
P H Y SI CA L RE VIE W B VOLUME 6, NUMBER 6 15 SEPTEMBER 1972
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The Brooks- Yu theory is applied to the calculation of the band structure of some III-V semi-
conductors at finite temperatures. The theory is applied in the context of the empirical
pseudopotential method, and utilizes a recent lattice-dynamical calculation of the Debye-Wai-
ler factors. The temperature dependence of several band gaps are determined and compared
with available experimental data and, in general, good agreement is obtained.

I. INTRODUCTION

It is well known that the band gaps of semicon-
ductors change noticeably with temperature in
most experiments and applications. There are
two reasons for this change: (i) The thermal-ex-
pansion effect, or what is often called the dila-
tion contribution, accounts for the effect of the
change of lattice constant on the energy gaps.
This is expected since the electronic energy bands
are formed because of the "overlappings" of elec-
tronic wave functions, the extent of which is de-
pendent upon the distances between neighboring
atoms (ions). (ii) The major contribution, how-
ever, comes from electron-phonon interactions.
The one-electron theory of electronic energy bands
of a crystalline solid is based on the assumption
that the crystal is perfect, which is true only at
absolute-zero-degree temperature. At finite tem-
peratures, the energy of the electron is subject to
change because of the interactions between elec-
trons and phonons. This is reflected in the change
of the energy gap with temperature.

Fan' was among the first to calculate the shift
of electronic energies with temperatures. Treat-
ing the electron-phonon interactions as a pertur-
bation to simple parabolic bands, he calculated
&E,/& T for Ge and Si. Although the model used
was crude, it did predict the correct order of mag-
nitude for this coefficient. During the past two
decades there have been numerous experimental
measurements of band gaps of semiconductors as
functions of temperature. ~ The reliability of some
of their measurements is, however, questionable.
Considerable scatter in the experimental data ex-
ists due to the difficulty in the interpretation and
analysis of the data, as well as the limited resolu-
tion of various experimental techniques. Hence,
systematic and reliable results over extended tem-
perature ranges are relatively sparse. ~

Recently, a simple theory by which the energy

bands of crystalline solids at finite temperatures
can be calculated within the framework of the em-
pirical pseudopotential method' was proposed by
Brooks and Yu. 4 The temperature-dependent band
structure can be calculated by this method pro-
vided the corresponding Debye-Wailer factors of the
solids are available.

Calculations based on this approach have been
performed for GaAs, ' GaP, PbTe ' SnTe, s and
HgTe. The Debye-Wailer factors used in the
aforementioned work were experimentally obtained.
Also the previous calculations were primarily lim-
ited to the fundamental gaps.

For the III-V compounds of the zinc-blende struc-
ture the reliability of the small amount of experi-
mental data on Debye-Wailer factors that exists is
questionable. In some of the experimental work no
explicit correction due to thermal diffuse-scatter-
ing intensity has been made. This contribution
has been shown to have a significant effect in
some alkali halides' and in HgTe" of the zinc-
blende structure.

It is the purpose of the present paper to theoret-
ically calculate the temperature dependence of
several energy gaps in a large number of III-V
zinc-blende-type semiconductors. The appro-
priate empirical pseudopotential form factors will
be combined with theoretical Debye-Wailer fac-
tors. The eigenfrequencies and the eigenvectors
of the phonon states as obtained from the modified
rigid-ion model' of lattice dynamics has been
used to calculate the Debye-Wailer factors for
these crystals. '3 We regard these Debye-Wailer
factors to be more systematic and reliable than
existing experimental data. Where exper imental
data on Debye-Wailer factors did exist for the III-
V compounds, agreement with our calculated value
was found'~ to be (a) excellent in the case of GaP
and GaAs, (b) tolerably good for InAs, and (c) de-
cidedly poor for GaSb, InP, and InSb. The range
of agreement is not surprising due to the ques-
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tionable experimental Debye-Wailer-factor mea-
surements. Explicit calculations of the tempera-
ture dependence of the energy gaps at I', X, and
L, critical points have been performed for six
III-V semiconductors, viz. , GaP, GaAs, GaSb,
InAs, InSb, and InP. Spin-orbit interaction has
not been included in this work.

II. METHOD OF CALCULATION

The pseudopotential method of energy-band cal-
culations involves the solving of the wave equa-
tion

f —V'+ V(r)1A(r) = Z(k) q-„(r), (l)

where V(r) is the crystal pseudopotential, which
is considered to be weak. The Fourier transform
of V(r) completely determines the band structure
of the crystal. Assuming the crystal pseudopo-
tential to be the superposition of that of the con-
stituent atoms (ions), one obtains

V(&) =Z, S, (G) V, (G),

where

g) &$G w.

S&g) is the structure factor, P the reciprocal-lat-
tice vector, and v',. the position vector of the jth
atom in the reference primitive unit cell. V&(C)
is the Fourier transform of the jth atomic pseudo-
potential. According to the Brooks- Yu theory, at
finite temperatures S&g) is replaced by a tem-
perature-dependent one given as

S g T) slG'Ty e w((G,T)-
W&g, T) is the Debye-Wailer factor for the jth
atom, and is defined as

w, g, T)=(-,' l&l' «&&),

where (ps~& is the total mean-square displacement
of the jth atom. This amounts to replacing V&(G)

by a temperature-dependent pseudopotential
V&g, T) defined as~'s

V~(G T) = V~C) e~(- ~el&i' (&'&).

This accounts for the effect of the electron-phonon
contribution. The dilation contribution is taken
into account by using the lattice constant at finite
temperatures and scaling the zero-temperature
atomic pseudopotential form factors. This scal-
ing is done according to the dependence of the form
factor on the lattice constant, ' and also assuming
the atomic pseudopotential in real space to be in-
dependent of temperature. Lattice constants and

the mean-square displacements for constituent
atoms are listed in Tables I and II, respectively.

Throughout the calculation, use was made of
the form factors deduced from zero-temperature
empirical pseudopotential ener gy-band calcula-
tions. ' '" No further adjustments were made
for exact agreement of the theoretical gaps with
the exper imental one s which are concerned in the
present work. This was done for two reasons.
First, the form factors mentioned above were ad-
justed, in general, to yield band structures in
good agreement with experiment at several criti-
cal points of the first Brillouin zone. Some of
them also predict optical constants consistent
with experiment. ' " A set of form factors which
gives the exact band gap at only one point of the
first Brillouin zone does not necessarily assure
good agreement at other critical points. In fact,
a set of form factors which gives reasonable but
approximate agreement at many critical points
might be superior to another set which gives exact
agreement at only one critical point. Second, it
is not uncommon in the literature that a particular
band gap reported by different authors, using dif-
ferent experimental techniques, may differ by as
much as 0. 2 eV. ' The present interest is in the
changes of band gaps with temperature. There-
fore, no further adjustments on the form factors
were made to correct the small discrepancy that
might exist between theoretical and experimental
values of the particular band gap at 0' tempera-
ture.

TABLE I. Lattice constants~ (A}.

7 ('K)

GaAs
GaSb
InP
InSb
InAs

5.64
6.12
5.86
6.48
6.04

50

5.6399
6.1198
5.8596
6.4797
6.0398

100

5.6402
6.1202
5.8601
6.4801
6.0397

150

5.6410
6.1214
5.8610
6.4812
6.0401

200

5.6423
6.1230
5.8624
6.4826
6.0409

250

5. 6438
6.1249
5.8638
6.4842
6.0420

300

5.6453
6.1268
5.8653
6.4858
6.0432

T ('K) 0 100 200 300 400
GaP " 5.44 5. 4401 5.4422 5.4460 5.4487

500 600 700 900
5.4514 5.4547 5.4580 5.4650

All data except GaP are obtained from A. Novikova [in Semiconductors and Semimetals, edited by H.. K. Willardson
and A. C. Beer (Academic, New York, 1966), Chap. 2].

"Data of GaAs taken as an approximation.
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TABLE II. Mean square atomic displacements (in 10 ' cm ).

GaAs

InP

InAs

InSb

Ga
Sb

In
As

In
Sb

10

0.0044
0.0043

0.0048
0.0038

0.0040
0.0067

0.0041
0.0048

0.0043
0.0042

50

0.0050
0.0049

0.0057
0.0048

0.0048
0.0074

0.0053
0.0059

0.0060
0.0059

100

0.0066
0.0065

0.0080
0.0073

0.0072
0.0093

0.0081
0.0086

0.0096
0.0095

150

0.0088
0.0087

0.0108
0.0103

0.0101
0.0117

0.0114
0.0117

0.0136
0.0136

200

0.0111
0.0110

0.0137
0.0133

0.0130
0.0143

0.0148
0.0151

0.0177
0.0177

250

0.0135
0.0134

0.0168
0.0164

0.0160
0.0171

0.0182
0.0185

0.0219
0.0219

300

0.0159
0.0159

0.0199
0.0196

0.0191
0.0200

0.0218
0.0219

0.0261
0.0261

Ga
P

20010010 500300 400

0.0043 0.0060 0.0097 0.0139 0.0182 0.0226
0.0060 0.0074 0.0107 0.0146 0.0188 0.0230

600

0.0270
0.0273

700 800

0.0314 0.0358
0.0316 0.0359

900

0.0602
0.0402

III. RESULTS AND DISCUSSION

A. Fundamental Band Gap

1. GaAs

In some early work on absorption measurements,
Oswald" reported the fundamental gap for this crys-
tal as l. 53 eV at 5 'K and l. 38 eV at 300 K, i. e. ,
a change of 0. 15 eV. Sturge'8 later, also by ab-
sorption measurements, reported the fundamental

gap to be l. 52 eV at 5 K and 1.43 eV at 300 'K.
Hecently, Shay and co-workers, ' based on photo-
reflectance data obtained from an ultrapure epi-
taxial layer of GaAs, deduced the gap to be 1.52
eV at 0 'K, 1.43 eV at 300 'K, in good agreement
with Sturge's results. The first theoretical cal-
culation with spin-orbit interaction was done by
Walter et al'. ' in which they used, as an approxi-
mation, the phonon spectrum of Ge to calculate
the Debye-Wailer factors of Ga and As, hence as-
suming the Debye-Wailer factors of the constituent
atoms to be identical. The results of their calcu-
lation are E~ = l. 52 eV at 5 'K and 1.36 eV at
300'K, a change of 0. 16 eV, which is in good
agreement with OswaM's results, but they are 0.07
and 0.06 eV larger, respectively, than those re-
ported by Sturge and Shay. Shay, r epeating the
calculation using the same Debye-Wailer factors,
argued, however, that the discrepancy may re-
sult from the arbitrary truncation of the pseudo-
potential form factors. The result of the present
calculation is given along with the available ex-
perimental data in Fig. 1. In the present work,
the Debye-Wailer factors given in Table I have
been used. The mean-square displ. acements of
Ga and As are essentially identical, justifying
Walter's assumption. Our values, however, dif-
fer substantially from theirs. Using the form

0 IOO 200 300

-0.04

0)

~ -Q08
4J

-O. I 2

-0, l6

FIG. 1. Change of the direct gap (I"~5 „—I'~ ~) of GaAs
as a function of temperature. Solid lines: theoretical
calculations; dots: present calculation; pluses: calcu-
lations from Ref. 5; dashed lines: approximate curves to
experimental. data; triangles: Ref. 17; open circles:
Ref. 18; crosses: Ref. 19.

factors given by Walter and Cohen, '4 a change of
0. 136 eV from 7=0 to 300'K was predicted. Al-
though this is still appreciably higher than the ex-
perimental result of Sturge and Shay, it is, how-
ever, an improvement. The disagreement between
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0
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&I
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Ga P

-0.3—

FIG. 2. Change of the direct gap (I'f5,—I'f,) of GaP
as a function of temperature. Solid line: present calcu-
lation; dashed line: approximate curve to experimental
data from Ref. 22.

which compares fairly well with the experimental
value of —6. 5x 10 eV/'Kfound by Subashiev
et al. As for the indirect gap, the calculated tem-
perature coefficient of the present work is —4. 25
x 10~ eV/'K, which is in good agreement with the
value of —4. 67x 10 4 eV/'K determined from the
experimental data of Lorenz et a/. There are
apparent discrepancies between our calculated
values of the coefficients and those given by Liang
et a/. However, it is to be noted that they do not
refer to the same temperature range. In the pres-
ent work, the predicted variations of the energy
gaps are not linear until T& 200 'K due to the fact
that the Debye-Wailer factors are not linear at
lower temperatures. However, if a straight line
is drawn from energy-gap shifts at 80 K to their
values at 300 K, the calculated coefficients are
—4. 3x 10 4 and —2. 75x 10 4 eV/'K, respectively,
for the direct and indirect gaps, which are in good
agreement with those reported by Liang et al. In
Liang's work the mean-square displacement of the
Ga atom is greater than that of the P atom. The
converse is true in the present work, but this ap-
parently has little effect on the resulting tempera-
ture coefficients.

theory and experiment might be due to the arbi-
trary truncation of the form factors or the values
of the Debye-Wailer factors used.

2. GaP
0 300 600 900

The minimum gap in GaP corresponds to the
indirect transition from I'» „-Xf,. Early experi-
ments ' reported a gap of 2.4 eV at 0 K and 2. 25
eV at 300 'K. Recently, experimental data on the
energy gap over an extended temperature range
have become available. Absorption measurements
by Subashiev and Chalikyan~~ showed that the gap is
2. 31 eV at 0 'K and 2. 2 eV at 700 'K. Lorenz
et al. , 3 determining the indirect gap for T & 400 K,
from an absorption line due to the creation of ex-
citons at isolated nitrogen atoms substituted on P
sites, and T &400'K from intrinsic absorption data,
reported a gap of 2. 338 eV at 0 'K and 1.975 eV
at 900 'K. The first attempt at the theoretical
calculation of the temperature dependence of the
energy gaps of this crystal was performed by
Liang et al. 6 They used experimentally determined
mean-square displacements and found the tempera-
ture coefficients of the direct and the indirect gaps
to be —3. 8 x 10~ and —2. 8 x 10 4 eV/'K, respec-
tively, in the temperature range 80-300'K. The
results of the present calculation are presented
in Figs. 2 and 3.

Assuming a linear variation for the energy gaps
above 200 'K, our calculated temperature coef-
ficient of the direct gap is —4. 5x 10-4 eV/'K,

-0 )

Cl

a -0.2
LJ

»0 $

FIG. 3. Change of the indirect gap (I'f5 Xf g) of
GaP as a function of temperature. Solid line: present
calculation; dashed lines: approximate curves to experi-
mental data; crosses: Ref. 23; open circles: Ref. 22.
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0
0

-0,04

"0.08

JOO 200 300
sorption data, determined the temperature coef-
ficient to be —2. 55&& 10-' eV/'K. The result of
the present calculation is presented and compared
with experimental data in Fig. 5. The present
calculated value of —3.47&& 10 ' eV/'K is in excel-
lent agreement with the result given by Oswald.

In the case of InSb, early experimental data
from absorption measurenents by Roberts et al. ~4

gave a temperature coefficient of the fundamental
energy gap of —2. 9&& 10 ' eV/'K. The result of
the present work, which is presented in Fig. 6,
yields a temperature coefficient of —3. 5X 10 '
eV j'K in reasonable agreement with the experi-
mental value.

For Inp, early experiments~' gave

E, = (1.41 —4. 7 && 10 ' T) e V .
-Q. I 2—

FIG. 4. Change of the direct gap (I'» „-1, ,) of GaSb
as a function of temperature. Solid line: present calcu-
lation; dashed line: approximate curve to experimental
data from Ref. 24.

3. GaSb

By extrapolating to zero the steepest parts of
(Khv)'~ curves at various temperatures, where
K is the absorption constant and hv is the photon
energy, Roberts and Quarringtona4 determined very
accurately the fundamental gap at five tempera-
tures ranging from 20 to 289'K. The present cal-
culations are compared with this experimental data
in Fig. 4. The agreement with the experimental
data of Roberts and Quarrington is excellent
throughout the whole temperature range. The tem-
perature coefficient as calculated from their ex-
perimental data, assuming a linear variation from
100 to 300 'K, is —3. 6 && 10-4 eV/'K in good agree-
ment with the present calculated value of —4. 0

&& 10 eV/'K, also assuming a, linear variation in
the same temperature range.

4. InAs, InSb, InP

The empirical pseudopotential energy-band cal-
culation for these crystals was performed by
Cohen et al. 3 A similar calculation has also been
done~' for InSb. However, owing to the lack of
significantly new experimental data, no refined
calculations by the sante method are available.
The pseudopotential form factors used in the pres-
ent work are those given by Cohen et al. "'

For InAs, Oswald" reported a temperature coef-
ficient of the fundamental gap of —3. 5x 10 eVj'K,
which was deduced from absorption measurements.
Pidgeon et al. ~6 recently, based on magnetoab-

Recently, experiments on optical absorption and
electroreflectance on this crystal~7 suggest that
the approximate fundamental energy gap is, re-
spectively, 1.43, 1.41, and 1.35 eV at 0, 77,
and 300 K. The temperature coefficient of the
energy gap calculated from these data is —2. 8
x 10 4 eV/'K. The result of the present calcula-
tion is given in Fig. 7 from which a temperature
coefficient of —4. 0&& 10 4 eV/'K is obtained.

8. E& and E& Reflectivity Peaks

The temperature coefficients of the E, and E3
ref lectivity peaks of the six III-V compounds were
also calculated. In the single group notation, the
E, peak corresponds to the combined effect of the

0
0

IOO 200

-0.04

-OA)8

ln As

-O.I2—

FIG. 5. Change of the direct gap (I'qq „-I't g of InAs
as a function of temperature. Solid line: present calcu-
lation; dashed lines: approximate curves to experimental
data; crosses: Ref. 17; open circles: Ref. 26.
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0' 100 200 300 0' I00 200 300
l

-0.O4- "0.04

-0.08— "0.08

In Sb

-O.l2— -O.I2—

FIG. 6. Change of the direct gap (I'f5 y I'f g) of InSb
as a function of temperature. Solid line: present calcu-
lation; dashed line: approximate curve to experimental
data from Ref. 24.

FIG. 7. Change of the direct gap (I"&& „-I'&, ) of InP
as a function of temperature. Solid line: present calcu-
lation; dashed line: approximate curve to experimental
data. from Ref. 27.

Ls „-L&„transition and the saddle point As v-A, c
transition somewhere along the [111]direction.
The Ez peak, which is the strongest of the reflecti-
vity peaks, is thought to arise mainly from the
X, „-X,, transition and the Z~ „-Z,„transition
along the [110]direction. In the presence of spin-
orbit interaction, the E, peak splits into two com-
ponents E, and Eg++y which are the well-known
doublet peaks in the ref lectivity spectra of zinc-

blend-type crystals. Since the spin-orbit inter-
action is not included in the present work, it is
not possible to predict the temperature depen-
dence of the doublet peaks separately. In Table
III, the temperature coefficients of the E& and E~
peaks from the present calculation are listed along
with some experimental data. All the calculated
values, except those of GaP, are obtained assum-

TABLE III. Temperature coefficients of the E~ and E2 peaks (in 10 eV/'K).

Materials

InP

InAs

InSb

dE)
dT

Calc.

3.6
3.6
3 ~ 4

(
sz, )"'
Expt.

4.2+ 0.50", 4.6+ 0.3~

4.0+ 0.4'; 4.2+ 0.6~

4.2+ 0;6"

4.0 + 0.2C

d(E, +~,) "
dT

Expt.

3.6 ~ 0.5'

3.6+ 0.2c

dE2
dT

Calc.

3.7

3.2

3.1
3.0

dE2
dT

Expt.

3 6
3.3'

6.P

5.6

2.5 + 0.6~2.8GaP ~ ~ ~ 2. 5

~M. Cardona, J. Appl. Phys. 325, 2151 (1962).
"M. Cardona and G. Harbeke, J. Appl. Phys. 34, 813 (1963).
'Absorption data.
Ref lectivity data.
'R. R. L. Zucca and Y. R. Shen (unpublished); values were measured at 5'K.
A. G. Thompson, J. C. Woolley, and M. Rubenstein, Can. J. Phys. 44, 2927 (1966).

~F. Iukes and E. Schmidt, Proceedings of the International Conference of the Physics of Semiconductors, &962
(The Institute of Physics and the Physical Society, London, 1962), p. 389.
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ing a linear variation of the energy gaps for T
& 100 'K. For GaP, a linear variation for T & 200 K
is assumed. We also take the transitions L~ „
—L, , and X, „-X&,as corresponding to the E& and

E~, peaks respectively. Values calculated for con-
tending critical points give essentially the same re-
sults. As can be seen in Table III, the agr cement is
quite good for the E, peaks and reasonable for the
Ez peak. The calculated temperature coefficients
are approximately equal to the average value of
those corresponding to the two spin-orbit-split
components. It is to be noted also that for the III-
V compounds the difference of the temperature coef-
ficients between the two components is small.

IV. CONCLUSIONS

Given a set of pseudopotentia1, form factors for
the zero-temperature band structure and reliable
Debye-Wailer factors, the Brooks-Yu theory seems
adequate to predict the temperature dependence of
the energy gaps of most III-V semiconductors.
Agreement of calculated values are within 30%
of the experimentally determined values. It is also
concluded that the agreement between theory and
experiment is about as good in many cases as the
agreements between different experimental results.

In most cases, where discrepancy between theory
and experiment exists, it is of the order of a few
hundredths of an electron volt. It is reasonable to
expect that it can be corrected by better zero-
temperature pseudopotential form factors as well
as more accurate Debye-%aller factors. For
finite-temperature energy-band calculations, in
addition to the zero-temperature form factors,
V~ ( ) G (

~ = 4) and V„(( 6 I
2 = 8) are also needed be-

cause the thermal motions of the two constituent
atoms are, in general, different. It is a common
practice to obtain these two "missing" components
by numerical interpolations. " However, at least
in the case where thermal vibrations of the two
constituent atoms are sufficiently different, e. g. ,
GaP and InP, ' it might be possible to use the two
idle form factors as adjusting parameters to fix
the discrepancy between the theoretical and ex-
perimental temperature dependence of the energy
gap and leave the zero-temperature pseudopotential
form factors intact if they already give an accurate
zero-temperature band structure. Finally the
omission of spin-orbit interaction in the present
calculations does not seem to be a serious short-
coming so far as the temperature effect is con-
cerned.
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