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A systematic investigation of certain electronic properties of the rare-earth metals is re-
ported. Calculations are performed within the framework of the renormalized-atom method
in which Hartree-Fock free-atom solutions, with electronic configurations appropriate to the

metal, are initially computed; the wave functions are then renormalized to the Wigner-Seitz
sphere and used to construct l-dependent Hartree-Fock —Wigner-Seitz crystal potentials. The
following results are obtained: (i) Recent spectral information together with the free-atom
solutions permits us to estimate the change in neutral-atom correlation energy associated with

changing the 4f electron count; contrary to expectation, we find that correlation effects
are more significant in a configuration with one fewer 4f and one more 5d electron. (ii) Band
extrema and Fermi levels are placed. (iii) The positions of occupied and unoccupied 4f levels
are estimated in both a one-electron approach and a multielectron method taking screening
and relaxation effects into account in a definite way. The one-electron approximation for the

4f levels fails badly in reproducing the results of recent photoemission experiments, while
the multielectron calculations are in surprisingly good accord with experiment. The effective
Coulomb-interaction energy between two 4f electrons at the same site, the familiar U, is re-
duced from the single-particle value of approximately 27 eV to about 7 eV with the inclusion
of multielectron effects. (iv) Hartree-Fock values for the 4s- and 5s-shell exchange splittings
are compared with soft-x-ray photoemission studies of the rare-earth Quorides and oxides;
the calculated 4s splittings are roughly twice as large as experiment while, unexpectedly, the
5s results are in almost precise agreement.

I. INTRODUCTION

A. Preliminary Considerations

Rare-earth elements, characterized by open 4f
shells which give rise to a variety of interesting
electronic and magnetic properties, have received
increasing attention over the past few years. Sig-
nificant free-atom spectral information has been
obtained quite recently, and much work has been
done to elucidate metallic properties. Band struc-
tures have been calculated for several of the me-
tals, but the position of the 4f levels has remained
an exacerbating problem. This paper describes
calculations employing a different method for po-
tential construction and represents an attempt to
theoretically relate 4f-level, d-band, and conduc-
tion-band behavior for all the rare-earth metals
with the exception of Pm and Lu.

Specifically we are concerned with the difference
between the Fermi energy e~ and an occupied 4f
level; we denote this quantity by n. (4f"-4f" ').
Similarly, 6,(4f"-4f"' ) represents the position

of an unoccupied 4f level relative to e~. Put an-
other way, b, (4f"-4f" ') is the energy needed to
excite an f level into the conduction band, while
b.,(4f"-4f"'

) is the cost necessary to convert a
conduction electron into a localized 4f at a metallic
site already having n 4f electrons present. We

observe that the sum

U= b, (4f" 4f" )+&,(4f"-4f"' )

is the energy difference between the unoccupied
and occupied 4f levels. U is encountered in An-
derson's theory of local-moment formation and in
first approximation is given by the Coulomb repul-
sion energy of two 4f electrons at the same site.

& (4f"-4f" ') might nominally be identified with

e~ —c«, the one-electron energy of a 4f electron
in the solid relative to the Fermi level. It is im-
portant to recall, however, that the 4f's are indeed
localized so that the 4f excitations are single-site
processes. We can expect that addition or re-
moval of an f electron may cause significant re-
laxation of the 4f shell and its neighboring core
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shells, and that screening by the conduction elec-
trons must also be considered. From Herring's
discussion of the Hubbard model for transition
metals we know that these processes can lead to
as much as an order of magnitude reduction of the
effective interaction, which is analogous to the
quantity U considered here.

Recent photoemission experiments have mea-
sured a (4f"-4f" ) for several of the rare earths,
and we will find that the quantity &~ —&«, the one-
electron approximation for the 4f excitation,
grossly overestimates experiment, The method
we have used to describe the modification of 6,
and 6 (and hence U) by screening and relaxation
effects is outlined in Sec. I 8; these multielectron
estimates are in good numerical agreement with
the existing experimental results.

B. Scheme

Inclusion of multieleetron effects in the calcula-
tion of 4, (i.e. , &. or & ) necessitates computation
of total energy differences between various config-
urations, a numerical problem somewhat more
complicated than the calculation of one-electron
eigenvalues. Our aim has been to construct a
scheme which is first of all computationally viable,
but which simultaneously retains at least some de-
gree of physical realism. The method adopted is
outlined below.

(i) Exploiting the single-site nature of the f ex-
citations, we describe a rare-earth metal as a
periodic array of atomic cells, each of which con-
sequently must be electrically neutral. The re-
normalized-atom method of Watson, Ehrenreich,
and Hodges' provides a convenient framework for
such a description. The Hartree-Fock problem for
the free atom is first solved, assuming the elec-
tronic configuration 4f" 5d" Gs appropriate to the
metal (m is the valence). The free atoms are pre-
pared for packing in the Wigner-Seitz (WS) cell of
the solid by truncating their wave functions at the
WS radius z„~ and renormalizing them to the WS
sphere; l-dependent potentials are then derived
from these renormalized wave functions. Both
free- and renormalized-atom total energies are
calculated in order to find the change in total en-
ergy on passing from the free to renormalized
atom. Since differences in energies are sought,
we attempt to employ approximations for which er-
rors in the total energy computed for the 4f" con-
figuration will be compensated by corresponding
errors in the treatment of the 4f"' case.

(ii) We take advantage of free-atom spectral
data to correct our Hartree-Pock estimates of &,
for the change in correlation energy, g, or $, as-
sociated with the alteration of free-atom f count.
If $, is primarily associated with the localized f

electrons, its value should be appropriate to that
in the metallic state. Unfortunately, the 5d elec-
trons, whose wave functions change drastically in
going to the solid, also significantly influence it.
%e will compare differences in free-atom correla-
tion energies obtained for the rare earths with
analogous qviantities calculated for the iron series.
Quite different behavior will be observed.

(iii) The renormalized-atom wave functions are
used to generate l-dependent potentials of the Har-
tree-Pock-Wigner-Seitz ' variety from which 4f,
5d, and 6s bands are deduced. This approach to
potential construction allows explicit treatment of
exchange effects without invoking the p approxi-
mation arrd includes correlation effects to the ex-
tent that an electron samples a full exehange-cor-
relation or seU-Coulomb hole centered at the cell
in question. Use of this kind of potential is ques-
tionable for the 6s "conduction" bands because of
the delocalized character of the 6s electrons in the
solid, but it can be argued that it is at least as
suitable as the standard local-density constructs
for the 5d bands. In view of the local atomic na-
ture of the 4f electrons, however, it is vital that
this type of potential be employed when attempting
to place the 4f levels. Band results will be re-
ported for all the rare earths but promethium,
which is radioactive, and lutetium, whose 4f shell
is full.

(iv) Relaxation of the 4f shell and the 5s, Gp, Gd,
anal 6s shells outside it as a result of changing the
number of 4f electrons by one is straightforwardly
accounted for in our scheme by repeating the free-
@tom and renormalization calculations for the
4f"' Gd'" " Gs configurations. The associated
ion potentials might then be used in a Friedel-type
theory to calculate the screening of this apparent
impurity by the conduction electrons in the metal.
Since these materials exhibit a high d-band and
virtually no s-band density of states in the vicinity
of &~, this involves screening by d electrons. We
require, however, not some simple measure of
the screening but the energy associated with it.
This presents a formidable theoretical problem
with which we are not prepared to deal directly.
Instead we assume that the charge neutrality of the
WS cell is preserved upon alteration of the 4f
count. The remainder of the lattice is taken to be
fixed and 6, can be identified with the change in
total energy at the single site. Assuming that d
screening dominates, we have chosen to describe
the excited cell with a band structure appropriate
to the 4f"' 5d'" " Gs' configurations. This
scheme provides a well-defined method for treat-
ing the relaxation of the 4f, 5s, and 5p shells but
offers a less precise measure of the 5d- and 6s-
band electron contributions to the energy shifts.
Qur extirpate for 4+ becomes



SINGLE -E LECTRON ENERGIES, MANY -E LECTRON E F FECTS. . .

b~ —-$~+68+6 [f tN(e) de -Z) t)] .
(1 2)

Here $, is the correlation-energy change described
previously; 58 is the difference. in renormalized-
atom total energies of the initial 4f" 5d 'Gs and
final 4f""5d'" ""Gs' configurations:

Gg = g(4f ~' Gd'~ '"Gs ) —g(4f~5d~ Gs )

(1.3)
where

8 =Z, a, -(double-counted two-electron terms);
(1 4)

the c, are the renormalized one-electron energies.
The index i in Eq. (1.2) ranges only over the re-
normalized 5d and 6s states, and the term in brack-
ets represents the change in energy resulting
from replacement of the renormalized 5d and 6s
one-electron terms by band energies appropriate
to the solid. This implicitly assumes that the two-
electron terms of Eq. (1.4), calculated for the re-
normalized atom, are identical to those in the
metal. Retaining the two-electron terms as far as
the renormalized-atom stage of our calculation
is the limit of practicable computation. Barring
some self-consistent scheme of band-potential
construction it is rather difficult to provide a more
satisfactory treatment of these terms. Use of the
renormalized-atom estimates for the solid may
introduce an error as great as 1 eV/atom in the
energy of a given configuration. 4„however, is
given by the difference between two such energies,
and the resultant error is small, we believe, in
comparison to those introduced by the other ap-
proximations. The primary uncertainty resides
in attributing charge neutrality and a band struc-
ture to the single excited cell as described above.
It is certainly justifiable as a practical computa-
tional scheme, and it provides at least some mea-
sure of the way in which screening and relaxation
affect 4, . We will find that the & estimated in
this way are in rather startling accord with the
existing experimental data.

These matters are taken up in the following sec-
tions. Free-atom solutions and correlation en-
ergies are discussed in Sec. II, while Sec. III de-
scribes the renormalization procedure. Band
results are given in Sec. IV, and Sec. V compares
our estimates of ~„with experiment. Recently ex-
change splittings of the 4s and 5s shells have been
observed in rare-earth trifluorides and trioxides
by means of soft-x-ray photoemission. These data
will be compared with Hartree-Fock estimates in
the Appendix.

II. FREE ATOMS

This section deals with the free-atom solutions
which form the initial phase of our calculations.

Apart from the rare earths's open 4f shell, the
rare earths and the transition metals exhibit a
similar electronic structure. The characteristic
configuration for the transition-metal conduction
band is normally assumed to be Sd" '48', and the
corresponding lanthanide configuration is here
taken to be 5d 6s', where, for neutral atoms, m
defines the valence associated with the 4f and

closed-shell "core" inside. We determine free-
atom eigenvalues and eigenfunctions of the
4f"5d" 'Gs' configurations of differing f-electron
count (n), with a compensating change in conduc-
tion-electron count (m) to preserve charge neu-
trality, as a starting point for estimating 4f ex-
citation energies in the solid. In the spirit of the
normal paramagnetic-band description applied to
most metals we treat the 5d and 68 shells within
the average of configuration approximation'8 but,
unlike the normal treatment, we require that the
4f electrons be in the Hund's-rule ground-LS con-
figuration in which they are found in the free atom
and, in first approximation, in the metal.

Self-consistent Hartree-Fock results are obtain-
ed as follows for the 4f shell, the closed Gs and Gp

shells, and the open 5d and 6s shells which generate
the conduction band in the solid. The direct and
exchange potential from a fixed ion core is first
constructed from the nine closed shells lying in-
side the 4f shell, using the self-consistent 2+ and
3+ ion wave functions calculated by Freeman and
Watson. 'o A numerical Hartree-Fock calculation
is then carried out for the five outer electron shells
subject to this fixed-core potential. This yields
self-consistent one-electron eigenvalues and wave
functions for the outer electrons.

We are interested both in one-electron energies
and in the total energy difference between config-
urations differing in 4f electron count. Given a
frozen inner core common to the two configura-
tions, the change in total energy is

k~5
outermost shells

(2 1)

where the &,. are the calculated one-electron eigen-
values, U,&

is the direct Coulomb integral, and J,&
is

the exchange term; as discussed in the context of
Eq. (1.4), these two-electron matrix elements must
be subtracted to avoid double counting. (Note that
the large parentheses contain only those contribu-
tions which change with changing configuration. )
Use of the initial-state core for both configurations
should place the final-state energy too high, and
vice versa. Errors in doing this are compensated
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FIG. 1. Calculated and experimental estimates of the
splitting between free rare-earth atom 4f" Gd

' 6s con-
figurations of differing 4f count. Hartree-rock results
are shown for (m=2)=(m=3) and (m=3)=(m=4). The
5d and 6s shells are treated in the average-of-configura-
tion (a-of-c) scheme, and the 4f shell is in the Hund's-
rule ground JI.S state. Experimental results for (m =2)
=(rn = 3) have been corrected to the a-of-c scheme for the
Gd and 6s shells by the use of Slater-Condon theory and
Slater integrals calculated with the Hartree-rock wave
functions. The experimental results plotted for Nd, Sm,
and Gd are based on reliable data for both the d s and d s
configurations, while those for Ce, Pr, and Eu are based
on apparently trustworthy extrapolation as well as reli-
able data. The results for Tm and Yb employ reliable
data for the ds configuration and doubtful data for the
d s. The Tb, Dy, Ho, and Er points rely on interpola-
tion between the Gd and Tm, Yb results for the d2 s con-
figuration and are thus the least reliable . See Ref. 11
for the sources of experimental data.

by the fact that the core contributions do not have
to be accounted for in the total energy expressions.
This leads to increased computational accuracy.

The calculated curves of Fig. 1 summarize the
results of this procedure. For the (m =- 2) - (m = 3)
transition [the solid E(ds) —E(d s) curve in the fig-
ure] examples are given in special cases for which
both initial- and final-state common cores have been
used. As emphasized above, the exact result must
lie between these two approximations. Satisfyingly,
the two points are separated by less than 0. 05 Ry.
Assuming a similar spread for the (m= 3) (m=4)
transition, we place the exact Hartree-Fock result

ao t co

G (a, b)=—2e ., P,(r)P (r)P,(r')P, (r')
y0 ao

x r der dr (2. 3)

obtained from our calculated Hartree-Fock radial
eigenfunctions P(r).

This introduces two possible sources of error.
First, we have used unscreened E' and G' inte-
grals. By unscreened we mean those calculated,
as opposed to the 'Screened" values one would
obtain by fitting the observed spectra with Condon-
Slater -Racah multiplet-energy expressions having
E and 6 as adjustable parameters. From pre-
vious experience ' the screened Slater parameters
so obtained are of the order of three-fourths of the

=0.02 Hy above the 3+ common. -core points shown
in Fig. 1. Further refinement of these calcula-
tions and/or inclusion of relativistic effects are
inappropriate in view of the approximations made
when we consider the behavior of these levels on

inserting them into the metal. Note that the nega-
tive values given on the plot indicate the stability
of the m configuration relative to the rn+ 1. For
example, the calculations predict that, except for
Gd, the divalent (ra= 2) free-atom configuration is
stable relative to its trivalent (m = 3) counterpart.
As shown by the experimental plot in the figure,
this prediction is correct for all the atoms but Ce.

We would prefer to use experimental informa-
tion to describe the free-atom m no+ I transition,
employing calculations only to describe the effects
of passing from the free atom to the metal. This
would enable us to account for any contribution of
free-atom correlation energies, which by definition
are omitted from the Hartree-Fock estimates.
Unfortunately, spectral data for the rare earths
are incomplete and uncertain. The available in-
formation is collected on the experimental plot of
Fig. 1. Note that the pattern displayed is similar
to that calculated. As the symbols indicate, the
values are well determined for the first half of the
row. The uncertainty for the heavier elements is
due to poor determination of the f"d s (m= 3) level
relative to the ground state. The values shown in
Fig. 1 are established by using, where available,
the separation of the lowest energy levels of the
appropriate configurations. These ground LS
states are shifted to an average-of-configuration'
description for the 5d and 6s shel. ls, but not the
4f (which is in the ground JLS state), using Con-
don-Slater-Racah' theory and the unscreened Slater
integ rais

f'm

E'(a, b)= 2e ~ -~„P,(r)P~ (r )r dr r dr
o Jo

(2. 2)



SINGLE -E LECTHON ENERGIES, MANY-E LECTBGN E F FECTS. - .

Tl V Cr Mn Fe Co Nl Cu Zn
I I I I I I I I

sd"-' states4:

g
-=E" (3d") -E", , (3d"') . (2. 5)

3d METALS

+O.l—

RARE,
EARTHS

Ce Pr Nd Sm Eu Gd Tb Dy Ho Er Tm Yb

FIG. 2. Difference in correlation energy g, for the
4f~ 5d 6z 4f"5d 6s free-atom transition in the rare earths
and for the transition bebveen ground multiplets of the divalent
3d~' and trivalent 3d" configurations of the iron-series
elements.

unscreened integrals. If such screened param-
eters had been used here, the experimental curve
of Fig. 1 would shift upward by approximately 0. 01
Ry at each end (near Ce and Yb), the shift increas-
ing to about 0. 025 Ry around the center (near Gd).
Second, the energy of the lowest J level of a given
LS term is always taken when using the spectral
data, and spin-orbit effects involving the 4f, 5d,
and Gs shells contribute to the level position. To
investigate the impact of this unwanted contribu-
tion, the energy of the lowest state was compared
with the center of gravity of the set of J levels be-
longing to the LS multiplet in the few cases for
which sufficient data exist. With the possible ex-
ception of Eu the experimental points of Fig. 1
are affected by less than 0. 01 By in the cases
tested. This estimate averages out the spin-orbit
effects of the 4f shell as well, something we do not
necessarily desire, and thus overestimates the
error.

Figure 2 displays the correlation-energy dif-
ference g, assocated with the (m = 3) (m = 2) tran-
sition. $. is the difference between the observed
spectral energy shift and the calculated Hartree-
Fock energy shift for a transition. We define it
here as

&, = [E(d S) -E(ds)]„„—[E(d s) -E(ds)]„
= [E(d s)„&—E(d's) „F] —[E(ds).„,—E(ds),p]

==E, (f"d's)-E, , (f" ds) . (2. 4)

Since the Hartree-Fock calculation is a variational
estimate, the correlation energies E„„arealways
nonpositive, so that $.& 0 means that the correla
tion is greater in the f"d s configuration. Also
plotted in Fig. 2 is a similar quantity involving
the ionization energy necessary to raise the di-
valent I"transition-metal ions to their trivalent

(2. 4) the f electrons are in the ground mul-
tiplet for both the initial and final configurations,
and similarly for the d-electron configurations of
Eq. (2. 5). In the latter case, however, charge
neutrality has not been maintained. Both g, curves
are characterized by a jump at the point where the

f or d shell becomes over half-filled, i. e. , when

the ionized 3d or 4f electron is of minority spin.
Such an electron has no exchange terms and pre-
sumably suffers strong correlation effects with
the majority of the shell.

The transition metals exhibit the expected be-
havior in that the magnitude of the correlation en-
ergy is greater in the d"' than in the d" configura-
tion ($.&0). For the rare earths, on the other
hand, the negative $, plotted for all but Gd and Tb
indicate that correlation effects are stronger in
the state having one fewer 4f and one more 5d
electron. This is quite surprising. We have no
reason not to believe this to be a real trend and
not an artifact caused by computational errors or
by the experimental data as used.

We also require the quantity

( =E,. (f"d s)-E„„(f'-'d's) (2. 5)

associated with the (m. =- 3)- (m =4) transition.
Lacking any experimental data whatsover we make
the drastic assumption that the g, can be used for
this purpose, " that is, we assume

(2. 7)

This $ is then used to determine the "experimen-
tal" values for the (m = 3)- (m =4) transition plotted
in Fig. 3. These experimental values will be used
in subsequent sections. This assumption of com-
mon correlation effects is obviously poor, but suf-
fices for our purposes.

III. RENORMAI. IZATIQN

In this section we pass from the free-atom re-
sults to the description of an "atom" characteristic
of the metal; this is accomplished by means of the
renormalized-atom method. Wave functions in
this description are obtained by truncating the
free-atom radial wave functions at r„s and multi-
plying by constants chosen to renormalize them to
the WS sphere. Values of z„s computed from the
lattice constants are given in TaMe I. We see that
the trivalent elements display the famous lantha-
nide contraction, x~8 decreasing with increasing
atomic number. Construction of the Hartree-Pock
potentials proceeds exactly as in the free-atom
case but employs the renormalized wave functions:
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Element 4f electrons Crystal structure

1 fcc
2 dhcp
3 dhcp

omitted
rhomb
bcc
hcp
hcp
hcp
hcp
hcp
hcp
fCC

5
7
7
8

10
11
12
14

+ws ~a'u

3.81
3.82
3.80

3.76
4.26
3.76
3.71
3.70
3.68
3.67
3.65
4.03

TABLE I. Crystal structure and Wigner-Seitz radii
of the rare-earth metals.
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FIG. 3. Free-trivalent-atom splittings between the
4f"5d 6g and 4f""~5d36g configurations. The solid curve
represents Haitree-Fock estimates, while the dashed
curve is generated by correcting Hartree-Fock theory
for correlation effects by assuming the divalent atom
(4f~' 5d 6s -4f"5d 6s) correlation contributions obtain-
able from Fig. l.

WS Nyhere

—225(m„, m„) —,

WS Iyhere

in thj, s expression p, (r) is a renormalized elec-
tron wave function, and the sums extend over all
occupied states. When required, renormalized
electron energies are simply evaluated'~ as

+ ~&I 4't)

mation for the trivalent and divalent elements ac-
cording to valence-electron configuration. It can
be seen that the effect of renormalization becomes
less severe as the number of f electrons is de-
creased. This is simply because the shielding of
the nuclear potential by the f's becomes less ef-
fective as their number decreases so that the outer
electrons are more strongly bound; as a result,
more of their free-atom charge resides within

Divalent Eu and Yb have the largest ion cores
and WS radii, and we see that their charge shifts
are somewhat smaller than those in the corre-
sponding trivalent-element configurations.

Figure 4 displays the free and renormalized 4f
one-electron energies. &4&, the renormalized
value, is shifted upward relative to the free-atom
result by approximately 0. 5 Ry. The magnitude
of this shift depends largely on the size of rws,
Eu and Yb, with significantly greater values of
r„s, exhibit smaller increases of 0. 3-0.4 Ry.
The binding increases from cerium to gadolinium
and stabilizes thereafter in the row (except for
obvious deviations at the divalent elements). Be-
havior of this kind has also been observed for the
d electrons of the transition metals.

Use of the renormalized-atom potential causes
the &4& points of Fig. 4 to lie somewhat higher than
a self-consistent band-potential scheme would pre-

Only the 5d and 6s wave functions experience any
significant renormalization. As much as 80/p of
the 6s charge and 40% oi the 5d charge is brought
inside rws, while the corresponding amount is no
more than 1% for the 5p and 0. 4/p for the 4f and 5s
shells. Core-electron wave functions are negli-
gible in the neighborhood of r„s and consequently
remain unchanged during the renormalization pro-
cess. Table II summarizes charge-transfer infor-

Trivalent
elements

Configuration

fn+fd ~

fnd2

fn id2

0-0.4
0-0.1
0-0.1

0-0.2 0.4-1.2
0-0.2 0.3—0.8
0-0.1 0.2-0.6

30-40 70-80
20 70-80
15 65-75

Divalent f"d s
elements f~'d g

(Eu and Yb)

0.0
0.0

0.0
0.0

0.1-0.2
0.1

25-35 60-65
15 55-60

TABLE II. Percentage of charge transferred inside
~ws on renormalization of free-atom wave functions.



SINGLE -E LECTRON ENERGIES) MANY-ELECTRON EFFECTS. . .

05 t» i ( i i i } t I

HARTREE —FOCK ESTIMATES OF g~)
~ + FREE ATOM

~ RENORMALIZED ATOM

—IO-

~ 0 ~ ~ ~

0 I I l I

y-Ce Pr Nd

+ + +
I 1 l I I I I I l

Sm Eu Gd Tb Dy Ho Er Tm Yb

FIG. 4. Free- and renormalized-atom estimates of

q4& for the rare earths. The configuration is the triva-
lent 4f" 5d2 6s except for Eu and Yb, which are in the
divalent 4f~' Gd 6s.

dict. This is because the 5d wave function at the
bottom of the band is less diffuse in the renor-
malized picture, which makes the potential more
repulsive and raises the one-electron energies
with respect to the vacuum level. What ultimately
interests us, however, is not the position of &4f

relative to vacuum but with respect to the d bands
and the Fermi level in them. We anticipate that

64f may still lie slightly high; that is, &p 64f may
be lower than a self-consistent procedure would
indicate.

Although the 4f one-electron energy shifts are
sizable, they will result in estimates of h (4f"-
4f" ') in Sec. V which are not in satisfactory
agreement with the present experimental findings.
This is presumably because &4& is the excitation
energy of a 4f electron without allowing for the re-
laxation of the remaining states to the final con-
figuration.

We turn therefore to estimating total energy
differences for various excitations. Since only the
outermost wave functions are altered, we may
write the total energy E„t as

@tot +const (3 3)

h= Zeq —2 Z [Uq, —5(m qt, m ~)Zq~ j . (3.4)

This term appeared inside the large parentheses of
of Eq. (2. 1). It is easy to demonstrate that this
can be rewritten

where the constant denotes those terms arising
from the kinetic and nuclear potential energy of
and the eLectron-electron terms among the 1s 2s"
~ ~ ~ 4p 4d inner-core states. Since these states
remain fixed in the computations, these terms
make no contribution to the a, of Eq. (1.2). 8 is
that part of the energy which is affected by changes
in the outer wave functions and is given by

[& +(4'
(

—~ + I'
) 4&)1

f Xfy ~ ~ ~ f6/
(3. 5)

where V„„is the core potential acting on the elec-
tron in state i and arising from the nucleus and
inner-core electrons; this form facilitates com-
putation of 8.

The total energy change g due to renormalization
is given by

gx en g fx'ee

where 8"' is expression (3. 5) evaluated~3 with the
renormalized wave functions and 8""that with

the corresponding free-atom states. Results are
obtained for m = 2, 3, 4 for the trivalent elements
and m = 2, 3 for divalent Eu and Yb. g can be as
large as 0. 2 Ry but differences of the sort q(m)
—g(m + 1) are of interest in eva, luating 4„and
these differences are never larger than about 0. 02
By, hence insignificant. 8'" does not offer an
adequate description of a ceQ in the Inetal because
band effects have not yet been taken into considera-
tion. To this point we have correctly accounted
for changes in the two-electron energy terms en-
countered in Eqs. (1.4) and (3.4).

IV. BAND-STRUCTURE CONSIDERATIONS AND

RESULTS 6 AND U

To describe a cell in the metal we extend the
renormalized-atom results of Sec. III by taking
band structure into account. Determining band
features for both the initial and excited cells en-
ables us to estimate ~, and U through Eqs. (1. 1)
and (1.2) and to contrast these values with their
one-electron analogs. Our final estimates of
n, (4f"-4f" ) will be compared with experiment
in Sec. 7.

A. Placement of Bands

Information regarding rare-earth band struc-
ture is itself interesting and useful, in addition
to its specific need here in estimating band contri-
butions to 4„given the renormalized-atom start-
ing point. The renormalized-atom potential of ap-
propriate l is used in the radial Schrodinger equa-
tion which is solved for different choices of the
energy &. We use the WS conditions at r„s to es-
tablish 4f, 5d, and Gs band extrema. The bottom
of a band is specified by that energy for which the
wave function has zero derivative at r„s, and the
value of & for which the wave function is noded at
r+s determines the top of a band. These criteria
were found to accurately place band extrema in
the 3d and 4d metals. '

Fermi levels are estimated with the aid of exist-
ing band-structure computations having density-of-
states curves amenable to accurate graphical in-
tegration [we need to evaluate the first term in
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brackets in Eq. (l. 2)]. With this in mind we have
chosen to use augmented-plane-wave (APW) results
of Freeman' for bcc europium, the relativistic
calculations of Jackson" for hcp terbium in the
case of the hcp metals, and the gold relativistic-
APW (RAPW) calculations by Christensen 6 for
fcc Ce and Yb. The Fermi level is placed by as-
suming its position relative to our d-band extrema
is the same as in the full band-structure calcula-
tion; that is, we write

e~ = e (d bottom) + n[c(d top) —&(d bottom)],
(4. l)

where the top and bottom of the d bands are de-
termined as described in the preceding paragraph,
and n is obtained by noting the position of e~ re-
lative to the d-band extrema in the band calcula-
tions. "

Figure 6 indicates the s-band minimum (Er,),
the top and bottom of the d bands, &4&, and e~.
These energies are positioned relative to the vac-
uum zero, as is easily done with the renormal-
ized-atom potentials. c(d bottom) slowly rises
across the row while &» progressively decreases.
The d bandwidth decreases from Ce to Gd and re-
mains roughly constant from Tb onwards. As a
matter of record the calculated 4f bandwidths are
0. 03 Ry for y-Ce, 0.01 By for Pr and Nd, and
thereafter in the row never exceed 0. 005 By. We
note these even though the band description is, of
course, useless for the 4f electrons.

The d bands be somewhat lower relative to er
than in the conventional band-structure results.
For example, q,., in Jackson's calculation is lo-
cated 0. 22 By below the d minimum as opposed to
the 0. 04-By value we obtain. This disparity arises

0 0 0 0
I I I I I I I I I I I I I

y-Ce Pr Nd Sm Eu Gd Tb Dy Ho Er Tm Yb

FIG. 5. Rare-earth-metal band structures predicted
with )-dependent renormalized-atom potentials for atoms
in their ground configurations (i.e. , except for divalent
Zu and Yb the configuration is the trivalent 4f"5d 6s).
Shown are the position of the 4f level. , e &, the extent of
the d band; the bottom of the conduction band; and the
Fermi level ~z. The vacuum zero is at the zero of the
plot.

from the use of different potential constructs and

different starting atomic configurations. The re-
normalized-atom type of potential centers the cor-
relation hole in the WS cell in contrast with the
local-density approach' in which the hole is cen-
tered at the electron's position. The latter is
probably more desirable for analyzing conduction-
band properties, but we feel that the potentials
employed here are superior to the standard local-
density constructs for the 5d and especially for
the highly localized 4f electrons.

In order to compute the first quantity in the
brackets of Eq. (l. 2) we numerically integrate the

density of states to find the average energy of
each electron in the bands; its position relative
to the d bands is noted and used to place that quan-

tity in our calculations. As before, the full band-
structure results are simply accordioned to fit our
d band extrema, and the average energies of in-
terest correspondingly located. Some error is in-
troduced by this procedure since the relative po-
sition of our 8 and d bands is not the same as in the
conventional band results. Nevertheless, this dis-
crepancy will not have any severe impact on the
estimate of ~, because that involves the difference
between two average energies, both of which are
subject to an error of similar sign and magnitude.

B. Results for d,+ and 6

6, represents the difference between two
multielectron energies and not a simple one-elec-
tron energy, but it is clear from the way our cal-
culations have been performed that 4,(4f"-4f"'

)
can be interpreted as the position of an unoccupied

f level above q~ and 6 (4f"-4f" ') as the location
of an occupied f level below ez. The results are
so displayed in Fig. 6. Equation (l. 2) has been
used for A, . 6,(4f"-4f"' ) was not computed for
divalent Eu and Yb, and their ~ have been con-
nected to the 4, curve of the other elements be-
cause these also involve (m = 2) —(m = 3) transi-
tions. The breaks in the 6, curves reflect the
stability of the half-filled 4f shell. e« is indicated
in the figure, and it is evident that b, (4f"-4f" ')
is significantly smaller than &~ —«&. Screening
and relaxation effects, insofar as we have incor-
porated them, serve to raise the energy of the oc-
cupied f levels relative to &~, as anticipated in
Sec. I. Divalent-trivalent phase transitions of
rare-earth compounds are known to exist in the
vicinity of Sm and Eu, and it is encouraging that
the point (x) for Sm in Fig. 6 is just above e~
while the ( ~ ) for Eu lies just below; similar ob-
servations apply in the region of Tm and Yb, where
a crossover again occurs. Our results predict un-
occupied 4j levels lying just above E~ for most of
the rare-earth metals.

We may crudely judge the error in our calcula-
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C. Parameter U
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Finally, we turn to the estimate of U, the energy

separation of the unoccupied and occupied 4f lev-
els. In the simple unscreened single-particle pic-
ture U is given by Slater integrals:

U„„=F (4f, 4f)+(F and F contributions)

-F (4f, 4f)-2 Ry. (4 2)

-05—

I' d BANDS

This is plotted in Fig. 6 relative to e«, single-
particle arguments predict the f holes to lie some
15 eV above the Fermi level. On the other hand,
our calculation of the 4f excitation energies ~„
with the inclusion of screening and relaxation ef-
fects, gives the effective multielectron value

-I 0—

-I.5—

0
4f

0 0 o 0 0 0

tions of 6, as follows. y-Ce undergoes a phase
transition at 95'K under normal pressure to the
n phase (fcc but having a smaller lattice constant),
and this is thought to be caused by the emptying
of the 4f shell into the conduction band. Since we
predict 0. 15 Ry for the 6 of y-Ce, we estimate
that our results are in error by at most +0. 15 Ry.
Calculations were also performed for z-Ce as-
suming complete absence of 4f electrons and using
the proper r„s. It was found that the a configura-
tion was energetically more favorable than the y
by several hundredths of a rydberg, a difference
which is in the correct direction and approaches,
albeit at some distance, the energy scale cor-
responding to the phase transition.

The above results incorporate the free-atom
correlation contribution g, . Hartree-Fock esti-
mates, simply obtained by omitting )„would low-
er the ~, curves by approximately 0. 1 Ry between
Ce and Eu with smaller shifts for the heavier met-
tals. We note that the 4, curve involves the ex-
perimentally determined free atom $., whereas
the b curve incorporates the rather poor extrap-

I I I I I I I I I I I I

y-Ce Pr Nd(Pm)Sm Eu Gd Tb Cy Ho Er Tm Yb

FIG. 6 ~ One-electron and multielectron predictions
of +(4f" 4f"' ) and g (4f" 4f" ') plotted with respect
to the d bands and Fermi levels of the rare earths. The
one-electron estimates of 6„(4f" 4f" ) are the one-
electron energies q+,. the single-particle predictions
for 4, (4f" 4f"') are taken to be e&+ U, where U is
approximated by the F (4f, 4f) Slater integral. The multi-
electron 6, are plotted relative to ez as effective one-
electron energies.
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6, MAJORITY-SPIN
PHOTOEXCITAT ION
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y'-Ce Pr Nd Sm Eu Gd Tb Dy Ho Er Tm Yb

FIG. 7. Theoretical and experimental values for the
photoexcitation of 4f electrons in the rare-earth metals.
Three sets of theoretical values are shown: (a) one-elec-
tron predictions e~-~~, (b) multielectron predictions
for which the 4f-shell final state is the Hund's-rule
ground multiplet for the atoms with over half-filled
4f shells (corresponding to the photoexcitation of a min-
ority-spin 4f electron); and (c) multielectron predictions
for the over half-filled 4f-shell atoms corresponding to
photoexcitation of a majority-spin 4f electron with the
final state having proper J, L, and S (= Sini.tial 2) ~

U, ft =' (4f"-4f )+ ~,(4f"-4f"') -0. 5 Ry.

(4. 3)
This quantity is fairly constant across the row, as
Fig. 6 shows. The single-particle prediction is
decreased by a factor of roughly 4. While substan-
tial, the effect of screening is somewhat less than
that obtained by Herring' for the Hubbard-model
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U as applied to the 3d transition metals, although
the single-particle values U„,~ are about the same
in both instances. Perhaps these contrasting re-
sults are linked to the different character of the
4f and 3d electrons: The 3d's a,re described rather
well in first approximation by band theory, where-
as the 4f 's are highly localized and principally
atomic in nature.

V. 4f-SHELL PHOTOEMISSION

I I ) I l i I ) l I I I i

4s-AND 5s-CORE EXCHANGE SPLITTINGS
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C9
KI-
4- 0.8
CL
M

~~ 0.6

0.4
UJ

/+y y4s
/ +~

/
/

/
/

/

CALCULATED

+ —
7
—G~(s, 4f)

2S+I

EXPERIMENTAL

RE Fp

REgQg

0.2—

+~ ~+
Ce Pr Nd SmEu Gd Tb Dy ko Er Tm Yb

FIG. 8. Rare-earth 4s- and 5s-core exchange split-
tings as deduced from soft-x-ray photoemission experi-
ments on rare-earth oxides and fluorides and as calcu-
lated with Slater Gt(gs, 4f) integrals obtained withground-
state (i.e. , filled-s-shell) trivalent-core wave functions.
S is the 4f-shell spin quantum number.

Results of x-ray photoemission experiments on
rare-earth 4f levels are shown in Fig. 7 together
with our predictions. The one-electron e~ 64f
values are shown and, as noted previously, greatly
exceed the experimental findings. The shaded
circles represent the estimates of a.(4f"-4f" )
based on using Hund's-rule ground multiplets for
the 4f shell in both the initial and fmal states.
These were also plotted in Fig. 6 (the shaded cir-
cles) and correspond to exciting a majority-spin
electron if the 4f shell is less than half-filled
(S«,~ = S„««, —s) and a minority spin if it is more
than half-filled (S«,~ = S„««+—,'). Of equal in-
terest in the latter instance, however, is the pos-
sibility of exciting a majority spin (S«„,=S„««
——,'). To estimate this, a perturbation calculation
was carried out employing Slater-london multiplet
theory. The final state was assumed to have spin
8 —I, where S is the spin of the Hund's-rule ground
state of the configuration, and maximum possible
L; it is thus the lowest JLS multiplet of the desired
spin. Hartree-Fock E'(&f, 4f) integrals (calculated
for the final-state configuration) were used, but
were scaled by a factor of 0.75 to crudely take
correlation effects into account (see Sec. II). The
results are given by the open circles of Fig. 7.

They represent the low-energy edge of a set of
possible majority- spin photoexcitations.

Neglecting the lower-energy peaks reported for
Nd and Sm, there is extraordinary agreement be-
tween theory and experiment granting the short-
comings of the theory and the uncertainties in ex-
periment. We observe that the one-electron pre-
dictions compare quite poorly with experiment.
Note also, as discussed earlier in regard to Fig.
4 (Sec. III), that the renormalized-atom scheme
used here has, if anything, shifted the &~ —e«
curve down too far. We thus conclude that the
e«provide an inadequate description off excita-
tions, in contrast to experience with s, p, and d
bands in metals, and that multielectron screening
and relaxation effects are significant.
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APPENDIX: S-SHELL EXCHANGE SPLITTINGS
IN INSULATORS

Excitations of rare-earth 48- and 5s-core levels
have been observed by soft-x-ray photoemission6
in some of the fluorides and oxides. Doublet struc-
tures are seen, and these have been attributed to
an exchange splitting of the remaining s-shell elec-
tron in the 4f exchange field. An s electron will
couple to an open 4f shell of some f, and S to gen-
erate states with the same L and 8+ —,'. The in-
tensities of the two members of the experimentally
observed doublets differ in a way consistent with
the different degeneracies of the 8+-,' and 8 ——,

'
states. Assuming fixed radial functions, the en-
ergy splitting 5E is given by'

dE =
7 (2S+ I)G (ns, 4f) . (Al)

Values of these splittings have been estimated
through use of the G integrals obtained in the
course of our calculations for the trivalent atoms.
These are compared with the experimental data in
Fig. 8. The 4s splittings are larger than the Gs

because of greater overlap with the 4f shell. The
4s results are rather typical of most experience
in comparing computed Slater integrals with param-
eters obtained by fitting spectra. '8 The calculated
quantities are larger, the experimental parameters
having been reduced from the bare integral values

by correlation and relaxation effects. Most pre-
vious experience stems from fits of spectra in-
volving open outer valence shells of atoms, and
it is interesting that similar behavior apparently
occurs for the exchange splitting of an interior-
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core s shell. What is beyond normal experience
is the almost perfect numerical agreement for the
5s-shell splittings. Along with the 5p, the 5s
shell is outermost in the rare-earth ions of the
fluorides and oxides and, therefore, at least
slightly involved in covalent and overlap effects.
Whether this is a factor contributing to the ob-
served trends is unknown. These results were
obtained nonrelativistically and with neutral-atom

wave functions, but the presence of the 5d and 68
electrons is expected to affect the G' values by no
more than 5%. More important, perhaps, is the
fact that we used initial-state functions in which
the s shell in question is filled. Calculations for
the L, S +-,' states, with a hole in the s shell of
interest, would be expected to show a mild in-
crease in the theoretical 5s splitting, causing it to
lie at least slightly above experiment.
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A large nonequilibrium distribution of microwave phonons arising from a phonon bottleneck
has been observed in Ni-doped MgO using Brillouin light scattering; light scattering allows one
to look directly at the phonons in a highly selective manner, and the intensity of the scattered
light provides a direct measure of the effective temperatures of the phonons. With cw micro-
wave saturation at 25. 6 GHz of the ~,=1 spin transitions of the Ni2' ion (S=1) at an ambient
temperature of 2'K, the effective temperatures of slow-transverse acoustic phonons at 25. 6

0Hz propagating near a [110jcrystal direction are increased to 270-4000 'K, while the bulk of
the lattice modes remain at the ambient temperature; the observed phonon heatings are in
reasonable agreement with theoretical predictions based on a simple rate-equation formalism
applied to the S=1 system. The measured bandwidth for the heated phonons is 180 MHz,
which is significantly less than the spin resonance (EPR) linewidth of -500 MHz but in qualita-
tive agreement with theory. After switching off the saturating microwaves, the phonon heating
decays away in a characteristic nonlinear manner; the initial rapid drop in phonon excitation
indicates an effective phonon lifetime - 5 @sec which is not intrinsic but determined by crystal
geometry and surface condition. In accord with this relatively long lifetime, the excess phonon

heating is observed to persist to ambient temperatures as high as 40'K. Under m/crowave
saturation of the ~,=1 transitions at frequency v, significant heating of longitudinal phonons at
v and 2v has also been observed. The heating of the forbidden" longitudinal phonons at v is
ascribed to mode conversion of other heated v phonons into the longitudinal phonons at crvstaj
boundaries, while the 2v phonon heating arises from ~,=2 transitions in the S=1 spin system.
In addition, anomalously large heating (up to 40 000'K) of the slow-transverse phonons at v has
been observed in certain spatial regions of the crystals and is tentatively ascribed to a param-
etric process involving the 2v phonons.

I. INTRODUCTION

In the usual description of the direct phonon
process for spin-lattice relaxation, it is generally
assumed that spins excited by resonant microwave
radiation relax to phonons which are in such good
contact with a thermal reservoir of infinite heat
capacity (e.g. , liquid helium) that the phonon ex-
citation remains essentially at its thermal-equi-
librium value. Van Vleck' pointed out many years
ago, however, thai the number of lattice modes on
speaking terms with the spin system is actually
quite limited. Consequently, if the spin-phonon
coupling is strong and the thermalizing process for
the phonons is slow, phonons generated over a

frequency interval comparable to the EPR linewidth
will be excited above their equilibrium value. This
situation, now commonly known as a phonon bottle-
neck, modifies the observed spin-lattice relaxation
time T& from that to be observed under the usual
nonbottlenecked conditions and the relaxation is
largely governed by the rate at which excess pho-
nons can be dissipated.

Various experimental techniques have been em-
ployed to demonstrate the existence of the bottle-
neck. The usual spin-lattice relaxation-time mea™
surements have disclosed unusual temperature de-
pendences, e.g. , 2;- 1/T rather than 1/7 as for
the normal direct process, sample size and con-
centration dependences to Tj, 3 3 and nonexponential


