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In this paper we have calculated I-V curves of superconducting weak-link constriction
junctions by assuming that there is a region of normal material which tends to spread with
increasing power levels. The causes for the spreading of the normal resistance are twofold.
One is the increase of the current-density distribution and the other is the increase of local-
ized Joule heating at the contact as the total current is increased. The resultant rise in tem-
perature of the link above the bath temperature, over the range of the I-V characteristic, is
found to be significant. Using material constants that are representative of bulk Nb, we found
that the calculated I-V characteristic is very similar to several experimentally observed Nb

point-contact curves. The spreading normal-resistance analysis has suggested a model to
explain the I-U characteristic of a superconductor-normal-metal (S-N) point-contact system.
A calculation hasindicatedthat large excess temperatures are also present at the contacts
when biased in the millivolt region. These findings have prompted us to review several pub-
lished experiments with S-N contacts.

I. INTRODUCTION

Current-voltage (I V) character-istics of super-
conducting weak-link point-contact or thin-film
constriction junctions usually exhibit a zero-volt-
age current followed by either a continuous or dis-
continuous transition into a nonlinear resistive
region. ' 4 The types (Ohmic, flux flow, radiation)
of dissipative mechanisms active in this region and
the proportions which they contribute to the local
resistance are difficult to distinguish in experimen-
tal situations. ' It has been well documented in the
literatures that superconducting phenomena can be
present in the resistive state.

In the theory of resistive yet superconducting
point contacts at a nonzero voltage the total trans-
port current is generally assumed to consist of a
superconducting and a normal component. s The
superconducting component consists of Cooper
pairs and is dissipative because of the emission of
photons. The normal component consists of quasi-
particles and is also dissipative because of Joule
heating. In the simplest approximation such a point
contact may be represented~' by an ideal Joseph-
son element, in parallel with a shunt conductance G
that exhibits Ohmic behavior.

Several authors have calculated the I- V charac-

teristics that result from this model when it is
modified by the circuit capacitance and inductance.
Scott has found satisfactory agreement between
the experimental observation of hysteresis in the
I-V characteristics of thin-film Pb-PbO-Pb sand-
wich junctions and the theoretical predictions of
Stewart and McCumber. Although this theory
gives good agreement with experiment in the case
of some types of weak-link junctions, "' in the case
of point-contact junctions poor agreement'3 with ex-
periment is obtained, especially at large biases.
This inconsistency may be attributed to an over-
simplified picture of the contact model.

To explain their I- V curves with weak-link junc-
tions (both thin-film constrictions and pressure con-
tacts) several authors'3 have suggested that the
super conducting region adjacent to the contact
interface is driven normal by the large current
densities localized there, while the surrounding
material with lower current density remains super-
conducting. This process is accompanied by Joule
heating at the contact. As current through the con-
tact is increased, the Joule heating and current
density in the contact region are increased, result-
ing in a spread of the region of normal material
and hence an increase of the Ohmic resistance. In
the models of Stewart and McCumber the shunt con-
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ductance G is assumed to be independent of bias
voltage. In the model of Scott the shunt conduc-
tance G follows the highly nonlinear behavior that
is predicted in the theory of superconductor-insula-
tor-superconductor (S-I-S) quasiparticle tunnel
junctions.

In the present case we treat the junction as a super-
conductor-normal-metal-superconductor (S N S-)-
type contact. ' ' The analysis of the I-V charac-
teristic is complicated for two reasons: (a) The
dimensions of the region where dissipation occurs
tend to increase as the total current is increased
and (b) the temperature of this normal region and
the surrounding superconducting material may be
several degrees in excess of the bath temperature
T„. At the boundary where the superconductor is
in contact with the liquid-helium bath the tempera-
ture is assumed to be fixed at T~.. In some experi-
mental situations where this may not be the case
excessive heat fluxes can lead to a thermal run-
away. "

To simplify the calculation of the spread of the
normal region we assume that we are working in
a region of the I-V characteristic where the pair-
current component is much smaller than the nor-
mal-current component. Hence the pair -current dis-
sipation due to photons is neglected. Additional
dissipative effects due to pair current such as flux
flow and phase slippage are also assumed absent.
The total current may then be expressed as I(V)
= G(V, d) V, where d is a constant of the material
and the geometry, and the conductance G is the
quantity to be calculated as a function of bias voltage
for a fixed d. As the bias voltage is increased the
normal region increases and so the two supercon-
ductors are further decoupled, and thus we expect
the calculation to have the most validity at large
biases.

The purpose of the following analysis is three-
fold. Several authors' 4 have indicated that a re-
sistive region as described may be present at a
weak link which at the same time exhibits some
superconducting properties. It is reasonable to
assume that the dimensions of the normal region
will influence3 pair-current phenomena in the
resistive state. If the weak links are regarded as
simply S-N-S junctions, it is interesting to relate
the dimensions of the normal region to each point
of the I- V characteristic. We will proceed to do
so for the case of two bulk superconductors sepa-
rated by an electrically insulating layer of negligi-
ble thickness, except over a small circular region
where they are in direct contact. Second, we wish
to comment on the I-V curves observed by Pan-
kove. Finally, our model has indicated that rela-
tively high temperatures can be generated at a point
contact when biased in the millivolt region. The
implications of such localized excess heating have

led us to review several papers in which point
contacts were used to pass current from a normal
metal to a superconductor.

II. THEORY OF "SPREADING" NORMAL RESISTANCE

A. Case 1: Temperature-Independent Thermal Conductivities

axis of rotational symmetry

constant q surface

constant g surface
insulating ptane

FIG. 1. Oblate spheroidal coordinate system shown
in relation to a point contact of radius a. The thick line
along the y axis indicates the insulating plane. The parab-
olas indicate the strength and direction of current flux,
whereas the ellipses represent the equipotentials and
isotherms. Rotation about the g axis determines the
paraboloid and ellipsoid surfaces.

The bulk materials are represented in Fig. 1
as two semi-infinite solids, z&0 and z&0, that are
electrically insulated from one another in the z = 0
plane except over the region x +y & a, where a
defines the constriction radius. The current I
through the weak link Qows through the constriction
region from the upper to the lower bulk regions.
When the current I is sufficient to drive the contact
region normal, the heat balance in this steady state
is described by

o (V V)' = —V ~ (k "VT),
where T(r) is the temperature in the normal ma-
terial, k~(T) is the thermal conductivity in the
normal material, g(T) = 1/p(T) is the electrical con-
ductivity in the normal material, and V(r) is the
potential in the normal material, with the additional
condition (Kirchoff's law) that

v (~vv)=O.

With this geometry it is most convenient to adopt
the oblate spheroidal coordinate system in which

x= a(1+ &')'~'(1 —rP)'I'cosy,

y= a(1+]')"'(1—q')"'sing,

z=a$q,
where

—1&q&1, 0&(& ~, 0&/&2m.
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In this coordinate system, constant $ and constant
Ig I define ellipsoid and paraboloid surfaces of
revolution, respectively, about the z axis, as
shown in Fig. 1. The property of isotropy elimi-
nates the dependence on the Q coordinate in this
analysis.

When a current I flows in a similar geometry of
completely normal material, the equipotentials are
described in terms of ellipsoid surfaces of revolu-
tion" with foci g, —g. As a first approximation
we will assume that the normal-metal-supercon™
ductor (N-S) boundary is an ellipsoidal surface
defined by $ = $0. Assuming that the equipotential
surfaces are also isotherms, it was shown by
Kohlrausch' that they are related by

V =2 f™pk" dT, (8)

T(&.) = T. , (5)

where T, is the temperature at the N-S boundary;

T(0) = T, V(0) =0, (6)

where T defines the maximum temperature ob-
tained at the link. In terms of solving the required
differential equations in the normal state, this
means that for the case of oblate spheroidal coor-
dinates and the boundary conditions

V(jo) = + U/2 = IR()0), (4)

where + U/2 are the potentials at the N-S boundary;

v (k'vT)=O, (14)

where k (T) is the thermal conductivity in the
superconducting state. The following boundary con-
ditions must be satisfied:

T((- ")=T, ,

where Tb, is the bath temperature,

T(~,) = T„
BT

(~ &,),eg f P

where, because of symmetry, we assume that no
heat travels across the insulator between the two
super conductors.

The series solution to Eq. (14) is in terms of
spherical-harmonic functions' which are reduced
by the boundary conditions to the form

I spot~ ga)m c 2 yN 2

The spatial dependence of the current density in the
normal region is obtained from Ohm's law, J
=(1/po)VV, which, on substituting Eq. (10), yields

I
2v 2(~2+ (2)1f2 (1 + (2)l/2

Now we turn our attention to the superconducting
region. The equation determining the thermal
equilibrium in the steady state is

(«.).8T
Bg & p

(7) cot $p
(15)

V(~)= „, tan-'~ .
2 tan 0

(8)

Assuming constant values for the electrical and
thermal conductivities, we use the result' that

(9)

Equations (1) and (2) result in solutions of V and T
as functions of $ only.

The solution to Eq. (2) is then

From the thermal analog of Gauss's law we have

$„(k'v T).dA= Q ($ ' $o), (16a)

where A is a surface enclosing one of the normal
regions z&0 or a&0 and Q is a constant equal to
the total rate of heat generated in the normal re-
gion.

To evaluate Q we note that at the N Sboundary-
Q = $„(k'vT)„dA=$~~ (k"vT)„dA

0

(continuity of heat flux)

where R is the resistance between the equipotentials
V=O and V=+ U/2. Substitution of Eq. (9) into
Eq. (8) leads to

(k"VT) d V
fp

p JmdV= —', IU .
'0 (16b)

V($) =+ I tan
27T8 (10) Substitution of Eqs. (15) and (9) into (16) and

integr ation yield
The substitution of Eq. (10) into Eq. (3) and inte-

gration yield
2

2ppkp 2m a

which from the boundary condition V(+ $0) = + U/2
becomes

2

T~= Tg+ g tan )Ocot
0

(17)

where we have assumed a constant k = kp. Equa-
tion (17) relates the spread of the normal region to
the temperature at the N-S boundary for a fixed I.

A further constraint on T, is that it must lie be-
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low T,(0), the critical temperature in zero current,
and for each such T, there is associated a critical
current density J,(T,) above which superconducting
material switches into the resistive state. A form
of J, (T,) .has been calculated by Bardeen, ' where it
was assumed that J, is uniform across the super-
conductor. This condition is usually satisfied in
geometries that have at least one small dimension,
e.g. , thin films. The relationship is given by

J(T) -
T 2-8/2 -

t T 2 —1/2

J(o) T(o) I T(o)

where J,(0) = —,H„(0) [g(0)/p08'J (emu), J,(0) is
the critical current density at T= O'K, P,,(0) is
the critical field of bulk material at T=O'K, and

a(0) is one-half the energy gap at T = 0 'K. If we
assume that the current density at the N-S inter-
face may be approximated by its distribution in the
normal region, then Eq. (18) indicates that the
condition of uniform current density is reasonably
well satisfied in the present geometry for not too
small values of $0.

At this stage our initial approximation that the
N Sinte-rface be defined at $= $0 must be modified
since a comparison of Eqs. (13) and (17) indicates
that J,= J,($0, q) and T, = T($0), which is inconsis-
tent with Eq. (18). To overcome this difficulty we
assume that the true N-S boundary surface is in-
termediate to one defined by the temperature T($0)
and the average current density J,($0, q, ), where
initially po is set equal tounity. The true normal
volume is approximated by taking the average
value of the volumes defined by T($0) and J,($0, qo).
In the latter case a numerical integration was re-
quired. It was assumed that the true normal volume
is an ellipsoid of the same family as the T($0) = T,
ellipsoids (i. e. , with foci g, —g). This calcula-
tion results in a new parameter )„which replaces
g~ in T„T„,and U; now T,((„), T ($„),and

U($„) represent the average values of the respective
parameters, a consequence of the approximation
n1ade at the N-S interface.

The ratios I [T,(go) —T,(g„)I/T, (g„)t, I [T ($0)
—T (4)I/T (&N)~ and ~IU(&0)- U(5N)]/U«N)~
were calculated to be &0.05 even for the case
when there were pronounced differences in the con-
stant- J, and the constant- T, surfaces. The ellip-
soid defined by the $„surface is, in addition, sub-
ject to the condition that the product of the average
value of the current density J' ($0, go) and the area
of the g~ surface is equal to I. This defines qo at
the N-S boundary

The steady-state values for $„, $0, and go were
obtainea by substituting Eqs. (») and (14) into (18)
and solving numerically the resulting equation for

In this initial approximation we set F0=1. Next
$„was calculated, leading to a better value for (0,
which was then resubstituted into J,' of Eq. (18),

' = —tan-'g, ,
R((,) 2 (9')

gc. 2(1 + (2)1/2 (~2+ (2)l/2

t„=t, + 6i (tan $0)

where

100[J,(0)I g p
8k( T,(0)

and

t, = t~ +yi tan gocot '. $o,

100[J,(0)I g po
4kt T,(0)

Tb

T.(0)

(12')

30.0

20.0
N

O
E

l 0.0

I

l 0.0
I

20.0
I

30.0

( norma~ized voltage )

FIG. 2. Normalized i-v curves calculated for several
values of (g, y), i.e. , assuming constant thermal conduc-
tivities, and t&=0.47; (a) &=0.73x 10, y=4. 4x 10
(b) & =1.65x 10, y=9. 89x 10 ~ (c) t5=2. 93x 10"3, y
=17.6x10; and (d) g=4. 58x 10 3, ~=27. 5x10

which itself was then re-solved to give a new po
value. This iterative process was repeated until the
differences between succeeding go's became negligi-
ble. The above procedure was repeated for each
current increment to generate the I- V character-
istics shown in a normalized form in Fig. 2.

To obtain normalized expressions we set

0.1I
7/g'J, (0) '

0.2U 0. 1U
vgJ, (0)po mg J,(0)R„

where R„=po/2g, t = T /T, (0), and t, = T /T, (0).
These expressions are substituted into Eqs. (9),
(12), (13), and (17), which then may be rewritten
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FIG. 6. Dependence of t on g. The values of (g, y) for
curves (a)-(d) are defined in Fig. 2; g&=0.47.

1k"(T)=

where c«and p are material constants. In the
super conducting state22

(19)

2F,(-y)+2yln(l+e ')+yo/(1+e')
2F,(0)

(20)
where y= b, (T)/kT, k is Boltzmann's constant,
2n(T) is the temperature-dependent energy gap,
and E,(y) is the Fermi-Dirac function and is tabu-
lated in Ref. 23. In the numerical computations
the right-hand side of the above equation was ap-
proximated by a third-order polynomial to within
1% of its true values. n(T) was assumed to follow
the BCS behavior. To obtain an explicit expres-
sion for T we used Eq (16:09)i.n Ref. 17,

It«o(p~ ko) 1
l

" pok"(T)dT
B«o(p, k"(T)) V(p, k"(T)) „~ [2fr™pk "(T)d T]

(21)
and approximated Eq. (19) by

k (T)=~ T (T( To) (Wiedemann-Franz law)
pp

o o (T&T)Lo To

Po
(22)

eluding the tempe ature dependences of jp~ and p~.

B. Case 2: Temperature-Dependent Thermal Conductivities

The above calculation is repeated and the temper-
ature dependence of the thermal conductivities in
both the normal and superconducting regions is in-
cluded For.metals in the normal state k"(T) at low

21temperatures may be written

where Lo, the Lorenz number, is equal to 2. 45
x10-4 WA/'K . As before, we assume P =Po.
This leads to the following expression for T:

[ «o(po, ko)] „Tm L C m — 0~
0

[IR«o(po ko)1 +LoTo+IoT (T T )
2Lo To

(23a)

(23b)
The approximate expression for U is obtained from
the Kohlrausch relation [Eq. (3)] and Eq. (22).
Integration yields

fI=2[I.,(T'„-T',)] " (T„&To) (24a)

= 2[2LoTo(T —To) + L(T o
—T~)] (T & To) .

(24b)
In order to obtain an expression for $o we assume

that the surfaces of constant temperature remain
ellipsoids; i.e. , the temperature is a function of
g only. Equations (16) then lead to the relation

T'4

k'(T)dT=
4m'

C

(25)

The essential features of the curves obtained by
setting k" =k, and k' = koo are retained in the k"(T),
k (T) calculations. For ease of comparison with
actual experimental curves we have used values of
material properties that are representative of bulk
Nb. An I- V characteristic calculated using po= 1.35
~10 Qcm and g=58 A is shown in Fig. 7. In rela-
tion to the I- t/' curves it was found that at low-bias
voltages the region exhibiting large curvature
changes, d V/dI &0, is coinpress«. 'd closer towards
the origin. As in the constant-&o, -ko calculation,

The approximation to Eq. (20) by a third-order
polynomial implies that the left-hand side of Eq.
(25) may be simply integrated to obtain

&o
= cot(4m a/IV)(C4T.'+ C,T, + Co T, + C, T, + Co)

(26)
where C4, C3, C2, C1, and Co are constants. Once
$o has been evaluated, T, can be obtained from
Eq. (18).

Starting with an initial value for T, and q = qo as
before, Eqs. (23), (24), (M), and (18) are solved
self-consistently. As in the previous calculation,
the conditions requiring that the true volume of
normal material is intermediate to the volumes de-
fined by the constant-J, and constant-T, surfaces
and that J,(go, qo) x (area of N Sinterf-ace) = I de-
termines the values of the parameters $„and qo,
respectively.

To calculate the normal-state I Vcurve (both-
of the semi-infinite slabs are in the normal state),
T, in Eqs. (21) and (24) is replaced by T„and R«o
in Eq. (21) is set equal to p /4 o. ««

Results: Case 2
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I2

10

0
0

VOLTAGE ( m V)

FIG. 7. Curve (1) refers to the I-V characteristic
determined by the spreading resistance model «r the case
case of a Nb point contact (a=58 A, T&=4. 2 K) where the
temperature dependence of the thermal conductivities is
included. The circled points are obtained from Pankove's
curve Qef. 16, Fig. 1 (a)]. Curve 2 is obtained from
Eq. (30), in which we set 8 =1/G =1.17 0 and i =0.5 mA.
The normal-state curve is common to all three curves.

Pankove proposed a contact model wherein part of
the total current passed through a resistive-tunnel-
ing component and the rest through a saturable but
not cur rent-quenchable super conducting component.
The possibility of high-current superconductivity
has been theoretically explored by Parmenter. 5

A comparison of Pankove's experimental results
for a Nb crossed-wire junction with the theoretical
curves obtained from the analysis of Sec. II B (Fig.
7) shows that they are very similar. The material
constants were those of bulk niobium with g= 58 A
for R„=1.17 0 (cf. a= 25 A for A„=1.17 Q calcu-
lated by Pankove~~). The differences between the
two curves may result from an error in the estimate
of the residual resistivity po, which was taken from
Ref. 21. A larger yet physically acceptable po,
as might be expected in the contact region, would
considerably reduce these differences. However,
in view of the approximations involved-in particu-
lar, the differences in geometry-the reasonable
agreement evidenced in Fig. 7 was felt to be satis-
factory. Hence it may be concluded that the model
proposed by Pankove is not necessary to explain the
I-V characteristic. The curve may be regarded as
being characteristic of a localized-heating phenom-
enon occurring at superconducting point contacts in
the resistive state. Furthermore, the absence of
a sudden rise in quasiparticle current at the energy
gap suggests that the component of the total current
due to tunneling is negligible, as assumed in our

14—

an increase in the residual resistivity po increases
the magnitude of d'V/dI2. For the case of Nb the
approximation for 0"(7) places an upper limit ~

T -60 'K for which the I-V curve may be calculated.
In Fig. 8 we have plotted ~T = T —Tb against V

as calculated from our model. We compare this
curve to the one obtained from the Kohlrausch rela-
tion with T, being approximated by T, . Note that
at small bias voltages the differences between the
two curves are approximately 2'K.

h, T=Tm- Tb

12—

10—

HI. REEXAMINATION OF CERTAIN EXPERIMENTAL DATA

A. Superconductor-Superconductor Point Contacts

From an analysis of the I-V characteristic of
point contacts at crossed Nb wires Pankove' con-
cluded that at large bias voltages (e V& 2a) a frac-
tion of the total current is superconducting. The
presence of this supercurrent was associated with
the realization of a superconducting state at the
contact due to the large current densities (-10'
A/cma) arising at the constriction. In this region

0
0

VOLTAG E {m V )

FIG. 8. Curve (1) refers to T~(V) that was calculated
in the derivation of curve (1) of Fig. 7. Curve (2) is ob-
tained assuming that the N-S boundary is located at $ = ~.
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theoretical analysis. These conclusions are further
corroborated by Barnes, who, in his published I- V

curves of Nb point-contact junctions, illustrates those
curves which exhibit the sudden increase of quasi-
particle current at e V= 2~ and those which do not,
but, in the latter case, bear a close similarity to
our generated curve. A general difference between
the two types of curves is that the current magni-
tudes are of the order of pA in the former and mA

in the latter.

B. Superconductor-Normal-Metal Point Contacts

Investigations of the electrical characteristics
of point contacts between bulk samples of super-
conducting and normal materials have been reported
in the literature. ' 3 I- V characteristics of such
junctions are generally of the form shown in the
schematic representation of Fig. 9(a). Assuming
a multicontact junction, the equivalent resistive
circuit from which this curve could be obtained is
shown in Fig 9(b.). The symbols RD» RDz, . . .
represent the resistances in the bulk material that
result from the configuration of current and poten-
tial probes and may take on different values when
the locations of these probes are changed. The
symbols Rc&, Ac2, ... represent the constriction
resistances in the normal material at each point
contact. It is usually the case that R», g»,
«&cg& &cpy . . . . The resistive units &s~, &sp~
. .. within the dashed rectangle behave as described
in Sec. II. Below the critical currents I„(4), I,z()),
. . . the resistances 8», A», . . . are all equal to
zero.

The I-V characteristic is determined in the fol-
lowing manner. The initial Ohmic region is due to
the constriction resistances in the normal material.
At larger currents the I-V characteristic begins to
deviate from its linear form [(d V/dI ) &0]. This
effect may be connected with an increase of gen-
erated Joule heating in the normal material local-
ized at the contacts which raises the temperature
in the adjacent superconducting regions and in
some cases drives the narrowest constrictions
normal in the manner previously described. With
further current increases the number of such oc-
currences increases, until at I, a near-simulta-
neous cumulative chain-reaction-like process results
in all the links switching normal. Past the instabil-
ity an increase of current results in the localized
spreading of the normal regions in the supercon-
ducting material. As shown in Sec. IIIA, the rela-
tion between current and voltage in this region is
approximately linear such that when it is extrapo-
lated to zero voltage it intersects the current axis
at a positive finite value. The quantitative descrip-
tion of the above process is quite complex and has
not been attempted.

Fournet and Milleron, to explain such a charac-

teristic, proposed a model whereby the N-S inter-
face contained constrictions that could be separated
into two classes: those that weitched normal at
I, and those that remained superconducting until
the bulk material switched normal. This some-
what artificial distinction of constriction sizes is
superfluous in terms of our model involving a
spreading resistance beyond I,. We mention in
passing that the I- V characteristic of the contact
between crossed normal and superconducting wires
observed by Pankove' can also be explained by this
model.

If we consider that the thermal conductivity of
the normal material is much greater than that of the
superconducting material and if the effect of pre-
liminary switching is taken into account, we obtain
the quantity V, [Fig. 9(a)], which can be regarded
as the potential difference across the point contacts
(at I,) in the normal material. Assuming that most
of the heat generated at the contacts is transferred
by the normal material, we can calculate, by means
of the Kohlrausch relationship, the excess temper-
ature at the contacts:

V(=2 f pk"dT . (27)
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FIG. 9. (a) Schematic I-V characteristic commonly
observed with S-N point-contact junctions. (b) The equiva-
lent circuit from which the I-V characteristic of Fig. 9(a)
may be obtained. Note that for I&, I2, ... &I~, I~, ...
switch S&, $2, ... is closed.
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For the case of copper as the normal metal and

T„not too large (& 15 'K) we may set ' p= po and
k"= (Lo/po)T and, on substituting into Eq. (27), ob-
tain

T =(T +V/L)i (2S)

IV. DISCUSSION OF RESULTS

Our analysis explains only a limited region of the
I- V characteristic of point contacts. We now ex-
amine the limitations of our model in the more gen-
eral context of the theories of Stewart and McCum-
ber.

As indicated in Ref. 14, the behavior of the pair
current can be described by a Josephson-type
parametric element in which the current is a sinus-
oidal function (periodic in any case) of the phase

The above analysis has been applied to the re-
ported I-V characteristics of Sullivan and Boos,
who postulated a novel switching mechanism occur-
ring at V= V, (as defined in Fig. 9). This mecha-
nism assumed that at V, the bath temperature was
maintained uniformly throughout the junction. The
scatter in their experimental results was attributed
solely to proximity effects at the N-S boundary.
At V= V& and T~ = 2. 16 K we have calculated that
the excess temperature (nT= T —T„) is -4-5'K.
In our model L T is independent of the specific form
of the critical parameter that, when exceeded,
gives rise to the switching instability. It is quite
likely that the large discrepancies reported in Ref.
29 between experimental and theoretical values of
V, (0)/kT, may be substantially reduced if a, temper-
ature correction, as indicated by Eq. (2S), is ap-
plied. Furthermore, in regard to their observa-
tions that good normal-metal conductors resulted
in a well-defined voltage break, our model, which
is based on purely thermal effects, indicates that
good thermal and electrical conductivities produce
relatively less excess heating and at the sa.me time
dissipate this heat more readily. This would allow
for relatively larger supercurrents at V& V, than
if the junction were made of a poorly conducting
metal. Hence a large I, would occasion a corre-
spondingly large voltage jump across the region of
instability as the size of the normal regions in the
superconducting material would have to adjust to
the steady-state equilibrium conditions as described
previously in Sec. II. Qualitatively similar behav-
ior would be expected if a superconductor with poor
electrical and thermal conductivities was substituted
for a superconductor with good ones. This was
also observed by Sullivan and Roos. The low value
of the energy gap for Nb3Sn reported by Seidel and
Wicklund3 may well be due to localized heating in
the oxide region. Their I Vcurves (Fig. 1-of Ref.
30) are indicative of an excess current due to pin-
holes.

V= (1/G)(I'- ')"' (30)

where the bar over a symbol indicates the time
average.

For the sake of comparison we have displayed in
Fig. 7 the I-V characteristic determined by Eq.
(30) where G = I/R„and i are experimental values
obtained from Fig. 1(a) of Ref. 15. For a, nonzero
C and finite G the solution to Eq. (29) has been ob-
tained numerically and the resulting I-V charac-
teristic exhibits hysteresis. For any value of C
in the limit of large V, V=I/G, and as C- ~,
=I/G for any V&0.

However, when G is not constant but is a function
of V, one would expect C and j to vary in a com-
plicated manner. A coarse estimate indicates that
the capacitive effect due to the spreading normal
region is several orders of magnitude smaller than
that arising from junction geometry (10 'o —10 ~2 F)
and that i decreases exponentially3~ with the spread
of the normal region. The simultaneous increase
of the temperature of the link above T~ due to the
Joule heating results in i = 0 when T & T,(0).
Furthermore, as V is increased the frequency of
the ac current increases until the junction sees a
constant voltage when the capacitive admittance
cd C dominates the conductance. All these effects
tend to limit the region of applicability of Eq. (29)
in comparison to the constant G, C, and j case.

difference between the two superconductors. Ac-
-cording to our model the effect of the quasiparticle
current is represented by a conductance G in parallel
with the Josephson element. In this model we have
shown that G depends on V and so differs from most
previous formulations of the weak-link contact.
Symbolically the total current is represented as

1(t) = i,(t) + z, (f),
where

i,(t) = i„(G)»n8(t) .

8(t) is the phase difference of the wave functions
on the two sides of the barrier; j is the pair-tun-
nel current maximum and is dependent on junction
material, geometry, temperature, and G; and

i( )f= G[V(f), d] V(f) .

It is assumed that the bias voltage measured
across G is given by V(t) = (k/2e)8(t). In the most
common experimental situation the junction is
driven by a constant current source. Under such
conditions one must take into account the capaci-
tance between the two superconductors. The equa-
tion describing such a system is

I= C(G) +G[V(t), dJV(t)+i (G)sin8(t) .dv(f)
dt

(29)

For the ideal case of C-0 and G a constant
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Therefore, except for small bias voltages (V&hG/
2eC), the I V characteristic may be approximated
by

V= V=I/G(V, d)

For the case of a circuit driven by a constant volt-
age source the oscillating pair current averages
out to zero, i.e. , neglecting inductive effects, and

I= G(V, -d)V .
These results are consistent with our original sim-
plification, which assumes that, except at very
small bias voltages, the form of the I-V character-
istic will be mainly influenced by the behavior of
G(V, d).

For small voltages the thermal and ac Josephson
effects may be present simultaneously, indicating
that Eq. (29) should be solved in conjunction with
the thermal-effect analysis given in this paper.
At even smaller voltages the thermal effects be-
come negligible. Published'3'32 I- V characteristics
of constriction contacts suggest that the thermal
and ac Josephson effects may exist simultaneously.
Additional effects would arise near T,(0) (or H-H, )
when it would become energetically favorable for
dissipation resulting from flux flow, fluctuations,
etc.

Although the approximation in our calculation
place a lower limit on G(V), on the basis of qualita-
tive physical arguments we would expect the I-V
characteristic to exhibit thermal hysteresis due
to the temperature dependence of the critical cur-
rent density at the contact. Another possible source
of hysteresis is usually associated with the domi-
nance of circuit inductance or flux-flow phenomena
in determining the I- V characteristic.

The presence of a very thin oxide film in the con-
striction interface (S-I S) would resu-lt in a large
increase of the contact resistance. Hence for con-
stant power dissipation the current must be much
smaller [for eV=2a, I A(S-S)»I R(S-I-S)]. Al-
though the excess temperature in the S-I-S junc-
tion would be smaller than for the S-S junction, the
temperature rise in the region of the contact could
result in the observation of excess currents in the

region of the energy gap and a reduced value" for
the energy gap in the I-V characteristic.

Other mechanisms resulting in I- V characteristics
that at large bias voltages are similar to the cal-
culated curves have been proposed. From a model
involving flux motion the superconducting I- V
characteristic of large [X~/(junction width) « l,
where X~ is the Josephson penetration depthj S-N
S junctions has been calculated and observed ex-
perimentally by Waldram et aE. It was shown that
the asymptote of the characteristic when extrapo-
lated to zero voltage intercepted the current axis
at a positive finite value, as observed with our
model. A similar characteristic has been ob-
served3' using the "Notarys-bridge" weak-link
device. Neither of the above examples involve con-
striction-type devices, e.g. , point contact or
Dayem bridge, where small power inputs may re-
sult in very high heat fluxes and where the applica-
tion of the flux-flow model to the small constriction
dimensions is not clear. At present we are not
aware of a quantitative description of Qux-Qow
dissipation that applies to point contacts.

V. SUMMARY

(i) The S Spoint-c-ontact I Vchar-acteristic re-
sulting from a spreading resistance model in the
region of the characteristic where I=i, has been
calculated.

(ii) The model has indicated the possibility of
large excess temperatures localized at the contact.

(iii) The calculated I Vcurves have b-een found
to be in satisfactory agreement with curves ob-
served experimentally by others.

(iv) On the basis of this model we proposed a
qualitative description of S-N point-contact junc-
tions. A calculation has indicated that a highly
conducting normal metal such as copper cannot
ensure T = Tb at the link, as assumed in many ex-
periments.

(v) The presence of patchy uneven oxide sur-
faces has often been linked with anomalous resistive
behavior in tunneling characteristics. An explana-
tion in terms of a Joule heating mechanism should
not be discounted.
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The order-parameter variation and the electric current about the normal core of a fluxoid
in high-speed motion in clean superconductors in the low-magnetic-field and low-temperature
region are discussed on the basis of a time-dependent Ginzburg-Landau equation and a classi-
cal equation of motion for the core electrons. It is found that the normal current flow along
the core electric field tends to a constant when the fluxoid velocity exceeds ($p/'7)(1+ Q)~1 ),
where $() is the coherence length, 7 is the transport relaxation time, and u~ is the cyclotron
frequency. Expressions of the strain field associated with high-speed fluxoids are derived by
the use of a modified elastic-wave equation with superconductivity parameters and are used to
investigate the fluxoid velocity dependence of the flux-pinning effect. It is shown that the
supersonically accelerated fluxoids radiate elastic shock wave, and that flux pinning by inter-
nal strain sources like dislocations is expected to disappear. A wave radiation and lowering
of the pinning are also found when fluxoids are subjected to a high-frequency vibration.

I. INTRODUCTION

There have been a number of experiments' as-
sociated with the motion of fluxoids in the mixed
state of type-II superconductors. The flux-flow
phenomena have been theoretically treated in semi-
phenomenological ways or withthe help of time-
dependent Ginzhurg-Landau (TDGL) equations. '-"
However, the fluxoid motion in the low-tempera-
ture (T-O'K) and the low-field (H~H„) region has

only been dealt with semiphenomenol. ogically and
for slowly moving fluxoids (the distance a fluxoid
moves in the electron relaxation time 7 is much
smaller with the core radius of fluxoids). Most
of the semiphenomenol. ogical theories investigate
the mixed state using a two-fluid model and hydro-
dynamic assumptions. The approach cannot de-
scribe consistently the properties of fluxoids in
high-speed motion. In Sec. II we consider the
variation of the order parameter around the core


