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Green’s functions for a fcc Heisenberg ferromagnet with both first- and second-neighbor inter-
actions are given in terms of accurate but simple polynomial approximants. These polynomial
approximations greatly simplify the application of sophisticated theory to real physical systems of
interest. Our procedure for the calculation of the lattice Green’s functions is described. We have
computed 24 Green’s functions (corresponding to 24 values of the lattice vector R), each for a range
of values of the first- and second-neighbor exchange constants (J;>0, 0>J,>—4J;), and each as a
function of energy within the spin-wave band. This enormous quantity of data is condensed by fitting
the functions to polynomials in the energy variable, and we tabulate the coefficients of these poly-
nomials. The polynomials not only provide compact representations of the Green’s functions (with-
out which Green’s-functions thecries are useless for applications), but they provide representations
which permit Green’s-functions theories often to be evaluated analytically. As the polynomials have
been formulated to have the rigorously correct analytic behavior at band edges and at Van Hove
singularities, results obtained by use of our polynomial approximants are similarly rigorous at the
crucial regions of the spectrum, and are highly accurate (~0.2%) everywhere.

I. INTRODUCTION

An extremely useful tool in the study of the
propagation of particles or excitations in crystals
is the lattice Green’s function'®
kR
= G 1)
N % E-Ek)+id

These functions are also prominent in the theory of
thermodynamic properties? and in the theory of
impurities. 1*** Unfortunately, the explicit applica-
tions of all of these theories are severely hampered
because extensive numerical evaluations of the
Green’s function have been confined mainly to the
simple cubic lattices and to systems with nearest-
neighbor interactions only, °~®

In this paper we describe a general procedure for
accurate calculation of the lattice Green’s function.
We apply the technique to a fcc lattice with a Hei-
senberg exchange interaction between both first and
second neighbors. We have carried out extensive
numerical calculations of the Green’s function for
24 lattice vectors ﬁ, over ranges of values of the
exchange constants J; and J, and as a function of
the energy E inside the spin-wave band.® Rather
than tabulate this immense collection of data, we
have fit our calculated results to simple polynomi-
als in the energy and we tabulate the coefficients
of these polynomials. They provide not only a
convenient and compact representation of the nu-
merical data, but we believe that the polynomial
approximations will be very useful in facilitating
explicit theories involving Green’s functions.

The polynomial approximations to the Green’s
functions introduce an error of not more than 0. 2%,

(]

whereas the underlying numerical calculations of
the Green’s function are accurate to better than
six significant figures.

We also give rather detailed analytic descrip-
tions of the behavior of the Green’s functions at
Van Hove singularities and at the band edges.

In our specific calculations we have restricted
our attention to positive values of the nearest-
neighbor exchange constant (J; >0) and to negative
values of the next-nearest-neighbor exchange con-
stant (J; <0), such that the ratio J,/J; is between 0
and - 1:

J1>O, —1<J3/J1<0. (2)

Through this range of values the system is ferro-
magnetically ordered. °

The excitation energy E(E), which appears in
the denominator of the Green’s function, is given
by

E(K)=85J,[3 - cos(3ka)cos(3k.0)
- cos(3k2a)cos(3 ksa)— cos(3 kya)cos(3ka)]
+4SJ,(3 - coskya - coskya —- coskga) .  (3)

The quantities J; and J, are simple constants in
standard spin-wave theory, but in other theo-
ries*!"12 J, and J, are considered as self-consis-
tent functions.

We define dimensionless quantities. The ratio
of the exchange constants will be defined as

y=dJ3/Jy, (4)
which will be limited to the range —1 to 0 [Eq. (2)].

Dimensionless vectors in real space are mea-
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FIG. 1. Volume of integration. This region has the
volume of g the Brillouin zone (see Ref. 13).

sured in units of half the lattice constant
t=2R/a, (5)

and the corresponding dimensionless vectors in
reciprocal space are

=1ka . (6)

The natural unit of energy is the maximum ex-
citation energy E,, which, in the range —1<¥<0,
is given by

E,=382SJ; . (7)
Then a convenient dimensionless energy variable is
w=E/E,, (8)

and the dimensionless Green’s function is

g(f’ (.0) EEMG;a/Z (Emw) Egﬁ(iy (.U)+ zgt(-fl w) . (9)

Finally, the excitation energies of Eq. (3) become
w(@)=3(1+7)
~ 1 (CoSK; COSKy + COSK, COSKg+ COSK3 COSKy)
1 2 2 2
— 37(Cos“Ky + COS“Ky+ COSKg) . (10)
Since the vectors k are quasidense in reciprocal
space, the summation which defines the Green’s

function [Eq. (1)] can be expressed as an integral
over the Brillouin zone:

ix-?
g, )= anr® fff s w - w(x)+z§ (11)

The range of integration can be contracted dras-
tically by invoking the point-group symmetry:

o B o

where

__L’_L‘)___ 12)

w— w(K)+id
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fE R =g Dye'T% (13)
Here @ is an element of the point group and the
sum is over the 48 elements of the cubic group.
The integral in Eq. (12) is over % of the Brillouin
zone, or over the alternate volume region sug-
gested by Andersen'® and shown in Fig. 1. The ad-
vantages of the latter volume region will become
evident subsequently.

II. METHOD OF NUMERICAL CALCULATION OF GREEN’S
FUNCTION

We first calculate the imaginary part of the
Green’s function, later to calculate the real part
by a dispersion relation,

Taking the imaginary part of Eq. (12) and letting
6-0,

&, )= (=12/7%) [ [ [ d° fF, x) 8(w - w(k))
(14)
The 6 function defines a surface of constant energy
within the volume of integration. Denoting the ele-
ment of area on this surface by dS, the integral
normal to the surface is eliminated by the 6 func-
tion, giving

&r (f’ w)=

(= 12/7) [ [ as fF, )| v, @)

. (15)
It is now advantageoﬁs to project the surface of in-
tegration onto some convenient plane. For exam-
ple, if the chosen plane is the k; — K, plane, the
surface element dS projects onto an element
dkydk, for which

Ky V, w(K) | as . (16)

dKldKa IV wK),

Then the integral becomes

&1, ©)= (=12/7%) [ [ dkydky fF,7) | kg, w(®)| .
(17

The area of integration is the projection of the sur-
face of constant energy onto the k; — k, plane. For
any integration point (k,, k,) the function f(t, k) is
to be evaluated on the surface of constant energy
(at that point k¥ which projects to the point k;, k,);
similarly with the last factor in Eq. (17).

Returning to the area of integration, the shape
of the projected area is considerably simplified by
choosing the alternate Brillouin zone of Fig. 1 in
place of the more familiar one.

The choice of projection planes over which the
integrals are to be performed is subject to one im-
portant restriction. Clearly the factor |k v, w(k)|™
diverges if the constant energy surface is any-
where orthogonal to the «; — k, plane; it is there-
fore necessary to choose a projection plane which
is nowhere orthogonal to the energy surface. Fur-
thermore, since the shape of the constant energy
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surface depends upon the energy, it is sometimes
necessary to use different projection planes for
different energy regions. The natural projection
planes are the coordinate planes (such as the k; — k,
plane) or the planes bounding the zone of Fig. 1.
Providing the chosen plane satisfies the restriction
that it be nowhere orthogonal to the energy sur-
face, there is little to choose between one plane or
another.

In our calculations we carried out the integrals
by successive one-dimensional Gaussian quadra-
ture. The order of integration is important to en-
sure that the intermediate integrand is smoothly
varying. A net of as few as 16 points (four-point
one-dimensional Gaussian quadrature) is sufficient
to give the Green’s function to within 1%. We used
100 points, giving an accuracy which is consider-
ably beyond 1 ppm.

Because the areas of integration and the denom-
inators of the integrands are the same for all T,
many Green’s functions can be evaluated simulta-
neously. We have evaluated the 24 Green’s func-
tions which are needed for a solution of the impur-
ity problem in the fcc lattice.

The 24 Green’s functions which we have computed
are not all independent. 4 Nevertheless, we chose
to compute each directly, invoking the relations
among them only as a check of the consistency of
the calculations.

The dispersion relation which yields the real
part of the Green’s function is

g5, w)=A/m) [} g/F, ') (W' - w)dw’ . (18)

Before performing this integration numerically it
is necessarytoremove the singularity analytically
when w is between 0 and 1. Therefore, we used
the formula

1 . 1
gR(fa w):;gl(r9 w)ln (1 _Z)
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1 ) >
+lj gl(rvw) g!(r;w) dwl' (19)

T Jo W' —-w
The integration of Eq. (19) was carried out by six-
point Gaussian quadrature, using the polynomial
approximations for the imaginary parts of the
Green’s functions. The accuracy of the polynomial
approximations thereby determined the accuracy
of the integration, as the Gaussian quadrature had
a much higher precision,

The integrand in Eq. (19) is strongly peaked
when w is near a Van Hove singularity. The re-
gions of integration therefore must be chosen
carefully, according to considerations which we
now review.

III. VAN HOVE SINGULARITIES

Green’s functions are nonanalytic at a few par-
ticular values of the energy. These singularities
were first investigated by Van Hove“; a clear and
elementary discussion can be found in Weinreich’s
text. !®

The integrand of Eq. (15) has a singularity when
the gradient of the energy vanishes:

v, w(®)=0. (20)

The solutions of this equation, determining the en-
ergies of the Van Hove singularities for an fcc
lattice with first- and second-neighbor interactions
are given in the first column of Table I

Van Hove singularities can be classified in four
“types” 15 according to the functional behavior of
the Green’s functions. These four types are listed
in Table II, and the six Van Hove singularities of
(=1/7)g (0, w) (the density-of-states function) are
classified in Table I. It will be noted from Table
Ithat a particular singularity may change type as
a function of y.

Classification of the singularities is based on ex-
pansion of the energy w as a function of k, in the

2

TABLE I. Types of Van Hove singularities for the fcc lattice. The energies w =E/. 328J; are given in column 1 as a
function of y =J,/J;. The same information is given in column 2 in terms of the alternate variables w’ = w/(1 +7v) and
¢=v/(1+v). Thetype (0,1,2,3) of each singularity is then given in each range of v (or of ¢) in which the singularity
exists; dots imply that the singularity does not exist in the relevant range of y. The types of singularities are defined
in Table II. The top of the band is always a type-3 singularity, and in each range of v the top of the band is determined

by that unique Van Hove point which is of type 3.

w o == -1<y<0 0<y<$% i<y<1 y>1
1+y £<0 0<g<3 i<t<3 t<y<1

0 0 0 0 0 0
wa=gd+y) wh=% 1 1 3 3
wp=1l+%y wp=1-3%¢ 2 3 1 0

we=1 we=1—¢ 3 1 1 0

wp=k+iy+iy? wh=t-e+3/0-0) .

wp=3+3y—[y/1L+27)] wp=3-3£+3£0-0/1+p) . 2 2 2




6 GREEN’S FUNCTIONS OF THE FACE-CENTERED-. ..

TABLE II. Types of Van Hove singularities (Refs. 13
and 14).

Functional form of
density of states

Type of Van Hove singularity =1/ )20, )
—1/mgi\V,w

[number of negative coeffi-

cients in Eq. (21)] WS W, WRW,
0 £ (wy— w) (w = wg) /2
1 .—(wc—-t,u)“2 £ (w=w,)
2 £ (wg = w) —lw=- ‘*’c)u2
3 (%_w)ll2 + (w=we)

vicinity of a root of Eq. (20). Choosing local axes
so as to eliminate cross terms, and carrying the
expansion to second order,

W — w,=A(AK; )2+ B(AK,)%+ C(Akg)? . (21)

The number of negative coefficients on the right-
hand side of this equation determines the functional
behavior of the density-of-states function near the
critical point. The type of singularity is therefore
designated in Table II by the number of negative co-
efficients in Eq. (21) (from O to 3). The functional
behavior of g,(0, w) just below the singularity
(w= w,) and just above (w 2w,) is given in Table II.
Under very special conditions one or more of the
coefficients in Eq. (21) may vanish. I one coeffi-
cient vanishes the next term in the expansion dom-
inates, and the singularity may be “stronger” than
the simple square-root behavior. If two coefficients
vanish the density of states becomes infinite; such
infinities occur in our model for y=~1, 0, and 3.
This effect can be seen in Fig, 2. As y-0 the
spectral weight shifts toward the top of the band
presaging a divergence in the limit y= 0. Similarly,
the spectral weight is seen to shift to the bottom
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of the band as y-1, again forecasting a divergence
for y=1.

Another effect requiring special comment is the
“suppression” of the square-root singularity at a
Van Hove point under certain conditions. This sup-
pression of the square-root behavior at w, occurs
in 13 of the 24 Green’s functions which we evaluated.
The effect originates in the numerator of the in-
tegrand in Eq. (19), which may vanish at a Van Hove
point. The Van Hove point at w, arises from the
point k= (zm, 3m, 37) and we observe that the numer-
ator f(t, k) does vanish at that ¥ whenever T has
one or more odd-integral coordinates. Thus the
Green’s function g(r, w) do not have square-root
singularities at w, if T has an odd-integral co-
ordinate. :

The rules above permit one to form at least a
qualitative picture of the Green’s functions based
solely on the location and type of the Van Hove
singularities. In Fig. 3 we give such a schematic
representation of —(1/7)g,(0, w) for a much wider
range of Y. The behavior for large v is interesting,
and it can be understood by considering the limit
Y-~ (or J;— 0). In that limit the fcc lattice re-
duces to independent interpenetrating simple cubic
lattices with nearest-neighbor interactions. The
two lowest-energy Van Hove singularities are both
of type 0. In the limit ¥~ O they coalesce to form
a single Van Hove singularity at the bottom of the
band. This leads to an infinity of the derivative of
the ferromagnetic Curie temperature with respect
to J; at J; = 0.12

Finally, we consider the appearance of the Van
Hove singularities in the real parts of the Green’s
functions. From the dispersion relation [Eq. (18)]
we see that the singularity in the real part arises
from the integral over the corresponding singularity
in the imaginary part. The relevant integrals are
of the form (for small w)

2.40

2.00

DENSITY OF STATES

0.40

o L | 1 1 | I |

FIG. 2. Density of states, (—=1/r)
xg10,w), for the pure fcc ferromagnet
for various values of y=dJ,/J;.
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FIG. 3. ' Density of states, (-—1/7)
xg1(0, w), (schematic) for positive val-
ues of y=J,/J;.

removed the square-root singularities analytically,
and the polynomial fit in region 1 has been made to
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Clearly the square-root singularities appear on
opposite sides of the Van Hove point in the real
and imaginary parts, and have opposite signs. The
factor of 7 cancels with the factor in Eq. (18), so
that the square-root terms have the same coeffi-
cient in both real and imaginary parts of the
Green’s function.

IV. APPROXIMATE GREEN’S FUNCTIONS

Reference to Table I reveals that for ~1<y<0
there are but two Van Hove singularities within
the spin-wave band (in addition to the singularities
at the bottom and top of the band). These singulari-
ties therefore divide the spin-wave band into three
energy regions, bounded by singular points. Re-
gion 1 is the range O0<w<wy; region 21is wy <w
<wg; and region 3 is wp<w<1, \

The square-root singularities of the imaginary
parts of the Green’s functions fall on the low-energy
side of w, and on the high-energy side of wy (see
Table I). Hence region 1 has square-root singu-
larities of g,(¥, w) at each of its limits, as does
region 3, but region 2 contains no square-root
singularities whatever.

The polynomial approximants for the Green’s
functions have been calculated separately for each
of the three energy regions.

The Green’s functions with a square-root singu-
larity at w, have been approximated by a some-
what different procedure from those in which the
singularity is suppressed. Consider those with the
square -root singularity at w, (i.e., those in which
T contains no odd coordinates). To improve the
accuracy of the polynomial approximation we have

H(F, w)=(ws —w) 2w 2g,(F, w)

‘wil/agt(.f, u’A)]- (23)

Given H(T, w) from our tables, then the Green’s
function is to be computed from the inverse formula

1/2[

g!(-f’ w)=w w.zllzgl(f) wA)

C+(wa =) H(F, w)]. (24)

In region 2 the Green’s function has been approxi-
mated directly, and in region 3 the square-root de-
pendence has again been removed analytically, so
that the function which is approximated is

K(F, 0)=(w=-ws)™2[(1 - w) ™ 2g/(¥, w)

- "wB)-l/ng(F’ wg)]. (25)
Inversely,

gi(F, w)=(1- w)l/a[(l - wa)-”zgl(-f, wa)

+{w - w)'2K(F, w)]. (26)

For the 13 Green’s functions with an odd coordi-
nate of T there is no square-root behavior at w,,
and in both regions 1 and 2 we have approximated
the function

J(F, w)=w2g(F, w). (27)

In region 3 we have again approximated the func-
tion K(F, w), defined in Eq. (25).

It was found empirically that sufficient accuracy
could be obtained if we approximated the real parts
of the Green’s functions directly in all energy re-
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gions, which we have done.
The polynomial approximants which we employ
are six-term expansions in a Tchebyshev series:

gi(F, w)lor H, J, or K]= i c,,T.,.(w), (28)
n=0

where T,(w) is the nth Tchebyshev polynomial:
Tolw)=1, Ty(w)=w,
Ty(w)=2w2 -1, Tiw)=4w’-3w,
Ty(w)=8w* —8w?+1,
T5(w) = 16w® = 20w° + 5w .

The coefficients ¢, of Eq. (28) are tabulated in
Tables III-VII. Additional tables, for intermediate
values of J, /J;, can be obtained from Callen.

The various approximation functions can be
evaulated from the tabulated coefficients ¢, and
the definitions (29) of the Tchebyshev potentials.
However, there is a simpler, and extremely con-
venient, evaluation procedure16 based on the prop-
erties of Tchebyshev polynomials. Given the six
coefficients c,(z=0, 1, ..., 5) we form a sequence
of numbers a,,(m=0, 1, , 5) by the rule

(29)
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A = 208 ey +Apag=Cpy (30)
with
ag=a;=0. (31)

Then the sum is simply given by

Z caThlw)=ag-ayw. (32)

=0
Now it will be noted that solution of Eq. (30) is
quite trivial, since for m =5 we have a5=cj;; then
as= 2wes+cy, etc. Hence the a’s can be evaluated
one by one until a; and a4 are obtained.

The derivatives of the Green’s functions are also

obtainable through a similar algorithm. Again,
given the six coefficients in Eq. (28) we form a

sequence of numbers b,, m =0, 1, , 5) by the
rule

b = 2wD g +bppyo=m = 1)c,,, (33)
with

bg=bq=0. (34)
Then

By
E(_O- = c,,T,,(w) = bl
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