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The transmission of electromagnetic fields through thin copper slabs with the magnetic field
%0 and the propagation vector j along the [001] and [111]directions has been investigated nu-
merically and the results compared with experimental results of Wood and Gavenda. The
conductivity tensor used in the calculations is derived from a model Fermi surface proposed
by Halse. Only the variation of the area A. enclosed by the charge carriers and the derivatives
of the area with respect to k, BA/Bk, are considered. For 80 II [001], the calculated and ex-
perimental values of the helicon edge differ less than 3% for the frequencies studied. The
electrons responsible for the helicon edge are associated with a value 9.5 x 10 cm for
I BA/Bk, I. A discussion of the relative damping effects by the charge carriers is given. For
Bo ll 1111], Gantmakher-Kaner (GK) oscillations with a period of 590 G are observed in both
the calculated and experimental results. The amplitude modulation of the GK oscillations
leads to an interpretation in terms of a beating of two separate sets of GK oscillations, one
set associated with a maximum in I BA/Bk, I and the other set associated with a minimum in
I BA/Bkgl.

I. INTRODUCTION

Recently, there have been several papers
which develop the theory of the transmission of
electromagnetic fields through metal slabs in the
presence of a magnetic field normal to the sample
surface. The boundary conditions on the electro-
magnetic fields have been explicitly included in
these developments, and the transmission spectrum
of the electromagnetic fields has been calculated
for several model Fermi surfaces. The results
from these model-Fermi-surface calculations
have compared qualitatively quite well with experi-
mental results. These model-Fermi-surface cal-
culations, however, suffer from the disadvantage
that quantitative comparison with experimental re-
sults is not very practical. In this paper we pre-
sent calculated results for the transmission of
electromagnetic fields through single crystals of
copper with the magnetic field parallel to the [001]
and [111]axes. These calculated results are com-
pared with the previous experimental results of
Wood and Gavenda. ' The electromagnetic fields
under consideration are the helicon waves and
the Gantmakher-Kaner (GK) oscillations. 'o

In Sec. II the theoretical ideas are reviewed, in
Sec. III the techniques of computation are pre-
sented, and in Sec. IV the results and their inter-
pretation are given.

II. THEORY

The infinite-medium dispersion relation for a
helicon wave propagating along a static magnetic
field Be (taken to be along the s axis) is given by

q, = (4su)/tc )e, (q, (o, fto), (1)

where q is the complex wave number, ~ is the an-

2e/ +c
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dp
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0

Here (d, is the cyclotron frequency, m, is the cy-
clotron mass, and 7 is the relaxation time of the
charge carriers. For a Fermi surface which has
cylindrical symmetry about the magnetic field, the
conductivity calculated from Eq. (2) is found to
b 12s18

4s'a, ' (+1 —x)+ i~

where e=(~,r) ' and

x = (hc q/2weBe) (BA/Bk, ) = qg, /(o, .

(4)

A(k, ) is the cross-sectional area enclosed by a
charge carrier as it executes an orbit on the k,
= const planets, and v, is the z component of the
carrier velocity.

If a metallic slab (lying between s = 0 and s = 1.)
extends to infinity in the x and y directions and if
one assumes specular reflection of the electrons at

gular frequency, o, = o„„~io„„is the conductivity
for the left- and right-circularly polarized waves,
and c is the speed of light. In general, the compo-
nents of the conductivity tensor o s(n, P-x, y, s)
must be calculated by solving the Boltzmann trans-
port equation. The result of such a calculation has
been found by Mertsching 1 to be

+pm'
2g vn@ vnB

IR ax
„

/T + z(g ~ v —ru —s(0 )

(2)
where
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the boundaries of the slab, then the electromag-
netic field may be calculated by repeating the slab
to infinity in both positive- and negative-z direc-
tions and forcing the electric field and its deriva-
tives to assume given values at the "boundaries"
of the slabs. ' For circularly polarized waves
incident on a metallic slab, the ratio of the trans-
mitted electric field to the incident electric field
E„/E„isgi.ven byE„2iq A, (L)E„.q B,(L) —q A, (L)+ 1

where q is the free-space wave number and A, (L)
and B,(L) are given by

1 g (2 —6~) cos(q„L)
I. „oq„' q'[K+ —(4n/i (u) o,(q„)]

and
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FIG. 1. Area vs afkg) for copper Fermi surface
with k, along [001]. a is the lattice constant. The sec-
tion extending from alk~) =2.50 to g)k~) =3.80 consists
of the four-cornered-rosette hole orbits.

B (L)
1 p (2 —6.0) (-1)"cos(q„L) (6)

q.' -q' f&+ («/i ~) o,(q.)]

Equation (6) has been corrected for a sign error
and an exponent error. Here q„=nw/L, and Vis
the ionic dielectric constant. For frequencies of
interest here the displacement current can be
neglected (this means Z is neglected), and the de-
pendence of o on ~ can also be neglected. Fur-
thermore, the quantities q B,(L) and q A, (L) are
both very small compared to 1 (this has been veri-
fied numerically over the entire range of magnetic
fields and frequencies used in the experiments) so
the information about E„/E„is contained in A, (L).
The principal contribution to the sum occurs when
the denominator in Eq. (V) vanishes. The denomi-
nator vanishes whenever the helicon dispersion
relation is satisfied. The helicon then propagates
whenever q is essentially real (Reo, « lmo, ) and
will be damped if q has an appreciable imaginary

FIG. 2. l BA/Mgl vs a lk~l for copper Fermi surface
with k» along t001]. The dashed line indicates where
aA//ak, is positive, the solid where it is negative.

part (Reo, = lmo, ). It has also been shown ' 0 ~ '4

that GK oscillations occur whenever the condition
, = qs, is satisfied. This is just the condition for
Doppler-shifted cyclotron resonance ' (DSCR) of
an electron drifting along the z direction with ve-
locity p, . The period ~BD of these GK oscillations
is given by

&Bo = (hc/eL)
~

BA/Bk,
~„,.

III. TECHNIQUES OF CALCULATION

Copper was chosen for this investigation because
it has a nontrivial yet well-known Fermi surface
and because a number of experiments "' ' on
helicon propagation and GK oscillations mere avail-
able for comparison. Furthermore, when the
magnetic field is parallel to the [001] or [111]axis,
no open orbits exist, and calculation of the conduc-
tivity is straightforward. In this calculation the
Fermi surface of copper is treated as cylindrical-
ly symmetric; i. e., only the areas and derivatives
of the areas with respect to k, enter the calculation.
The area and derivatives of the areas are calcu. -
lated from the parameters given by Halse. A(k, )
and BA/Bk, were calculated for increments of hZ
= 0. 05, where ~Z is a dimensionless parameter
given by ~Z= a~A„and a is the lattice constant.
This is equivalent to using tmo hundred twelve
bands to cover the entire Fermi surface in the
[001]direction and two hundred twenty bands for
the [111]direction. The variation of A(k, ) and
BA/Bk, with Bo II [001] and Bo II [111]is shown in
Figs. 1-4. A standard Simpson's one third rule
was used for the numerical integration for the
conductivity.
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IV. NUMERICALA RESULTS AND INTERPRETATION
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TABLE I. Helicon edge as a function of frequency.

Frequency
(kHz)

Helicon edge (kG)
Expe rimental value Calculated value

395.26
200. 00
599.97
800.00

1000.07
1500.23

15.3
12.2
17.8
19.5
20. 8
24. 0

15.1
12.1
17.4
19.0
20.4
23.5

table. In the case of the experimental curves, the
amplifier gain was increased by a factor of 20 to
define the edge more clearly. The helicon edge
depends linearly on the cube root of the frequency
as expected. "

If a relaxation time of 10 sec is used, GK os-
cillations resulting from the large group of elec-
trons with I BA/Bk, i = 2. 23x 10' cm ' are observed
in the calculated curves. These GK oscillations
were not observed by Wood and Gavenda' but have
been observed by others. ' Due to the cylindrical
symmetry employed here no harmonics are ob-
served.

From the slope of a graph of q vs Bo the ef-
fective number of electrons per unit volume (num-
ber of holes per unit volume subtracted from the
number of electrons per unit volume) is determined
to be 4. 9& 10 cm for both experimental and cal-
culated curves. This value compares with a value
4. 3x 10"cm ' from magnetoresistance experi-
ments, a value 4. 9x 10 cm~ from Halse's
Fermi-surface parameters and a value 4. 5x 10
cm~ from surface-impedance measurements.
The value 6. 5 x 10 cm-s reported earlier by Wood
and Gavenda' was in error.

The value of I BA/Bk, l associated with those
electrons responsible for the helicon edge can be
determined from a plot of n (n is the number of
half-wavelengths in the sample) vs Bo~. A maxi-
mum or minimum in the transmitted signal occurs
when there are an integral number of helicon half-
wavelengths in the sample. To determine n for a
given magnetic field we assume that there are nj
half -wavelengths at some arbitrary signal maxi-
mum. The adjacent minimum in the transmitted
signal occurs when there are nj, —1 half-wave-
lengths in the sample (this is the case when the
minimum occurs at a higher field than the maxi-
mum) ~ If na is plotted as a function of Bo' a
straight line should be obtained for magnetic fields
large enough that the local dispersion relation' is
satisfied. From the local dispersion relation it
can also be seen that when Bo = 0, one obtains n
= 0. By adjusting the curve so that it passes
through the origin, one can read n for any magnetic
field directly from the graph. In particular, the
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FIG. 6. Real and imaginary pe.rts of 0' vs q for
Bp = 15~ 1 kG and 7 = 10 sec.

value of n at the helicon edge can be determined.
The critical factor in the reliability of the deter-
mination of I BA/Bk, l at the helicon edge is that the
magnetic fields be high enough for the helicon dis-
persion relation to be local. The fact that the ef-
fective number of electrons per unit volume cal-
culated from the slope of a graph of q vs BD'

agrees quite well with the value computed from the
Halse Fermi surface indicates that the local dis-
persion relation is satisfied at high fields. A pre-
vious conjecture to the contrary by Wood and
Gavenda' is not correct. The value of I BA/Bk, i'

found using n = 40 and BE = 15. 1 kG (Bs is the value
of Bo at the helicon edge) is 9. 5 x108 cm ~. From
Fig. 2 it can be seen that there are sections of the
Fermi surface with I BA/Bk, I =9.5x10' cm '. Since
the effectiveness of a particular band of carriers in
damping the helicon via DSCR is proportional to
(e I B'A/Bk, I „),where the subscript av indicates
the band-average value, parts of the Fermi surface
where I BA/Bk, l is very steep are not expected to
be very effective in damping the helicon. In order
to determine the relative damping of the helicon
from different bands of electrons and holes, we
have calculated the conductivity as a function of q.
In Fig. 6, we show Reo and Imo as functions of q
for a fixed magnetic field of 15. 1 kG. For low-q
values (or high-Bo values), there is a sudden in-
crease in Reo to about one-fourth the value of Imp.
As q is increased, Reo decreases slightly to about
one-fifth Imo' but then begins to increase again until
Heo =Imp at high-q values (low-Bo values). Thus,
after the large initial increase in Reo, Reo = Imp,
and the helicon is damped quite effectively.
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Since conductivities from electron an d hole re-
gions are a i ivedd't' and since we wish to determine
the contribution to Re@ from carriers t' rs on different

arts of the Fermi surface, we have also calcu-par s o e
lated the contribution to Reo for three sree sections of
the Fermi surface (labeled I, II, aand III in Fig. 2).

f Fi . 2 consists of electron orbits and
t ds from Z=O to Z=2. 45. Section II o ig.

' t f four-cornered-rosette hole or iconsis s 0
ction III ofextends from Z= 2. 50 to Z= 3. 80. Sec ion

Fi . 2 again consists of electron orb'rbits and extendsig. rb
Z = 3. 85 to the limiting point at Z = 5.

From the graph in Fig. V, we see that the u

increase in Reo at low-q values is caused by those
electrons in Sec. III of Fig. 2. This does not mean
that the contribution to Reo from Sec. 'g.c. III of Fig.

d e. Thealone will cause the observed helicon e g .
f t that there is contribution to the damping rom
Sec. I of Fig. 2 should not be surprising since '

well known 13,14,26 that for Fermi surfaces having
many electrons associated with a maximum in
I SA/sk, !, the value of q at the helicon edge is

h lier than the q determined from q v, „t
remalCP where the subscript ext denotes the extrema

value.
ion toA

' ' reased further the contribution o
nt whileRe@ from the hole orbits becomes significant w i e

decreases. Finally, at very large-q values the
only significant contribution to Reo comes from
Sec. I electrons of Fig. 2. However, since the
helicon has been quite effectively dampe yed b other
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carriers, the pronounced damping effects expected
to be produced by the electrons associated with
I BA/Bk I are not seen. The damping effect pro-c ext

d induced b these electrons has been observed 'uce y ""and inultrasonic -attenuation measurements
surface -impedance measurements. "

Recent s u iest t d' s ' of GK oscillations at micro-
a e frequencies along the [001] axis in copper re-

port a GK period corresponding to I BA/sk, l
=

x10 cm The explanation for this QK period is
given in terms of the topological effectiveness o
l trons near the necks in region III polar-orbit

30 .region in the nomenclature of Refs. 29 and ).
The origin of this topological effectiveness lies in
the reduction of the transverse velocity of an elec-
tron as it approaches a neck. It has also been sug-

ested' that this topological-effectiveness mecha-
m may be important in explaining the heliconnism may

edges observed by Wood and Qavenda. Sine
calculations have been performed assuming a
cylindrically symmetric model, the topological-
effectiveness concept has not been taken into ac-
count. From the agreement of our calculations
with experimental results, it would appear that at
low frequencies (& « ~,), it is sufficient to consider
the variation of A(k, ), m„and BA s, wi
to 0, . Other work in aluminum seems to sub-
stantiate the fact that the variation of BA/sk, is the

topological-effectiveness mechanism is not opera-
tive whenever (d « ~, .

B. Results and Interpretation for Bo II [111]

In Fi s. 8 and 9, we show experimental and cal-
culated curves, respectively, for R0 II

experimental curve the transm' 'gnitted si al has been
differentiated to enhance the QK oscillations which
are superimposed on the slowly varying helicon
signal. In each curve the oscillations are periodic
in Bo with a period of 590+7 G. This perio ici y
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and
2/(nB ) = 1/(nB ) „+I/(n. B )

2/(aBO)„=I/(aBO) „—I/(aBO)

(10)
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FIG. 9. Calculated transmitted signal versus Bp for
Bp ll [111]with f= 500.0 kHz and L =0 ~ 84 mm and T

= 10" sec.

in Bo is characteristic of QK oscillations. A clos-
er investigation, however, of these curves reveals
that their amplitude is modulated. These curves,
then, can be interpreted as the beating of two sig-
nals whose periods are comparable. In Fig. 4,
there are two extremal values of I BA/Bk, l (one
maximum and one minimum) which could give rise
to two separate sets of GK oscillations. The mod-
ulation period is about 4. 5 to 5 kQ, but since it is
difficult to determine accurately, let us show that
the two extremal values of I BA/Bk, l are consistent
with the calculated and experimental results. The
expressions which relate the beat period (&Bo)t, and
modulation period (DBO) to the periods of the two
sets of QK oscillations are given by

where (nB,) „and (AB,) denote the periods of
the GK oscillations associated with I BA/Bk, I „and

I BA/Bk, ! ~, respectively. If Eq. (9) is inserted
into Eqs. (10) and (11) and the values I BA/Bk, I

= 8. 05 x 10~ cm ~ and I BA/Bk, I „=6. 50 x 10 cm
are used, the results (AB,)„=565 G and (AB,)„
= 5. 25 kG are obtained. These values for (ABO)~
and (b.BO)„areconsistent with the observed values
in both the calculated and experimental results.

V. SUMMARY

Helicon propagation and GK oscillations have
been investigated numerically in copper. Good
agreement between calculated curves and experi-
mental curves was obtained using only the correct
variation of A(k, ), BA/Bk„and gpss, . For Bo II [001],
the relative damping effects of carriers on differ-
ent parts of the Fermi surface were discussed.
For 8 IILlll], modulated GK oscillations were ob-
served and interpreted as the beating of two sets
of GK oscillations.
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Energy Dependence of the Effective Debye Temperature Obtained from
Low-Energy-Electron-Diffraction-Intensity Measurements*

G. E. Laramore
Sandia Iaboratories, Albuquerque, Nese Mexico 87115

(Received 11 February 1972)

A discussion of the effect of lattice vibrations on the effective electron-ion-core elastic
scattering vertex is given using the model of Duke and Laramore. The renormalization in-
troduced by the lattice vibrations can substantially increase the number of partial waves
necessary to describe this scattering. The vertex approximation using the s-wave part of the
phonon renormalization factor and phase shifts from a realistic potential to describe the elec-
tron-rigid-ion scattering is compared with the vertex approximation using the full phonon re-
normalization factor and the constant phase shift g-wave model to describe the electron—
rigid-ion scattering. Model calculations of low-energy-electron-diffraction (LEED) intensity
profiles are presented for a system having the geometrical parameters of Al(100), and effec-
tive Debye temperatures are obtained for the Bragg peaks in the intensity profiles. The de-
pendence of these effective Debye temperatures on the ineleastic-collision mean free path and
on the characteristic falloff of the vibrational amplitude of the ion cores with distance from
the surface is investigated. Even for a constant mean free path the 8&+ exhibit a pronounced
energy dependence. By comparing the calculated 8& with the experimental measurements
of Quinto et al. , a crude estimate of the inelastic-collision mean free path in the surface re-
gion of aluminum is obtained.

I. INTRODUCTION

It is well known that lattice vibrations introduce
a temperature dependence into the intensities of x
rays and neutrons scattered by a solid. Since the
x rays and neutrons interact only weakly with the
ion cores of the solid, their scattering can be
treated in linear response theory and so the tem-
perature dependence of the scattered beams can be
simply related to a Debye temperature which
characterizes the vibrational amplitudes of the ion
cores in the "bulk" region of the solid. Low-ener-

gy electrons, on the other hand, interact quite
strongly with the ion cores of the solid and also
with the high-energy electronic excitations (e. g.,
plasmons, interband transitions). These effects
greatly complicate the interpretation of the tem-
perature dependence of the elastic scattering in-
tensity for electrons. ' However, it is an experi-
mental fact that the temperature dependence of the
intensity of maxima in low-energy-electron-dif-
fraction (LEED) intensity profiles can be described
in terms of an effective Debye temperature. ' A

common feature of these observations is that in a
given intensity profile the low-energy maxima are
characterized by a smaller effective Debye tem-
perature 8~" than the higher-energy maxima. This
smaller O~" for the lower-energy peaks is indica-

tive of a larger amplitude of vibration for the sur-
face atoms than for those atoms in the "bulk" re-
gion of the solid. Duke and Laramore ' investi-
gated the consequences of lattice vibrations in a
theoretical calculation of the LEED intensity pro-
files and showed that for the range of electron en-
ergies commonly used in LEED, their main effect
was to renormalize the effective electron-ion-core
elastic scattering vertex, making it temperature
dependent. They investigated the effects of a vi-
bronically inequivalent surface layer' on the tem-
perature dependence of the elastic intensity pro-
files and showed that although the temperature de-
pendence of the peaks in the intensity profiles
could be described in terms of a O~", this effec-
tive Debye temperature could not be simply related
to the vibrational amplitudes of either the surface
or the bulk ion cores. The HL)" obtained from this
analysis depends as well on the relative scattering
strengths of the surface and bulk ion cores and upon
the inelastic mean free path which determines the
relative sampling of the surface arid bulk regions
of the elastic beam.

Recent model calculations' indicate that for a
clean surface it is reasonable to use the same po-
tential to describe the interaction between the beam
electrons and both the surface and bulk ion cores of
the solid. The rationale for this is that the electron


