat
capacity of the wire makes a contribution to C~
given by

Cs = C, + C, + C„f(l/lG),

where
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where

The function f(l/lG) has the limiting forms

C„f(l/l,) =-,'C for ljl, & 0.5, (5a)

C f(l/lG)=(lG/2l) C for l/lpga'2 . (5b)

FIG. 1. Schematic diagram of experimental apparatus.

ture radiation is removed with an infrared filter"
thermalized at the bath temperature. The rise in
temperature of the sample is given by

~omopIe ~pIoop +/+m i

where P is the power absorbed by sample and K
is the thermal conductance of wire. This change
in temperature is monitored by measuring the
change in resistance of the silicon thermometer
with an ac bridge.

Two different methods of determining the heat
capacity were used. In the relaxation-time method
the power is switched off and the AT decays ex-
ponentially to zero with time constant

~C C, + Ct'+3C~
K K (2)

where C~ is the total experimentally measured heat
capacity, C, isthesample heat capacity, C, is the
thermometer heat capacity, and C is the wire heat
capacity. As shown in Ref. 9, this represents the
solution to the one-dimensional heat-flow equa-
tions in the case where v'~, the internal time con-
stant for the sample, is much shorter than 7', .
The heat capacity C~ is found from measuring v'&

and K, i.e. , C~=K &&.

The ac method involves supplying power to the
sample at angular frequency + and measuring the
amplitude of the oscillating temperature of the
sample at this frequency. In the ideal case where
the inequalities T, & 1/Id & TI are satisfied, the am-

Thus, as the frequency increases (l/lG increases),
a smaller fraction of the wire heat capacity cori-
tributes to C~. Physically, this means that heat
does not have time to flow as far down the wire
during the shorter period of time 2IT/Id. Note the
quantity f(l/lG) is both frequency and temperature
dependent. Therefore, a different fraction of C„
comes into C~ at different temperatures.

III. SILICON MEASUREMENT

TABLE I. Experimental parameters near 4 'K.

Parameter

'j
1

f
(d T1

l/l 0

Silicon mass

Value

4.011 'K
1.73 sec

26 Hz
282

3.2
47. 947 mg

As a test of our apparatus the heat capacity of a
50-mg silicon chip was measured from 1.5 to 10
'K. The silicon was z type with 1.7&&10' car-
riers/cmP and is the same silicon that was used for
our thermometers. One surface of the silicon chip
was doped to be a resistance thermometer with two
degenerate contact pads. Gold-copper alloy wire
was bonded to the pads for electrical leads. The
&.eads were 0. 5 in. long and were either 0.003-in. -
diam 22-carat gold-copper wire or 0.00125-in. —

diam gold + V-at.%-copper wire "Some of. the ex-
perimental parameters of interest are shown in
Table I.

Our temperature standard is a germanium ther-
mometer calibrated by the CryoCal Company. The
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stated absolute accuracy of this temperature scale
is 5 m'K from 2 to 5'K and 10 m'K from 5 to 10
'K. A confirmation of this temperature scale was
made by comparing the CryoCal thermometer with
a germanium thermometer calibrated with an ideal
gas thermometer. Our temperature stability was
1 m'K over a period of 10 min. The temperature
resolution was 0. 5 m'K. K is measured by self-
heating the silicon resistance thermometer and
measuring the incremental rise in temperature
corresponding to the measured increment of power.

With our stability and resolution, temperature
increments of 100 to 400 m K were used to mea-
sure lf' to an accuracy of 2%%uo. The measured
thermal conductance is shown in Fig. 2. The data
are fitted to the formula

1.55— THERMAL CONDUCTANCE

I.bO—

Q ol
hCo

1.25

1.20

1.15

81'
Z =AT+1

This relation has been found to describe the ther-
mal conductance of alloys. ' The first term is the
electronic conduction and the second term repre-
sents the lattice conduction. It should be noted that
the measurement of K„determines the absolute
accuracy of the experiment.

In Fig. 3 our data for silicon are plotted as C/7
vs T . Data were taken using both the relaxation-
time and ac methods to verify that the contribution
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of the finite wire heat capacity is correctly given

by Eqs. (2) and (4). The first set of measurements
was done using 0.003-in. -diam wire, and the ad-
dendum heat capacity (gold contact pads and wire)
was about 10%%uo of Cs. The second set of measure-
ments was done with 0.00125-in. -diam wire, and

the addendum was 5%%uo of Cs. Within experimental
error all of these measurements agree, verifying
Eqs. (2) and (4). Most ac measurements were
done at a frequency of 26 Hz. However, we also
made measurements at 290 Hz to verify that there
were no 7'2 effects. The heat capacity of the sili-
con chip was as small as 0. 5 erg/'K. The scat-
ter in this data is + 2%%uo. The value of the Debye
temperature we deduce from our data is 64'7+6
'K. This is in good agreement with Flubacher,
Leadbetter, and Morrison" who found O~& = 645
+ 5 'K with a sample of 150 g.

One feature of Fig. 3 may seem surprising. The
finite value of C/T at T = 0 implies that the silicon
chip has electronic heat capacity. This heat ca-
pacity arises from the 10-p,m-thick degenerate
contact pads of the resistance thermometer. Us-
ing an estimated diffusion profile of the contact
pads and data on the density of states at the Fermi
surface as a function of n, we were able to calcu-
late that the observed value of y was of. the correct
size.

IV. GRANULAR ALUMINUM FILM MEASUREMENTS

0 i I s I a I t I I I & I I I I I i I t I i I I I

0 2 4 6 8 10 12 14 16 18 20 22 24

T (K)0 2

FIG. 3. Experimental heat capacity of 47.95 mg of
silicon. The squares are data taken with 0.003-in. -diam
wires as the thermal links. The circles and triangles are
data taken with 0.00125-in. -diam wire.
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FIG. 2. Thermal conductance of Au+ V-at. %-Cu wires.
The thermal link consisted of two wires each 0.00125-in.
diameter and 0.5 in. in length.

Heat-capacity measurements were taken on a
free-standing pure aluminum foil, a, free-standing
granular aluminum film, and a granular aluminum

film sputtered onto the surface of a silicon ther-
mometer. The temperature of the free-standing
films was measured with attached thermocouples
in contrast to the silicon thermometers used for
the other measurements.
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One set of samples was prepared by getter sput-
tering aluminum-aluminum oxide films onto the
insulating faces of two 10-mg silicon thermometers
and two sapphire slides. ~ The target was com-
posed of 90-wt% Al and 10-wt% Al~os. The sub-
strate was at room temperature. The films were
25- p, m thick and took four days to deposit. The re-
sistive T, of the sapphire substrate film was 2. 06
'K. Three days after deposition the residual re-
sistivity was 160 p,Q cm, and the resistivity ratio
was a metallic 1.09.

The films were analyzed for total aluminum con-
tent with an electron microprobe. Measurements
were made at different accelerating voltages (5,
10, and 15 keV), with 15 keV corresponding to a
2. 5 pm penetration depth. Both Al metal and

Al303 were used as reference standards. The
films on silicon thermometers (B?, B8) were found
to contain (84+ 2)-wt/o Al. A chemical analysis'8
on the film of sample B8 found (81+ 2)-wt%%uo Al.

Using x-ray diffraction we found the films to be
preferentially oriented with their [100]direction
perpendicular to the substrate surface. By com-
paring the (200) line to 99.999/p-Al powder
sprinkled on the film surface, we found the d spac-
ing to be —,'%%ug larger than the pure Al, implying a
volume expansion of 1. 5%%u&. The width of the x-ray
lines indicated that the grain size was 250 A.

In Fig. 4 a scanning electron micrograph of the
granular aluminum film is shown. The surfaces of
both film B8 and the film on a sapphire slide (No.
51) are composed of large granules of aluminum
with diameters of -5000 A. Since this size is ap-
preciably larger than the grain size determined by
x-ray diffraction, the top 3 and then 9 p, m of film
No. 51 were removed with an ion mill. After 3
pm were removed the x-ray diffraction linewidths
were increased, implying an average grain size
of 160 A; after 9 pm the grain size was 100 A.
These data indicate that a range of grain sizes ex-
ists in these films with the larger grain sizes at
the top film surface. The grain size in the interior
of the films is probably as small as the 50 A pre-
viously reported for thinner films.

Three days after the sample was prepared the
first set of heat-capacity measurements at low
temperature was begun. To minimize the adden-
dum we used 0.00125-in. -diam Au+'?-at. %%uo-Cu

wires as electrical leads. The data from the first
set of measurements are shown in Fig. 5. The
upper points are measured total experimental heat
capacity. The lower line represents the film heat
capacity which is about 50%%ug C~ near 4 'K. The
data have 2/0 random scatter in C~, and the abso-
lute accuracy is -8%.

A least-squares fit of the C~ data from 2. 2 to
8 'K to the formula

C =yT+pT'+gT' (?)

FIG. 4. Scanning electron micrograph of sample surface
of film BS as deposited. Magnification is 9000&&.

gives the coefficients in Table II. Subtracting the
addendum coefficients gives the film parameters.

The bump in the data near 2 'K is the supercon-
ducting transition. The sharp rise occurs between
2. 05 and 1.95 'K which correlates well with the
resistive transition at 2. 06 'K. Figure 6 shows the
details of the superconducting transition and the
ideal BCS behavior for comparison. The transi-
tion is broad, extending down to at least 1.6 K,
indicating the film is most likely somewhat in--

homogeneous. The area under data in Fig. 6 from
T =0 to T~ (T„&T,) is the entropy at T„.The
second and third laws of thermodynamics demand
that the entropy calculated in this way is equal to
the entropy calculated from the normal-state heat
capacity from T=0 to TN. If the film is complete-
ly superconducting, the heat capacity of the film
may be extrapolated to zero as the function Cf f f
= ~T3. The entropy calculated by using this ex-
trapolation and the measured area under the data
to 2. 2 'K agrees with the entropy calculated from
the normal-state heat capacity to within 5'%%uo. This
implies that superconductivity is truly a bulk ef-
fect in these granular aluminum films. Further-
more, this provides a consistency check on the
value of y since it is the dominant factor in the
entropy calculated from the normal-state heat ca-
pac'ity.

Two months after the first set of measurements,
a second set was made to check the stability of the
film. The resistive T, of the film on the sapphire
slide was the same within 0. 01 'K. The grain size
determined by x-ray diffraction remained constant.
However, the residual resistivity increased by a
factor of 1.5, possibly indicating rejection of a
small quantity of A13G, to the grain boundaries.
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TABLE 0 H caHeat caH capacity of f'l B8

Heat-capacity
coefficients

~g/'K'}
P(Z/'K')
a M/'K')

First run
Cg

4.1+ 0.1x 10 8

5.1 + 0, 15 x 10"~

5.3y 10x 10-~3

Second run
C@

4.0+ G. lx 10-8

5.3 y 0, 15x 10 9

5.2+1x10

CAddaILdum

0.6 + 0.2x 10 8

3.38 + 0.1 x 10"9

7.8x 10-"

Cf ilm
1.057 mg

3.5 + 0.2 x 10-8

1.72 y 0.2 x 10-9

Cye@ mole
Aluminum

1.37 + 0.1 x 10+
68+ gx 10-6
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culate P(&) [Eq. (3)].
Experimentally, it was difficult to obtain a prop-

er normalization because of 7~ effects. The poor
thermal conductivity of our granular films pro-
duced a temperature gradient between the edge and
the center of the sample. This effect is eliminated
when the film is on a high thermal conductivity
substrate such as our silicon thermometers. Be-
cause of this normalization problem, the thermo-
couple method was not satisfactory for obtaining
absolute values of heat capacity. Consequently,
the y/8 ratio for sample 24A is listed in Table III,
since itis independent of normalization. The y/8
ratio for a pure Al foil was also measured. This
compared well with the y/8 ratio measured for
pure Al by Phillips. ' Table III also contains the
Debye temperature of sample 24A calculated with
the assumption that the electronic density of states
is unchanged from pure Al. The results on the
free-standing film are quite similar to those of
sample BS discussed above.

V. DISCUSSION

Several experiments~ 3 '~' have shown that the
residual resistivity po of Al-A1~03 films, deposited
at room temperature, correlates well with T, .
This correlation was valid for films ranging in
thickness from 100 A to 6 p,m. Both residual re-
sistivity and the superconducting T,. of the 25- pm-
thick heat-capacity films are lower than those of
thinner films prepared in the same manner
(p0=1000 pQ cm, T, =2.45'K). However, the po
and T, of these thick films fall on the same curve
of T, versus po as do the thinner films. This in-
dicates that our films are good prototypes of the
Al-A1~03 system.

The x rays and scanning electron micrographs
indicate that film B8 is inhomogeneous with large
grains at the surface and smaller grains (& 100 A)
within the film. It is possible that grain sizes in
the thick films range from 50 to 100 A reported
previously ' for granular Al films to 5000 A at
the surface. This inhomogeneity is quite evident
in the heat-capacity data. It shows up as a rather

broad superconducting transition stretching from 2
down to 1.6 'K. The larger average grain size
also correlates with the smaller value of T, en-
hancement of the thick films as compared with a
thin film.

The experimental accuracy in the quantitative
determination of the electronic heat-capacity co-
efficient y is only 10%%uo because of the addendum and

film composition uncertainties. Within this ac-
curacy y has the same value as that of bulk alumi-
num. According to McMillan's theory of strong-
coupling superconductors, the electronic heat-ca-
pacity coefficient is larger than the band-structure
value by the factor (I+X), i.e. ,

y=y„(I+X),
where ) is the electron-phonon coupling param-
eter. For the enhancement of T, we observe that
this theory would predict an increase in X by
-10%%uo over that of bulk aluminum. Theoretically,
it is not clear how the value of y~ for granular Al
should compare with that of bulk aluminum. If
the only significant change from bulk aluminum is
a 1. 5%%uo volume expansion, free-electron theory
would predict a 1% larger y„,for granular alumi-
num from the relation

AN(E~) 2 hV
N(E„) 3 V

Recent theoretical calculations predict small size
metallic particles should have smaller electronic
heat capacity. + The difference is roughly 3%%uo at
3 'K for 100-A particles and varies as I/I. ~, where
L, is the particle dimension. However, it is not
clear that the grains in our films are isolated suf-
ficiently electrically for this calculation to apply.
The value of y~ may also be modified by the pres-
ence of A1203 in the grains.

From the above considerations it seems that the

y of granular aluminum should be within 10%%up of that
of bulk aluminum. Our data fall within this range
with the observed value of 1.3V m J/mole 'K being
2%%uo above the bulk value. However, the uncertainty
of film composition and addendum correction makes

TABLE III. Measured properties of Al foil A, film 24A, and film B8.

Sample

24A

Composition

100% Al

7' Al
21% A1203

53.5+ 0.5

18.5+ 0.5

e~('K)
assuming

bulk y

300

1.2 1.2

1.85

T~('Q determined by
Resistivity Specific Heat Mass (mg)

5.06

1.640

B8 306
65% Al
35%%u Ai ~ 20. 1 + 1 2.06

~Specific heat T~ is defined as the temperature corresponding to the midpoint of the jump in C.

2.0 1.057
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it difficult to attach significance to .y being slightly
larger than that of bulk aluminum.

The low value of SD of the granular aluminum
film is the major difference in our data from that
of bulk aluminum. Many authors have suggested
that lower phonon frequencies in granular films
were responsible for their increased T,. These
suggestions are based on McMillan's theory of
strong-coupled superconductors. ~ McMillan showed
that the electron-phonon interaction parameter X

can be written

N(0)(I )
M(uP )

(10)

where N(0) is the electron density of states at the
Fermi surface, (I2) is the average over the Fermi
surface of the square of the electronic matrix ele-
ment, M is the atomic mass, and (~ ) is a par
ticular average of (d over the phonon spectrum.
Empirically McMillan found that N(0)(I ) = const
for groups of related materials. Therefore, X.
was mainly a function of (~ ).

Our results are in qualitative agreement with
McMillan in that the smaller Q~D of our granular
Al film implies a lower value of (~~) and thus in-
creased values of A. and T, over those of bulk
aluminum. However, if one assumes X(x: 1/8D and
uses McMillan's relation for the superconducting
transition temperature

O ( —1.04(1+~)
1.45 ((l —w" ()+D. 621))

with p,*=0.1 and X=0.39 for bulk Al, one finds
than an 8% decrease in 8~ is required to enhance
T,, from 1.19 to 2 'K. The observed decrease in

8D was 28% for a granular film with T,= 2 'K.
There is good reason to expect that the mea-

sured SD cannot be directly used to calculate T,.
McMillan's (&~) is defined by an integral over the
entire phonon spectrum

(ra') =
l ) usa'(w)f((o) ) 1 ) n'(ra)f(~),

(12)
where o~(~) is the energy-dependent electron-

. phonon coupling parameter and f(~) is the phonon
density of states. The low-temperature heat ca-
pacity 8~ measured only the low-frequency part
of f(ru), whereas the above integrals are dominated
by the high-frequency part of f(~) where the pho-
non density of states is largest. Thus, a change
in 8~ is not necessarily proportional to a change

2 )1/ 8

There are several possible ways in which QD
could decrease. In one extreme the entire phonon
spectrum shifts down in frequency. In this case
the ratio of O~ to (co )'~' is constant, and McMil-
lan's formula should apply with X(x: I/8~. Our ex
perimental results argue against this hypothesis.

Furthermore, a 2'7% shift in the entire phonon

spectrum of Al is hard to imagine. If this were
related to a volume change with a Gruneisen con-
stant of 2, a 13.5% volume expansion would occur.
Aluminum undergoes only a 6. 5% volume change
when melting and the observed volume expansion
was only 1.5% for film BB.

A more probable explanation of the decrease in

QD is that the phonon spectrum has distorted such
that f(~) is larger than that of bulk aluminum at
small +. In this case the ratio of 8~ to (&g2)'~

would be different; therefore, X would not be pro-
portional to 1/8~~, and T, could not be calculated
from 8~ and Eq. (11).

Our measured decrease in QD does seem to be in
reasonable agreement with tunneling experiments,
although the quantity measured in those experi-
ments is o. ((d)f(&) and not f(&o) directly. For
Al-A1203 granular films oa((d)f((d) is larger at low

frequency and smaller at high frequency than

a (~)f(+) of pure Al. Similar results have been
found for Pb, Sn, 24 Bl, and Ga25quench-condensed
films, although this distortion was not found in
Al-Ge films. a~

Recently, Ewert ' and Novotny et a/. have
measured the heat capacity of granular Pb films
at low temperature. Novotny et al. find an in-
creased lattice heat capacity whereas Ewert finds

that Q~~ is unaltered from the bulk value. Ewert
reconciles his result with changes observed in

o, (~)f(~) via tunneling by concluding that o'(~)
alone must be altered in granular Pb. In contrast
our results indicate f(m) is changed for granular
films, at least for the Al-Al&03 system.

There have been several theoretical studies of
the phonon spectrum of small particles and surface
atoms of thin films. ' ' While these studies do

not directly apply to our granular Al-A1~03 films,
they indicate what changes to expect in the proper-
ties of surface atoms. These calculations show

that surface atoms are bound by weaker forces be-
cause of missing neighbors. This .leads to surface
atoms having lower frequencies and larger ampli-
tudes of vibration than atoms in the interior of the
grains. The frequencies of these "surface modes"
are usually slightly below the transverse acous-
tical modes and about one-half of the longitudinal
acoustical modes. The presence of surface modes
causes a downward energy shift in the phonon spec-
trum and also increases f(~) at small + and de-
creases f(~) at large &o. If the entire phonon spec-
trum were measured, both a distortion and a shift
of the phonon densities would be observed.

Presumably our granular Al films have an Al-
A1~03 interface at the grain boundaries. If this
mismatch in chemical bonds causes weaker force
constants for the surface Al atoms, they would be-
have qualitatively like free surface atoms men-
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tioned above. In order to see these surface modes
in heat-capacity measurements the fraction of
atoms near surface would have to be large. For
films with grain size of 100 A, approximately 30/0

of the atoms would be within 5 A of the surface of
grains, which is indeed a significant fraction of
the Al atoms. We believe that our measured en-
hancement in lattice specific heat is evidence for
these soft surface modes.

VI. SUMMARY

We have discussed techniques to measure low-
temperature absolute heat capacities of magnitude
-0. 5 erg/'K. The addenum correction was mini-
mized by using a low-heat-capacity silicon resis-
tance thermometer as the sample substrate and
laser light to heat the sample. Calculations of the
addendum corrections due to the electrical lead
wires were presented. Data on the thermal con-
ductivity of Au+7-at. /0-Cu wires and the heat ca-
pacity of a silicon resistance thermometer were
given as examples of the capabilities and accuracy
of the method.

The specific heat of granular Al-Ales films
with T,= 2 'K has been measured. The data show
that the enhancement of T, is a bulk effect. Within
experimental accuracy (10%) the electron density
of states at the Fermi surface is the same as that

of pure Al. A definite increase in the low-tem-
perature lattice heat capacity of granular Al-A1~03

over that of pure aluminum was measured. Qual-

itatively this is in agreement with the "soft mode"

theory of enhanced T, in granular films. Our data
indicate that the phonon density of states is en-
hanced at low frequencies, a result which is
consistent with the tunneling data of Leger and Klein. ~

Note added in Proof R.ecently, Happle, Knorr,
and Barth ~ have compared tunneling and specific-
heat data for disordered Pb and Pb-Bi films.
They conclude that f(&u) is enhanced at low fre-
quencies in these systems in agreement with our
conclusions about f(&u) in the granular Al system.
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The ac Hall conductivity in the Hubbard model has been calculated in the low-field large-
correlation limit. It was found that the lowest order in the bandwidth for which the Hall con-
ductivity is finite is second. The results of the second-order bandwidth calculation are then

applied to a three-dimensional tight-binding model at T = 0 'K with the result that the Hall

conductivity vanishes just where the diagonal components of the conductivity tensor do—for a
half-filled band. The Hall and drift mobilities are then calculated for this model for T & O'K

for the half-filled band. The drift mobility has an exponential temperature dependence, while

the Hall mobility remains equal to zero to second order in bandwidth. The calculations assume

that the frequency is greater than the bandwidth.

I. INTRODUCTION

The motivation for much of the present interest
in studying (both theoretically and experimentally)
the properties of electrons in narrow bands is due
to at least two reasons. First and probably fore-
most, from a theoretical point of view, one wishes
to understand something of the intermediate cases
between the insulator described by a Heitler-Lon-
don model and wide-band metals described by
single-electron bands. Second, however, there is
also an immediate practical engineering reason
for experimental work on many materials for
which narrow bands play a major role. As has
been pointed out, ' there is a class of systems which
has a much higher incidence than normal of ma-
terials which exhibit phase transitions of various
sorts. This is the class of transition-metal oxides,
sulfides, selenides, and tellurides. The common
denominator of these materials is that they have
narrow d bands, the width of which often dominates
the electrical and magnetic properties. Thus, in
these materials the properties of electrons in nar-
row bands are intimately tied to their properties
near critical transition points.

The utilization of transition-point behavior in de-
vices has been steadily gaining in importance in
the last three or four years and promises to play a
prominent role in device technology in the future.
Examples of such utilization are superconducting
bolometers, pyroelectric detectors, ' pyromagnetic

I

detectors, 4 and integrated inductors. '
There have appeared calculations for Hall effects

in narrow-band models in the literature, notably

the calculations of Holstein and Friedman using a
small polaron model, and Langreth's derivation of

an expression for the high-field Hall effect in the

Hubbard model. ' In this paper, we derive the

complement to Langreth's derivation, namely, the
low-fieM Hall effect in the Hubbard model, and ex-
amine our results for the three-dimensional tight-
binding model.

The general expression is derived in Sec. II using

the nomenclature and general method used by Bari
et al. in calculating the conductivity in this model.
We do this calculation in the large-correlation
limit. In Sec. III, we apply the results of Sec. II
to a specific model, the three-dimensional tight-
binding model at T = 0 'K. In Sec. IV, we calculate
the temperature dependence of the Hall and drift
mobilities at the value of n (average number of

electrons per atom) where the mobility vanishes

at T=o'K.
I CAI CULA1ION OF 0

For a single narrow band, in the absence of ex-
ternal fields, Hubbard's Hamiltonian is given by

IIO
——QTu C),C),+ 2I+n(,n(, , (i)

fje ffr

where
z'„=(i/x)Q. ~(k) e'"' "~- "~
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