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Using our previously developed quantum field theory of electron-solid scattering, we con-
struct a dynamical {i.e. , multiple-scattering) theory of inelastic-low-energy-electron diffrac-
tion (ILEED) in which the incident electron scatters elastically from the lattice potential an
arbitrary number of times both "before" and "after" an inelastic loss. We consider the two
cases in which the electron's energy loss is caused by the excitation of a single surface or
bulk plasmon. Three types of scattering processes occur: loss before (multiple elastic) dif-
fraction, diffraction before loss, and diffraction before and after loss. The summation over
all multiple-elastic-scattering events introduces renormalized elastic-diffraction vertices
relative to those used in the kinematical "two-step" model described in Paper II of this series.
In the cases of loss before diffraction and diffraction before loss, this renormalization is the
only consequence of multiple elastic scattering. The processes of diffraction both before
and after loss occur only in the dynamical theory and, consequently, are strictly multiple-
scattering phenomena. Explicit expressions for the cross sections, suitable for numerical
evaluation, are given for the case in which the elastic electron-ion-core scattering is de-
scribed by the isotropic-scatterer model.

I. INTRODUCTION

In the first two papers of this series Duke and

Laramore constructed a general, diagrammatic,
quantum field theory of inelastic low-energy-elec-
tron diffraction' (ILEED) and used this theory to
evaluate sample ILEED intensities in the simplest
physically reasonable model —that of "two-step"
kinematical inelastic diffraction in which the in-
cident electron loses energy in a forward-scatter-
ing event and is "turned around" by a single elastic
backscattering from the lattice potential. In this
model, two types of inelastic-scattering events
occur: (elastic) diffraction before (energy) loss
(D-L) and loss before diffraction ' (L-D). In the
analysis of Laramore and Duke both the elastic
and loss processes were treated in first-order
perturbation theory (by definition, the "kinemati-
cal" approximation). If multiple elastic scattering
within individual layers of scatterers is considered
this version of the theory of ILEED is analogous
to the double-diffraction model of elastic low-
energy-electron diffractions'7 (ELEED). The
kinematical model of two-step inelastic diff raction
has been applied to analyze ILEED intensities from
Al(100), ' W(100), ' and Al(111). ' '" In the
latter case, the kinematical two-step analysis was
used to extract from experimental ILEED inten-
sities the dispersion relation of surface plasmons
on nominally clean Al(111).

This paper is devoted to the examination of the
consequences of multiple-elastic- scattering events
on the ILEED intensities predicted by the quantum
field theory constructed by Duke and Laramore. '
Stated in the language of their diagrammatic per-

turbation theory, the cross sections calculated
herein are obtained by summation of all diagrams
in which the incident electron has undergone a
single loss event but an arbitrary number of elas-
tic-scattering events both before and after that
loss. This is an important issue because, both for
the model used in this paper, ' and for more general
models, ' ' these multiple-elastic-scattering
processes are known to dominate the nature of the
ELEED intensities. Therefore, one would expect
them to be important in determining the ILEED in-
tensities also. Indeed, probably our most signifi-
cant conclusion drawn from the analysis presented
in Papers III and IV of this series is that a judi-
cious choice of the data to be analyzed permits the
extraction from experimental ILEED intensities
of surface-plasmon dispersion relations using the
kinematical two-step model in spite of the docu-
mented importance of dynamical effects in inelas-
tic as well as elastic electron-solid scattering.

Vfe have divided our analysis into two parts. In
this paper, we outline the derivation from the
diagrammatic quantum field theory of the "dynami-
cal" model expressions for the ILEED intensities.
This task is accomplished in Sec. III following a
review of the model Hamiltonian in Sec. II. Finally,
in Sec. IV we present expressions for the cross
sections, based on the isotropic-scatterer model
of elastic electron —ion-core scattering, that are
suitable for numerical evaluation. Many of the de-
tails of our derivations are relegated to appendices
in order to render the body of the paper more
readable. Sample numerical calculations for
Al(100) and Al(111) are presented in the following
paper (Paper IV in the series). A complete sum-
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In deriving our expressions for the cross sec-
tions we utilize the microscopic quantum field
theory of ILEED presented originally by Duke and
Laramore' with the refinements and corrections
introduced by Duke and Bagchi. '

The incident electron is considered to interact
both with ion cores in a rigid lattice and with a
continuous boson field which describes the plasmons.
The effects of the incoherent inelastic collisions of
the incident electrons with the individual valence
electrons in the solid is simulated by propagator
renormalization via an energy-independent electron-
inelastic-collision mean free path. We neglect
finite-temperature effects, although, if desired,
the model easily could be extended to include them.
Within this context, the model Hamiltonian on
which we base our cross section calculations is
specified by

+-+RL+ Uei+ &»

'IC»=Z
2

c2cI+ E c2,; c&,B(n; k+&I, k),
(1b)

B(n; k+&1, k)= e ' '"n t„(k+j, k; 8h /2m), (1c)

(1a)

U„= Q c-„~c-„T(n;k+&I, k),
q, k, n

T(n; k+&1, k)=e "'"~h(n),

(ld)

(le)

mary of our results and the conclusions drawn
from them is given at the end of that concluding pa-
per in the series.

II. MODEL HAMILTONIAN

by ~. We usually presume all of the scatterers
are electronically identical, i. e. , 5,= 5 for all X,

although sometimes we permit the surface
scatterers (bo= 5,) to differ from those in the bulk
(b~= 62; X CO).

Our model for the loss-mode Hamiltonians U, &

and $C, is that given by Bagchi and Duke. In con-
sidering surface- and bulk-plasmon excitations,
we can speak of the two loss processes as inde-
pendent because the various normal modes of a
metal obey an orthogonality condition, thus per-
mitting us to add their separate contributions to
the scattering cross section.

The loss processes are specified by the loss-
mode dispersion relations and their coupling ver-
tices to the electrons. We display this information
in the form of the loss-mode spectral density
A, (n, m, & &) defined in E&I. (2. 9) in Ref. 1, Here n
designates the type of boson field, whereas m and

e are indices labeling the scattering planes. For
the case of surface plasmons the spectral density
can be written as

A, ( nm, ~) =- Q t,*(p„)t,(p„) e-'"""-""

x e ~«" m~
'

n&.'"'N(- (u)2iImD, (p„, e), (3)

in which t, (p„) is the vertex function, D, (p„, &d) is
the plasmonpropagator, 5, and R„are the location
of scattering centers, and N(~) is the Bose dis-
tribution function,

N(v) = (e""t" —1) ' .
We use the vertex function '

h(n) = Z e ""&t(p) (b; + b;),

K, = Z hm(p) (b;b,"+ —,') . (Ig)

ts(p«) = [(&e2@&s/pii)II'] "~(p.s -p«).
Here 0 is the volume of a unit cell. The boson
propagator is given by

In E&ls. (1) X«designates the rigid-lattice Hamil-
tonian, U„ the electron-loss-mode interaction, and

X, is the loss-mode Hamiltonian. The ep are the
electron annihilation operators; the b; are those of
the plasmons; the t„(R', k, E) are the individual
elastic site-scattering amplitudes for the ion
cores at sites located at 5„ in the solid; the t(p)
are the electron-plasmon interaction vertices;
and the hu&(p) are the energies of these plasmons
as a function of their quasimomenta p. Polariza-
tion indices have been suppressed. We use the
isotropic-scatterer version' of the electron-ion-
core interaction in which the elastic scattering is
described by an angle-independent- scattering am-
plitude

t, $', R, E) = t~(E) = —h (e "&& ' —I)/4mthm,

in which b~(E) is the s-wave phase shift for elec-
trons of energy E scattered from the ion-core
scatterers in a plane parallel to the surface labeled

D, (p„, &u)= [h&u —h&d, (P„)+iF,(P„)] '

—[h&u+ h&u, (p„)+iI",(p„)]',
where h~, (P„) and I', (P„) are given by

~+8(pl&)- @&.+ Cip« + C2pll

I', (P„)= I', +D P„+D P„

(7)

(8)

For the excitation of bulk plasmons we use the
coherent-coupling vertex in semi-infinite jellium
as originally given by Gersten. '~'~ The loss-
mode spectral density is

A&(n m «&) = Q t+(p)t (p )e &«' m «

t, (p ) = i [(«e2n&a,—/p')n2]'"e(p„- p), (1O)

x 2sin(P„R~) sin(P, R„,)N(- m) 2i ImD, (p, &d),

(9)
where the solid is assumed to occupy all space for
g &0 and the vertex function is
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with p„denoting a cutoff in momentum. The
bulk-plasmon propagator is

D, (p, ~~) = [k~ k-~(/) +ir, (/)]

—[e(u+ rr(u, (p) + i r, (p)], (11)

and the plasmon dispersion relation is, to O(P ),

k(og(p) =h~sg+AP

while its damping is given by

r, (/) = r, +a, p'+B,p'.

(i2a)

(12b)

The electron-electron interaction term is not
explicitly included in Eqs. (1) because we incor-
porate its consequences indirectly into the calcula-
tion via the propagator renormalization procedure
postulated by Duke and Tucker ' and subsequently
derived by Duke and Laramore (for bulk loss
processes; surface losses are discussed by Feibel-
man et al. ~). This procedure is defined by taking
E and the momentum parallel to the surface, k„,
to be conserved, while using the poles of the sin-
gle-electron propagator to define the (complex)
component of its momentum, k„ inside the sol-.
id. '~ Vfe designate by g the reciprocal-lattice
vectors of the (periodic) two-dimensional atomic
layers parallel to the surface (out of which the
solid is constructed~ 24). We also let k and k'
denote the electron momenta before and after scat-
tering, their components parallel to the surface
being given by k, and k', respectively. In terms
of these quantities we define the normal component
of electron momentum inside the metal, associ-
ated with a beam characterized by k ', = k, + g, via

perturbation theory of Duke and Laramore. In
Paper II of this series, Laramore and Duke
performed this evaluation for the (simplest) case
of a kinematical two-step inelastic diffraction
mechanism in which contributions from the two
lowest-order diagrams describing both elastic and
energy-loss processes are added coherently in
accordance with the quantum theory of scattering.
Their calculation corresponds to evaluation of the
diagrams shown in Figs. 1(a) and 1(b) for the case
of diffraction before loss (D-L) and the loss before
diffraction (L-D), respectively. Duke and Bagchi's
calculatione' ' is based on this same model, dif-
fering from that of Laramore and Duke only via
the use of a more accurate treatment of electron
interactions with surface plasmons.

The analysis presented in this paper extends the
kinematic two-step model calculations by summa-
tion of all diagrammatic contributions to the cross
section in which the electron has scattered elasti-
cally from the lattice an arbitrary number of
times, but has undergone only a single loss event.
It is convenient to divide these diagrams into three
classes. First, we sum all of the diagrams in
which one or more elastic-scattering events occur
before the loss process. The sum of these dia-
grams defines a generalized D-L process, indicated
diagrammatically in Fig. 1(c). Second, we sum
all of the diagrams in which one or more elastic

~/k, E —w

k, (g, E)=(2m[E —Z(E)]/h —(k„+g) ] (13)
k I, EI

P)~
where Z(E) is the complex electronic self-energy
inside the metal. The form of X'(E) that we use is
that given by Duke et al. :

Z(E)= -V, -ir(E), ~/
k, E-w

k, E

(a}
~

/k, E-w

k, E

(b)

F-w

where Vo is the inner potential and X„ is, by
definition, twice the inelastic-collision mean free
path of an electron. The normal component of
electron momentum outside the metal, k, (g, E),
is defined similarly to k, ( g, E) in Eq. (13), but
with Z(E) set equal to zero As describ. ed by Duke
and Bagchi, ' both quantities are required in the
description of surface-plasmon excitation.

III. VERTEX RENORMAI. IZATIGN

Within the framework of the above model Hamil-
tonian, the inelastic electron-solid scattering
cross sections may be evaluated (in principle) to
any desired accuracy by following the diagrammatic

k, E k, E , E

{c) (d) (e)
FIG. 1. Diagrams contributing to the scattering ampli-

tudes of ILEED: (a) Two-step, diffraction before loss;
(b) two-step, loss followed by diffraction; (c) multiple
elastic diffraction before loss; (d) loss followed by multiple
elastic diffraction; (e) multiple elastic diffraction both
before and after loss. The perturbation-theory definition
of the expressions for the cross sections associated with
these diagrams is given by Duke and Laramore (Bef. 1).

.The shaded circle indicates the summation of an arbitrary
number of individual elastic scattering events [designated
by the circled cross in Figs. 1(a) and 1(b)).
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scatterings occur after the loss event. This sum
defines a generalized L-D process indicated dia-
grammatically in Fig. 1(d). Finally, we sum all
of the diagrams in which the incident electron ex-
periences one or more elastic scatterings both be-
fore and after the loss event. The sum of these
diagrams defines a generalized diffraction-fol-
lowed-by-loss -followed-by-diffraction (D-L-D)
process indicated in Fig. 1(e).

The summations indicated in Figs. 1(c)-1(e)are
elementary to carry out in practice because they
yield simply an additional renormalization of the
electron-layer vertices in the renormalized ver-
sion of perturbation theory in which all electron-
ion-core scattering events in a given layer have
been summed. ' '+ + Thus we proceed in two
steps: First, we illustrate how this additional re-
normalization follows from the diagrammatic per-
turbation theory. Then, we show how to reduce
the resulting formal expressions to forms suitable
for the numerical evaluation of the cross sections.
The nine diagrams describing the possible inelastic
processes which include multiple elastic scattering
from a rigid lattice and one loss step are shown in
Fig. 2. The first four diagrams, Figs. 2(a)-2(d),
correspond to the renormalized elastic D-L and the
loss before the multiple diffraction processes.
The remaining diagrams, Figs. 2(e)-2(i), describe
the renormalized "three-step" process which in-

volves multiple elastic diffractions both before and
after the loss event. Specifically, Figs. 2(a) and

2(b) describe the processes of multiple elastic dif-
fraction prior to loss and loss prior to elastic dif-
fraction, respectively, whereas Figs. 2(c) and

2(d) represent the corresponding interference pro-
cesses associated with the coherent nature of the
two types of contributions to inelastic diffraction.
Similarly, diagram 2(e) represents the physical
"three-step" process while diagrams 2(f)-2(i) are
associated with interference processes between re-
normalized three- and two-step processes.

In order to illustrate how the dynamical multi-
ple-elastic-scattering vertex renormalization fol-
lows from the diagrammatic perturbation theory
derived by Duke and Laramore'we examine the dia-
gram in Fig. 2(a) (details of the renormalizationof
the "three-step" diagrams are given in Appendix A).
In Fig. 3 we display diagrammatically this renormali-
zation procedure. The elastic- scattering vertices
in diagram 3(a), which are renormalized by multiple-
elastic-diffraction processes from a rigid lattice,
are obtained by summing an infinite number of
diagrams containing a progressively increasing
number of elastic-diffraction vertices as indicated
in Figs. 3(b)-3(d). Diagram 3(b) is the two-step
process considered in Paper II of this series,
which involves a single elastic diffraction process
and single loss event, whereas Figs. 3(c), 3(d),

I
k, E-w k, E

I
k, E-w k, E I

k, E-w

k) ~E)~l

k, E k', E-w

k, E

(b)

k, E-wI k, E

(c)

k, E-wI

k, E

(d)

I
k, E-w

Ik, E-w k, E
I

k, E-w k,E k, E
I

k, E-w k, E I
k, E-w k, E

I I
k2, E21~ l~ k), E)

I
kIe E) 1i 1~ k2~ E2 I

k( ~ E
)

kl, El
I I

k2, E2

k), E) ll

'k„E, k, E, I
EI

2

k, E

(e)

I
k, E-w

k, E
I

k, E-w
k, E

(g)

Ik, E-w

k, E
I

k, E-w k, E
I

k, E-w

F&G. 2. Nine diagrams which contribute to the inelastic cross sections. (a) The physical process of diffraction prior
to loss; (b) the process of loss prior to diffraction; (c) and (d) interference processes associated with the coherent
nature of the contributions displayed in (a) and (b); (e) the process of diffraction before and after loss the event, the
"three-step" process; (f)—(i) interference diagrams for the "three-step" process. The perturbation-theory definition of
the expressions for the cross sections associated with these diagrams is given by Duke and Laramore (Ref. 1). The
shaded circle indicates the summation of an arbitrary number of individual elastic-scattering events.
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I
k, E-w I

k, E k, E-w k, E

I
k, E-w k, E

I
k, E-w k, E

k, E-wI
k, E

k,

k, E k, E-w
I k, E Ik, E-w k, E

Ik, E-w

k, E k, E-w k, E
I

k, E-w

(e)
FIG. 3. A diagrammatic description of the renormalization procedure for the diffraction prior to loss process [e.g. ,

Fig. 2{a)]. (a) The renormalized process of diffraction prior to loss; (b) two-step, diffraction before loss; {c)-(e)
multiple-elastic-diffraction-before-loss diagrams, added up in the process of renormalization. The perturbation-theory
definition of the expressions for the cross sections associated with these diagrams is given by Duke and Laramore (Ref.
1). The shaded circle indicates the summation of an arbitrary number of individual elastic-scattering events [designated
by the circled cross in Figs. 1(a) and 1(b)].

etc. , are the renormalizing diagrams composed
of multiple -elastic-scattering processes and one
loss. Following the diagrammatic prescription

of Duke and Laramore' we obtain the following ex-
pressions for the contribution of a general term in
the sum to the inelastic differential cross section:

do "'" ' m E-zv dz()
[&(E —E' —&)] Z —(2))) 5(E' —Ei+w)5(E Ei -I)-dQdE h E

-i(k' -ki) R„-i(f-k))~ R„~ i)) ~ (R„--R„i)I
np, np

, ,*; [2 5(E;-E;,,)]G (k;, E;)Z 8 '"' "' "'t„,(k„k;. )
4 n ~

In Eq. (15) G)) is the retarded electron propagator
given by It|(kj k. E) ( ) Q g i(0 ) -k) )dx ig it).--

A

@'2Q 2

G '(k, E) =E — —Z(k, E)

with the self-energy Z(k, E) defined by Eq. (14a)
for our numerical calculations discussed in Sec.
III. G" is the advanced electron propagator defined
by G&= G~. We use the notation E„+,=E, kn, &=k,
and En. +&=E', kn. ,&=k', and e, n'&1.

In order to calculate the full contribution from
the diagram in Fig. 3(a) we must sum over all ))
and n' in Eq. (15). Assuming that all scattering
sites in a given subplane parallel to the surface
are equivalent2i (i.e. , we take the potential at a
given site to depend only on the distance of that
site from the surface), the total contribution from
Diagram 3(a) can be expressed in a more convenient
way by defining the scattering amplitude R(k', k;
E) 24, 25

x T)„(k', k; E)()(k' -k„g), (17a)

«"(k„k; E).,(k„k,. E), (17c)

G i(k), k„E)= Zexp (-i(ki„—k„) [P+a( ) — )]
P

'- i(k„—k,) (d&) —dA))G(ki, E), (17d)

G "(k), k;E) = Z e ' )() ""' G(k), E) .
P QQ

(17e)

The vector P designates points in the Bravais net
of the individual (identical) subplanes, A is the

T)((k', k; E) = 7')„(k ', k; E) +Z Z v, (k', k),. E)
k&

x G ~(kg, k; E)T),i(ki, k; E), (17b)

r),(k', k; E) =I~(k', k; E)+Z I,(k', ki; E)
ky
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(„"„'„;)"=(';")"*('-* )normo(, }

in which

x
l
4(k' k, p, Z, ~)

I

', (IS)

3

A', (k', k, p, Z, u() =, „' T(k', k„p) G "$„E)

area of a primitive unit cell of the subplane, A.a is
the position of the origin in the ~th subplane, and
d~ is the distance of the Xth subplane below the sur-
face which is taken to be the plane z=0. Equations
(17) completely define the renormalized elastic-
cross section vertex. We also define the crystal
loss amplitude as

T(k'k ) Z ''" " ' f() (18)
n

The central point illustrated by Fig. 3 is con-
ceptually simple although algebraically complicated.
As we write the sum of all the contributions of the
form given by Eq. (15) associated with the diagrams
shown in Figs. 3(b)-3(e), we generate a series in
which the square of the inelastic vertex, Eq. (18),
is a common factor. This sum can be rewritten
as an amplitude squared. This amplitude is itself
a sum over elastic-scattering events multipled
by an inelastic-scattering vertex. By inspection
of the sum over elastic events in this amplitude, we
see that this sum specifies the total elastic-scatter-
ing amplitude R(k', k, E) defined by Duke and co-
workers' ' ' and given by Eqs. (17). Thus we es-
tablish that in the theory of the inelastic as well
as the theory of elastic LEED the summation of
multiple-elastic-scattering events leads to the dy-
namic elastic-scattering amplitude R(k', k, Z) de-
fined by Eqs. (17), rather than the kinematical
elastic-scattering amplitude [defined by T,-t, in

Eq. (i7a)].
In terms of the dynamical elastic-scattering

amplitude givenby Eqs. (17) andthe kinematical in-
elastic amplitude given by Eq. (18), the contribu-
tion to the inelastic-scattering cross sections
associated with Fig. 3(a) is given by

x G(k„E—u() T(k„k~, p)

x G "(kq, Z) R(k2, k, Z) . (22)

In concluding this section we reemphasize that
the two effects of multiple elastic diffraction are
the replacement of the t, by T„[defined in Eqs.
(17b)-(17e)] in the D-L and L-D contributions to
the cross section [i.e. , Figs. 1(b) and 1(c)], and
the introduction of the D-L-D contribution to the
cross section as illustrated in F g. 1(d).
mainder of this paper is devoted to reducing the
general formulas (1S)-(22) to a form suitable for
numerical computation. The following paper
contains our discussion of the consequences of these
final formulas.

IV. FINAL EXPRESSIONS FOR THE CROSS SECTION

Following the method of analysis outlined in Sec.
III and Appendix A, we obtain the expression for the
inelastic-scattering differential cross section
which includes the contributions from all nine dia-
grams in Fig. 2:

xi/A'((k', k, p, E, u()
l

. (23)
&=I

By taking the square modulus of the coherent sum
of the three scattering amplitudes [Eqs. (20)-(22)]
we include contributions from the interference dia-
grams as well as the direct ones. Using the two-
dimensional periodicity in the layers we performed
the summations indicated in the above formulas to
derive the final expressions for the surface and
bulk contributions to the differential inelastic-scat-
tering cross section. (The details of a sample cal-
culation are displayed in Appendix B. ) For the
sake of clarity in the presentation we introduce the
following quantities:

R [km, g, u; k~, g', w;P, g" ]

x R(k„k, E) (20)

is the scattering amplitude for the whole inelastic
process [see, e. g. , Fig. (ic)]. Similarly, the
amplitude for the renormalized L-D process [Fig.
2(b) or 1(d)] is given by

A,'(k', %, p, E, u()=,'3 R(k', k„Z —u()

R,[k„g,u; k'~ g', u(; p, g" ]

(24)

-=1 —R"[k„g,u; k'„g', u(; p, g"], (25)

TR ' [v~kx, g~u~kg~g ~Wiping ]

—= exp(i([k, (g, E —u) + k,'(g', E —ce) ](f —g" a) —pd),

x G (k~, Z —u() T(k~, k, p) . (21)

Finally, the amplitude for the "three-step" pro-
cess [see Fig. 2(e) or 1(e)] is specified by

= 2 Tz(E —v )R"[k„g,u;k'~, g', tu, p, g" ] .
4Xg

The quantity k,'„ the parallel momentum of the

(28)
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f 2&l s/a
k'„= ~ (E —w) sin8' .II (27)

Using these quantities, the various contributions

exiting electron, is giveninterms of the exit-beam
parameters m, the loss energy, and ~', the polar
exit angle, via

to the cross section can be written in the fashion
indicated below.

A. Surface Contribution

The surface contribution to the differential cross
section for the inelastic scattering of electrons by
the surface-plasmon field is given by

dEdA & E h h A;;,",, [so-h(u, (p )]'+[r,(p )]
V

(Ig+Cp"-8)

x, , 2, , 3]~qa ~A~(k', R, p, E, ~)+A2(k', k, p, E, ~)+As(k' k p E ~)l'."„+'r, /, ' "' (28)

In this equation, the plasmon momentum is given by

p„=k,', —k„—g

0 and A are the volume and area of a unit cell and

g is the external exiting-beam index (note the re-
striction on the beams exiting from the "three-step"
processes, g, +gz=g). In calculating the surface

contribution to the cross section we have included
the interaction of the incoming electron with the
surface-plasmon field outside as well as inside the
metal.

The three contributions, A, , to the diffraction
amplitude are best considered separately.

(i) Diffraction before loss (D-L):

(ii) Loss before diffraction (L-D):

OO

+ET(E)R'[k ook oo ]
' '" ' ' "g' p"~ '

i (30)+ R [k' 0 w —k„g, 0;p„, 0]

N. 'Ak, (- g, E —m) i[k,(0, E) —k,(- g, E —m) ]d +p„d

00

X=0 Lk~, 0, 0, —k„—g, , p„, 0

S3 when X& & X3& &&

S3 when X~&A.3»~.

(32a)

Due to the forward scattering nature of the plas-
mon-emission vertices, the above two sets are the
only ones that have to be considered and X3& 0 al-
ways, so that the coupling to surface plasmons out-
side the solid does not contribute to the "three-step"
diagrams. The expression for the D-L-D ampli-

(iii) Diffraction before and after loss (D-L-D):
For the "three-step" process we distinguish between
two sets of layer sums. Let us denote the layers
at which a loss occurs by the layer index X3. The
layers at which multiple-elastic-diffraction pro-
cesses take place before and after the loss step are
assigned the indices ~, and ~3, respectively. Using
this designation of indices, the two sets of summa-
tions indicated above are

tude is given by

zm —zm

h Ak (g E) I Ak', (-g E —m)

x [S3(gl~ ger k, E~ to» pii)

+33(gl& g2t ~y Ei % ptt)], (33)

~,"= (R. [k„g„O;—k,'- g„~;p„, O]]-' [A —B],
A= TR"&' [0; k~, 0, 0; —k„—gq, ge;p„, g, ]

B=R[k,i gs ~ Oi ki~ —
ga~ soi pii~ 0]

~TR'&'[0;k„o, o;-k„g„o;0,g, ]

&& TR '"'[ce; k„gi, 0; ki, 0, m; p„, gz],
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SS fR [kJ.& g2 w' —kJ, gl~ 0;pii, o]$ [C —D], x TR ~'"$[0;k~, 0)0; k~, —g$, w; Pg, ggj ~

xTR"'" [0;k„o,o;k»g$, 0;0, gg], (35)
D=R[k,', —g$, w; —k~, gg, o;P„,O]

x TR $ '
[w~ k» 0, w; —kg, —g$, w~ 0, g$]

B. Bulk Contributions

The expression for the contributions to the differ-
ential cross section by the inelastic processes that
the scattered electron undergoes in the bulk is given
by

d O' Ij E-m 2am mme 8+,
~

'
dp~

dE dfl~„E k' k' 2A „, ~ p'„+ p', + (r, (p„,p,)IA)

) i
AI (k', %, p, E, w) + A$ (k', k, p, E, w) + A, (k', k, p, E, w)

i
. (36)L~ —@+y(pn~PijI + y &P((~Pa

As before, we specify the three contributions to the diffraction amplitude separately,

(i) Diffraction before loss (D L):-
As(k k p Epw)= —

@$Ak g E, Z Tg(E)R"[k„o,o;k„g, o;O, g]
L& gp j )t P

R.[k„O,w;-k„g, o;-ip„O] R.[k,', O, w; —k„g, O;ip„O] J

(ii) Loss before diffraction (L D):-
A$(k, k, p, E, w)= —

$A „,g T„(E—w)R"[k„o, w;k, —g, ~;O, g]

(f R,"' [k»0, 0; —kg, —g, w; —ip~, o] R,'[k~, o, o; —kg, —g, w;ip»0]
I (33)

(iii) Diffraction before and after loss (D L, D):--
A &k k E sv&=-tp& t ) @$Ak I » E \ k$Ak I» E) [S$(gp&g$&k, E, w, +$p~)+S$(gg, g k$, E, w~ +ipJ)]pa

Z Tq, (E) Z Tq$(E-w)R"~ [k»0, 0;-k» g~, o;O, g, ]R"$[k~, o, w;k~, —g$, w; O, g$]
)i, p=Ag

(39)

x R [k».gl s Oi k" & g$ si 'w' —iPg 0] —R $ [k» gg, 0' —k~ —g$ w' iPg 0]
R,[k» gg, o; —k„-g$, w; —iP„O]

&' I&., s» 0; —&., s., M; e ., OI —a"ls., gi, o; —a., —ss, ~; iy„ Oj
) ( )R,[k„g, , 0; —k~, —g$, iwj0»]

S$ = Z T),$(E —w) Z T) q(E) R $ [kg, 0, w; —kI. , —g$, w; 0, g$] R ~[k„o,0; k„gq, 0; 0, gq])i p=p

R"$[k„—g$, w; —k» gg, 0; —i@»0] —R"~"[k~, —g$, w; —k„gg, 0; —iP~, 0]
R,[k» —g$, w; —k» gg, 0; —$P» 0]

(4l)

Equations (23)-(41) are the expressions used in all
of the numerical calculations described in the fol-

lowing paper. '8 In the kinematical limit, T„-t„=t,
they reduce to the formulas derived by Duke and
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Bagchi. '9 In the general "dynamical" case, a dis-
cussion of their consequences is given in the fol-
lowing paper.

APPENDIX A

This Appendix is devoted to the description of the
renormalization, due to the summation of multiple-
elastic-scattering events, of the amplitudes of the
inelastic processes. The expressions for the cross
sections and amplitudes of the inelastic diffraction
of low-energy electrons scattered from a solid are
given in the text by E&ls. (23) and (20)-(22), respec-
tively. In order to demonstrate the renormaliza-
tion procedure, we discuss the amplitude of the
"three-step" process since the generalized "two-
step" processes of diffraction prior to loss and vice
versa follow easily from it as special cases. The
renormalization of the elastic vertices indicated
in Fig. 4(a) is performed in the following steps.

(1) The contribution to the amplitude from pro-
cesses involving multiple-elastic-scattering events
before the loss process and only one elastic-scat-

tering event after the loss step is summed first,
as illustrated by the summation of diagrams 4(bl),
4(cl), etc.

(2) The contribution to the amplitude from pro-
cesses involving multiple-elastic-scattering events
before the loss process and taboo elastic scattering
events after the loss step is summed and added to
the amplitude resulting from the renormalization
step l. This is illustrated in Figs. 4(b2), 4(c2),
etc.

The total renormalization is achieved by follow-
ing the above steps with a sequentially increasing
number of elastic-scattering events after the loss
process, as is depicted in Figs. 4(b3), 4(c3), etc.
By summing the contributions described above, we
renormalize both the elastic diffraction prior to
loss and the loss followed by elastic diffraction
processes.

Following the diagrammatic rules of Duke and

Laramore' we can write the algebraic realization
of step (1) in the renormalization procedure. The
amplitude corresponding to Fig. 4(bl) is given by

2«m ~ ~ '
dkl~ dkf

A 3(lk, ,k p, Eu)) = —
2 Z Z ~ 3 ~ 3 e-&&"l-"l-2&'s«0t (p) e-« "l-"&'&«& G~(k E) t (k k E)

Similarly the contribution of Fig. 4(cl) is given by

x e-«"' "l'"«f G'-(k;, E- ~) t„,-(k', k;, E-u). (Al)

A l(k, k p, E, ~) =
2 Z Z '~, 3

' i — ~ e-""l-"l-"'"0t„(p) e-"f2-"'"~G"(k„E)t„(k„k,E)np

1
n] dna

x e-'& "l-&&'"«l G"(k„E)t„(k„k„E)e-""-"""«&G"(k; E —u) t„,-(k, k;, E- u)) .

Summing the diagrams in step (1) we get

(p)G (k, E) G (kf, E- )

&& [ g e "" "l'~f t„;(k, kl, E —u))] Z e ""l"'""l t„(kl, k, E)+Z — e-«2&-"2&'"«
n-

1
n 1

1
1

7r'

x ()k, , k, k)G (k, , k) Z e "e ' e)„(k„k,k)+
1 n An2 1

(A3)

The expression in curly brackets on the right-hand
side of E&l. (A3) is the scattering amplitude for the
elastic processes occurring prior to the loss event,

i.e., (T„k, k).E
Following the same procedure we get for the con-

tribution of the diagrams in step (2):

t ( )G'(k E)G"(k- E —~)2= 82= k2 ) (2 )3J (2 )3 l 1 0 «p l ) le
0
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x~2 Q, e ""3"I'""It„(kl, k~, E —3()) G"(kl, E —30) 8 '"-"-, '" l t„(k', k, E 3()) ~T(k, k E)
n n-3 2 '2'
'1 2 1

(A4)

The total renormalization is achieved by summing the A 's over all m, yielding:

3 3

~3(k', k, p, E, (())=Q A = 3 |, ,3 ), ,3 T(kI, k(, p) G"(k3, E) G"(kI, E —w) T(k', k3, E 3()) T(k(, k, E),
(A5)

where the scattering amplitude for the elastic processes occurring after the loss is given by

T(k, k&, E —3())=—g e ' I' "I t„(k', k-„E —w) +Z )

(2
3'e '"; "-,'"; t„(k-„kf,E —3())

tl
1

n-

XG (k3, E —w) Q e '( "3)'"~3 t„(k,k3, E —(())+ ~ ~ ~

n-&n-
2 1

"2 (A6)

and the crystal-loss amplitude is given by

T(k-, k(, I))—=Ze ""I"I"'
&3 t„(p) . (A7)

By inspection of Eq. (A5) we see that the renormal-
ization procedure for the inelastic processes re-
sulted in factorizeable renormalized vertices for
the elastic processes occurring prior to the loss
events and vice versa, and a crystal-loss scatter-
ing amplitude.

The expression for the amplitude given by Eq.
(A5) can be transformed into the form given in Eq.
(22) with the definitions given by Eqs. (1V) and (18)
in the text, by performing the following set of op-
erations. Under the assumption that all the scat-
tering sites in a given subplane~ parallel to the
surface are equivalent we can label a site both by
the subplane in which it lies and by its position
within the subplane. The site position becomes

(-. --.
) p (2~)'Z e ' 33 &ii' = Z 5(k3 —k3 —g),AP

(A9)

where g is a vector in the two-dimensional recipro-
I

R„=P+ pa+ dA, 2, (A8)

where ~a is the position of the origin in the gth sub-
plane (to allow for a shift between successive sub-
planes), P is the position of the site relative to the
origin, and d~ is the distance of the Xth subplane
below the surface (the g =0 plane). Substituting the
expression for the site position given by Eq. (A8)
into the expression for the amplitude of the
"three-step" process given by Eq. (A5) and defin-
ing the subplane continuum normalization as

t

cal lattice of the subplane and A the area of a prim-
itive unit cell of the subplane, we convert from
sums over sites to sums over subplanes. The
sums over sites parallel to the surface yield a 5-
function conservation of the parallel components
of the momenta parallel to the surface via Eq. (A9).

Grouping all sites lying in a given subplane to-
gether and using the definitions of the subplane-
indexed scattering amplitudes given by the integral
equations in Eqs. (1Vb) and (1Vc), we can write Eq.
(A5) in the form given by Eq. (20) in the text, with
the definition of R(k~, k, E) given by Eq. (17a). The
renormalization procedure for the generalized
"two-step" inelastic processes follows in the same
way. By substituting the expression for the scat-
tering amplitudes into Eq. (28) we get the expres-
sion for the cross section. A further reduction of
the formulas in which we transform them into a
form amenable for numerical calculations is de-
scribed in Appendix B.

APPENDIX B

In this Appendix, we derive an expression for
the inelastic cross section of an electron exciting a
surface plasmon in the multiple-scattering treat-
ment of ILEED.

The starting formulas are Eqs. (19)-(22) in the
text. Let us first describe the evaluation of the
"three-step" contribution to the differential cross
section [Eq. (22) and Fig. (le)j. Using the defini-
tions of the quantities appearing in Eq. (22) given
in Eqs. (1Va) and (18) the sum over atomic sites
parallel to. the surface can be performed in a
straightforward manner yielding

/

3(k ykiy PyEy 3() Z Z I y3 I y3 ~ 6(k3 k3 g3)T& (E)(e ( lq- „)3 e-(i i)3&
1
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2 3

5(k2 -k„+g~) Tl (E —l») (e '
&.
- 2, 8-' ')"a (Bl)

C2

All symbols are defined in the text. The lattice
sums parallel to the surface yield in an additional
parallel momentum conservation relation (i. e.,
function)

~I
kll + pi + (gl + g2)

Equation (B2) is accompanied by the restriction on
the intermediate-beam indices

I
k, E-w

I
k, E-w

I
k, E-w

k, E &(Il I

k2'E2 IlkI, EI
p, ~ I ' ' p, (&II

annni = nnnre +
&ik, EI' I

&lk- E-Il I p~
wnnlM +
"~k, E,

k2, E2

gi+g2= g ~

Performing the integral over the intermediate mo-
menta, we obtain

I MI (2l&)
2

Al (k, k, p, E, w) = Z 5(k„-k, )
—p„—gl —ga)

Cyy C2

k, E

(a)

I
k, E-w

k, E

(b1)

k;, E-,

k, E

I
kiE w

(C1 )

E2

h I, P„ ill Ak, (gi, E —a))

Pennn. n +
kI, EI

& 'k E p~co
Wax/v +
kI, E

2' 2

3 B4
h Ak~(- g2, E —u)

k, E

(b2)
k,E

(c2)

in which Sf and S', given by Eqs. (34) and (35) cor-
respond to the two sets of layer sums mentioned in
Sec. IVA. Assigning the layer index X3 to the layer
at which a loss process occurs and X» A2 to the lay-
ers at which multiple-elastic -diffraction processes
occur before and after the loss process, respec-
tively, the two sets of layer sums to be considered
are (1) Sl, for which X, & X3& X~, i. e., the first
elastic -multiple-scattering vertex occurs closer to
the metal surface than the loss process, while the
second one occurs deeper; (2) Ss, for which x, & A~

& X2, i. e., the first elastic-multiple-scattering
vertex lies further from the surface than the "loss-
process layer, " and the second one occurs closer
to the surface. Processes in which g&, X2& X3 or
A3 & A.&, A2 are not allowed because of the forward-
scattering nature of the plasmon-emission vertices.
Hence ~3&0 always, and there are no contributions
from the coupling to the surface plasmons outside
the solid in the "three-step" diagram. However,
this coupling contributes to the other two steps '

[D-L and D-D, e. g. , Figs. 1(c)-l(d)j. The evalua-
tion of these other contributions proceeds along
similar lines. In the case of bulk-plasmon excita-
tion using a coherent electron-plasmcn vertex' we
substitute

2@ g2 1/2 )PgRg -iP kg
( )

&p &l 7f8 (Oy

2p'
(85)

I
k, E-w

Ik, E-w

&&k, EI' I

k- E- p 4II
I ~ I +

» k„F,

E2

k, E

(b&)
k, E

(C3)

FIG. 4. A diagrammatic description of the renormal-
ization procedure for the "three-step" process of multiple-
elastic-diffraction processes before and after the loss
event. (a) The renormalized "three-step" process; (b1)
and (cl) diagrams contributing to step (1) in the renor-
malization procedure. Multiple-elastic-scattering events
before the loss process and one elastic-scattering event
after the loss; (b2) and (c2) diagrams contributing to step
(2) in the renormalization procedure. Multiple-elastic-
scattering events before the loss process and togo elastic
scattering events after the loss; (b3) and (c3) diagrams
contributing to step (2) in the renormalization procedure.
The perturbation-theory definition of the expressions for
the cross sections associated with these diagrams is
given by Duke and Laramore (Ref. 1). The shaded circle
indicates the summation of an arbitrary number of in-
dividual elastic-scattering events (designated by the cir-
cled cross).
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pP
gdp, (M)

JO

in order to normalize to sine-wave rather than
plane-wave basis functions. The final expressions
for the cross sections are evaluated by assuming
~» ~T and taking for the surface plasmons

ImD, (p„, w) = I',(P„)/([w —h(u, (p„)]'+[I,(p„)]$
(sv)

ImD, (p, w) = r, (p„,p, )j([w -k~, (p„,P,)]'

+[F,(p„,p,)]'j (B8)

for the bulk. The calculations of the D-L and L-D
amplitudes, Ai and A2 in Eg. (23), are outlined in
the Appendix to Ref. 9. They are similar in our
case, with the ion core t„replaced by the multiple-
scattering vertices T~.

Finally it is worth noting that when the multiple-
scattering amplitude T„ is replaced by the layer-
independent scattering amplitude t, the layer sums
can be performed analytically. In this limit our
expressions for the D-L and L-D contributions to
the inelastic differential cross sections [Egs. (30),
(31), (37), and (38)] reduce to the corresponding
ones derived by Bagchi and Duke.
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