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We have obtained L-shell appearance-potential spectra for clean surfaces of the 3d transi-
tion metals: Sc, Ti, V, Cr, Mn, Fe, Co, and Ni. Spin-orbit splittings determined from
these spectra are in excellent agreement with tabulated x-ray values. In all cases, however,
the absolute binding energies are lower than the tabulated values, presumably as a result of
the reduced coordination for surface atoms. The L&/L& intensity ratios show a systematic
variation with Z, approaching the expected statistical weighting of 2 only for a nearly empty
(Sc) or nearly filled {Co and Ni) 3d band. It is less than 2 for all intermediate Z 's with a
minimum value of approximately 1 at Cr. The L3, L2 peak widths decrease with Z correspond-
ing to the filling of the 3d band. The L& width, which is determined primarily by Auger life-
time broadening rather than the density of conduction-band states, exhibits a systematic de-
crease for Z &24 in contrast to theoretical predictions.

I. INTRODUCTION

The importance of the 3d transition metals to
technology has stimulated experimental studies of
their electronic structure by a variety of deep-hole
probes such as x-ray photoelectron spectroscopy,
soft-x-ray emission and absorption spectroscopy,
electron-excited Auger spectroscopy, etc. Be-
cause of uncertainties resulting from differences
between the various probes and in the details of the
experimental techniques, however, information on

systematic changes in electronic structure with Z
can be reliably extracted only from studies of the
complete series by a single technique using a single
instrument. Filled-band studies of this sort in-
clude L~, L, x-ray emission-band spectra of ele-
ments 20-29 and M3 3 emission-band spectra of
elements 22-29. Ultraviolet-photoelectron va-
lence-band spectra have been obtained by Eastman
for elements 21-28. In the present paper we re-
port the results of a systematic study of the L-shell
spectra of elements 21-28 by soft-x-ray appear-
ance-potential spectroscopy which is an empty-
band (absorption) probe.

The soft-x-ray appearance-potential technique
depends on the fact that the total x-ray emission
of electron-bombarded surface, plotted as a func-
tion of incident electron energy, exhibits distinct
structure corresponding to the core-level-excita-

tion probabilities superimposed on a bremsstrah-
lung background. The excitation edges can be sen-
sitively detected in the derivative of the photocur-
rent from any metal surface exposed to x rays from
the bombarded sample. The shape of the edges is
related to the density of conduction-band states.
The results are therefore equivalent to those ob-
tained by the characteristic isochromat tech-
nique. ' In both techniques, the resolution is ulti-
mately limited only by the spread in incident elec-
tron energies. The advantage of the appearance-
potential technique is its simplicity.

It should be emphasized that, owing to the small
mean free path for inelastic scattering of electrons
in the energy range below 1000 eV, appearance-
potential spectroscopy samples only the outermost
few atomic layers. It is not clear therefore to
what extent agreement should be expected with cal-
culations or measurements which claim validity
only for bulk atoms.

II. EXPERIMENTAL

Ultrahigh-purity polycrystalline samples' of Ti,
V', Cr, Fe, Co, and Ni were prepared in the form
of disks 12 mm in diam by 3 mm thick. The flat
surfaces were mechanically polished, ultrasonical-
ly agitated, and degreased in acetone before being
placed in the vacuum system. A carrousel multi-
ple-sample holder consisting of six molybdenum
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FIG. 1. Schematic diagram of the soft-x-ray appear-
ance-potential spectrometer. The sample S is bombarded
by electrons from a tungsten filament E. X rays from
the sample pass through the grid and impinge on the walls
of the photocathode can P producing photoelectrons which
are collected on the electrode E. That portion of the
collector current which varies at the modulation fre-
quency is selected by a tuned circuit.

pans was used to rotate the samples from the mea-
surement position to other stations for cleaning
by electron-bombardment heating of the sample
pans and argon-ion sputtering. In addition, the
samples could be positioned under Mn and Sc evap-
orators. These two metals could not be obtained
in high-purity specimens suitable for direct study.
Consequently, small high-purity samples were
placed in directly heated tungsten coils and evapo-
rated onto the other six samples which served as
substrates subsequent to taking the spectra of their
clean surfaces. In this way, the spectra of all
eight metals could be obtained without breaking the
vacuum.

The surfaces were subjected to repeated cycling
of sputtering and high-temperature outgassing to
remove all traces of impurities such as C, 0, and
Ca. Some material was transferred from one sam-
ple to another during sputtering and traces of other
3d metals were usually detectable on the "clean"
surfaces; however, the amounts were much too
small to. measurably influence the substrate spec-
tra.

Chamber pressures during the measurements
were & 10 Torr. In addition, the samples were
maintained at several hundred degrees centigrade.
No contamination could be detected over periods
much longer than the time required to obtain a
spectrum.

The essential features of the apparatus for the
actual measurements of the spectra are shown
schematically in Fig. 1. Electrons emitted ther-
mionically from a tungsten filament F are acceler-
ated and produce soft x rays upon colliding with
the sample S. The filament is in the form of a
heavy ribbon of ultrapure tungsten with the narrow

edge facing the sample. The ribbon is thinned
slightly over a short region to localize the emis-
sion. The potential drop across the emitting por-
tion is at most a few tenths of a volt.

Most of the x rays from the sample pass through
a grid and strike the walls of the stainless-steel
can P that serves as a photocathode. Photoelec-
trons from the walls are collected on a positively
biased coaxial collector wire E. The filament is
biased a few volts above the grid, which is at
ground potential, to prevent filament electrons
from reaching the collector. The collector current
is therefore proportional to the total x-ray emis-
sion of the sample.

To obtain the approximate derivative of the
photocurrent as a function of incident electron en-
ergy, a sinusoidal oscillation is superimposed on
the accelerating potential. A tuned circuit com-
posed of a high-Q inductor L in parallel with the
distributed capacitance C of the collector circuit
selects that portion of the collector current which
varies at the modulation frequency. For weak sig-
nals it is advantageous to use a phase-lock ampli-
fier. In the measurements reported here, the am-
plitude of the oscillation was fixed at 0. 3 V rms.
The oscillation frequency was approximately 6 kHz.
Since the bremsstrahlung background is a relative-
ly slowly varying function of incident electron en-
ergy, the output is approximately the derivative
of the core-level-excitation probabilities superim-
posed on a nearly constant background.

The spectra shown here are all direct recorder
tracings of the amplitude of the alternating compo-
nent of the collector current versus the potential
applied between the filament and sample. The
X-Y plotter was calibrated to an accuracy of +0. 1
V.

III. L-SHELL BINDING ENERGIES

The measurement of energy-level differences is
simpler and more precise than the measurement of
absolute binding energies and is, moreover, rela-
tively unaffected by the distribution of valence elec-
trons. The determination of the spin-orbit split-
ting (L3-La) is, however, complicated by the fact
that L~ structure may be distorted by the extended
structure above the L3 edge. The problem is seri-
ous only for the low-Z end of the series (Sc, Ti,
and V) where the splitting is small and the thresh-
old peaks are broader, as seen in Figs. 2-9 show-
ing the 2p spectrum of the entire series.

The decomposition of the measured spectra into
separate L3 and Lz contributions should be possible
if the spectra differ only in their relative ampli-
tudes, i. e.,

L2,3(E) = I.3(E) + L3(E —b.E)/u,
where n is the ratio of intensities, and 4E is the
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FIG. 2. 2P spectrum of gc. The ordinate is ap-
proximately the derivative of the total x-ray emission.
The 2p3~2(L3) threshold is taken as the intersection of
the dashed lines. A 5.0-eV correction for filament work
function, etc. , must be added to convert to binding
energy.

spin-orbit splitting. In fact, however, abroaden-
ing of the L~ features relative to the L, results
from the lifetime effects of the L3- L& Coster-
Kronig transition, but this is presumably not an

important transition for the Sd series, and the ef-
fect should be small. Calculations were therefore
made to determine the values of n and &E which
most nearly removed all remnants of the L& struc-
ture when the second term of Eq. (l) was sub-
tracted from the total spectrum. The spin-orbit
splittings determined in this way are compared to
those tabulated by Bearden and Burr in Table I.
The agreement is within the probable error for
most of the series. From the structure remaining
in the decomposed spectra following the minimiza-
tion procedure it was evident that there were some
differences in the L3 and L~ shapes.

There is, of course, no problem with the 2p
spectrum (L3, Lz) overlapping the 2s (Lq). How-

ever, as expected from fluorescent-yield calcula-
tions, the L& peaks are relatively weak and broad

FIG. 3. 2p spectrum of Ti.

compared to the L, and L~. This is seen in Fig.
10 which shows the complete L spectrum of iron.
The measured L3-L& separations are also listed in
Table I and compared with the values tabulated in
Ref. 10.

We also determined the binding energies of the
core levels. We take the binding energy to be the
minimum energy required to excite an electron
from a given level to an available state above the
Fermi energy. Therefore, to convert from the
applied potential U to the energy of the incident
electrons relative to the Fermi energy, it is nec-
essary to multiply U by the electronic charge and
add the work function of the filament ey. ' We
have used a value of 4. 5 eV for the thermionic
work function of the tungsten emitter. it is, of
course, only necessary to make an absolute deter-
mination of the threshold energy E~ of one of the
levels. The L3 level, which was used by Siegbahn
as a fundamental reference level for most of the
periodic table, was selected for obvious reasons.
To make this determination directly from the re-
corder plots, it is necessary to add an additional
correction —,'e&U corresponding approximately to
half the peak-to-peak modulation of the sample po-

TABLE I. Measured energy-level differences (eV) compared to tabulated x-ray values.

21 Sc
22 Tl
23 V
24 Cr
25 Mn
26 Fe
27 Co
28 Ni

~Reference 10.

Park and Houston

4.7~ 0.1
5.9 + 0.1
7.4+ 0.1
8.7+ 0.1

10.6 + 0.1
13.0+ 0.1
15.1+ 0.1
17.3+ 0.1

L3-L2
Bearden and Burr ~

4.50+ 0.17
5.98 + 0.05
7.55+ 0.06
9.21 & 0.05

11.10 + 0.06
13.00+ 0.04
15.01 + 0.05
17.25 + 0.05

Park and Houston

98.0 + 0.4
105.0 + 0.4
113.2 + 0.4
120.1+ 0.4
127.7 + 0.4
136.4+ 0.4
145.7+ 0.4
156.5 + 0.4

Bearden and Burr

114.35 + 2.53
121.95 + 0.70
129.72 + 0.84
137.96 + 1.06
147.30 + 1.22
154.34 + 0.72
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FIG. 8. 2p spectrmn of Co. FIG. 9. 2p spectrum of Ni.

the series with a distinct minimum at Cr. Devia-
tion from the statistical weighting of 2 implies
either an anomaly in the excitation probabilities or
j-dependent selection rules for the radiative decay
of 2p holes. 'Zhe first of these possibilities has
been eliminated for Cr by comparing the intensity
ratio measured by soft-x-ray appearance-potential
spectroscopy with that obtained by Auger-electron
appearance-potential spectroscopy. " The latter
is essentially just the energy derivative of the sec-
ondary-electron-&mission coefficient. Since the
probability of a radiative decay is quite small, the
Auger -electron appearance -potential spectrum
should accurately reflect the relative excitation
probabilities of the 2p levels regardless of differ-
ences in radiative-transition probabilities. The
L3/Lz ratio for Cr in the Auger case was found to
be almost exactly 2. We are forced to conclude
therefore that, at least for chromium, 2p&&, holes
decay via radiative transitions with a greater prob-
ability than 2P3&~ holes. This point is discussed in
greater detail in Ref. 15.

V. BAND MODEL

The total soft-x-ray emission from an electron-
bombarded sample consists of the core-level-ex-

citation probabilities superimposed on a smoothly
increasing bremsstrahlung background. In the
simple one-electron picture, assuming constant
oscillator strengths, the excitation probabilities
are proportional to the integral product of the den-
sities of initial and final states. For our purposes, .

the initial states are the filled core levels which
are to be emptied. The final states, on the other
hand, must take into account all possible positions
for the two electrons (incident and excited core
electron) which are allowed by the conservation of
energy as shown in Fig. 12.

The density of final states for two electrons is
thus given by the self-convolution of the empty-
state density for one electron N(E), i. e.,

N2(E)= f N(E )N(E —E ) dz

where the zero of energy is taken to be the Fermi
level. Taking into account the finite width of the
excited core level 0/r, where v is the lifetime of
a core hole, the transition probability above the
threshold should go as

7'(E) = f,
'

f,
' N(z")N(z' —z")dz"

xN, (E+E~ —E ) dz, (4)

TABLE II. Measured L-shell electron-binding energies (eV) compared to tabulated x-ray values.

L3 (2p3)2)
Park and Bearden
Houston and Burr

L2 (2pgg2)
Park and Bearden
Houston and Burr

Park and
Houston

Lf, (2s)
Bearden
and Burr

21 Sc
22 Tl
23 V
24 Cr
25 Mn
26 Fe
27 Co
28 Ni

398.4 + 0.5
453.4+ 0.5
512.6+ 0.5
574.0 + 0.5
638.5 + 0. 5
706.3 + 0.5
776.9 + 0.5
850.9+ 0.5

402. 2+ 0.4
455. 5 + 0.4
512.9+ 0.3
574. 5 + 0.3
640. 3 + 0.4
708.1+ 0.9
778.6+ 0.3
854.7+ 0.4

403.1 + 0.5
459.3 + 0.5
520. 0+ 0.5
582. 7+ 0.5
649.1+ 0.5
719.3 + 0.5
792.0 + 0.5
868.2+ 0.5

406. 7+ 0.4
461.5 + 0.4
520. 5+ 0.3
583.7+ 0.3
651.4+ 0.4
721.1 + 0.9
793.6 + 0.3
871.9+ 0.4

496.4+ 0.7
558.4+ 0.7
625. 8 +0.7
694. 1 + 0.7
766. 2+ 0.7
842. 7+ 0.7
992.6 + 0.7

1007.4 + 0.7

500.4+ 0.4
563.7 + 0.4
628. 2+ 0.4
694. 6+ 0.4
769.0+ 0.4
846. 1+0.4
925.6+ 0.4

1008.1+ 0.4

~aeference 14.
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where N, (E) is the state density function of the ex-
cited core level. If the lifetime of the core hole is
sufficiently long, we can represent N, (E) by a 5

function:

N, (E)= n, 5(E Es), — (5)

in which case the transition probability becomes

T(E)=n, f N(E )N(E —E )dE . (6)

Therefore, as long as we confine ourselves to ex-
cited core levels with sufficiently long lifetimes,
the excitation probability is proportional to the
self-convolution of the density of available states
above the Fermi energy. ' A qualitative idea of the
shape of this function for a transition metal is giv-
en in Fig. 13. The solid curve (a) in Fig. 13 rep-
resents the density of states of a Sd transition met-

al. Although highly schematic, it does include the
properties normally attributed to these materials,
i. e., a sharp 3d band superimposed on a broad
free-electron-like 4s band. In a simple rigid-band
representation, the shape of the bands is fixed, and
only the position of the Fermi level changes as the
states are progressively filled with increasing Z.

The dotted curve (b) corresponds to Eq. (5) and

is, to a first approximation, the shape one ob-
serves for the characteristic isochromat of a core
level of a transition metal. ' ~ In the appearance-
potential technique, however, we obtain the deriva-
tive of the transition probability which is repre-
sented in Fig. 13 by the dashed curve (c).

From this highly simplified representation, we
expect that the appearance-potential spectrum of
a given core level of a 3d transition metal will ex-
hibit a positive threshold peak whose width is ap-
proximately equal to the width of the unfilled 3d
band, followed by a negative-going dip. In the ab-
sence of the 4s band, the negative dip would equal
the positive peak. The reduction of the negative

p 3

3d
..(b)

0

0

I

EF

4s

-(c)
—(a)

21 22 23 24 25 26 27 28
Sc Ti V Cr Mn Fe Co Ni

FIG. 11. L3/L2 intensity ratios. The open circles for
Cr-Ni represent actual intensity ratios calculated by in-
tegrating under the peaks. The solid dots give the ratio
of peak heights. For Z&24 this should be a good approxi-
mation to the intensity ratio.

FIG. 13. Simplified schematic representation of the
density of states of a 3d transition metal. (a) One-elec-
tron density of states. The states are occupied up to Ez.
(b) Self-convolution of the density of unoccupied states
(dotted curve). This is essentially the shape of the
characteristic isochromat of a narrow core level. (c)
Derivative of the self-convolution (dashed curve). This
is the shape expected for the appearance-potential spec-
trum.
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dip thus measures the relative contribution of the
4s states. The general trend of the 2p spectra in
Figs. 2-9 clearly follows a rigid-band representa-
tion with the unoccupied Sd width decreasing with
Z and the relative contribution of the 4s states in-
creasing.

The measured width of the positive peak includes
the effect of an instrument response function. To
compare the observed spectra with theoretical cal-
culations of the width of the unfilled 3d band, we
have assumed that the threshold-peak widths mea-
sured at half-maximum are the quadratic sum of
the intrinsic width and a 1-eV instrument response
function which results primarily from the ampli-
tude of the potential modulation. The corrected
widths are plotted in Fig. 14 along with the widths
of the unfilled d band calculated by Snow and Wa-
ber. ' Although a great many energy-band calcula-
tions have been made in the past few years for in-
dividual Sd metals, Snow and Waber's augmented-
plane-wave (APW) calculations, to our knowledge,
constitute the only systematic treatment of the en-
tire series.

The measured widths, corrected for instrument
response, display the expected decreasing trend
with Z and are in reasonable qualitative agreement
with Snow and Waber's calculations. The agree-
ment is worst for V and Cr. The Fe, Co, and Ni
values all lie above the calculated widths, but if
corrected for the lifetime broadening of the L3 lev-
el (theoretical lifetime values' are indicated in
Fig. 14 by X's), they would be in excellent agree-
ment. Lifetime broadening should have little ef-
fect on the spectra of the low-Z members of the
series but probably represents the major contri-
bution to the observed L3 width of Ni since the d-
band contribution should be only a few tenths of an

I
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FIG. 15. Comparison of the Cr L3 and L& peaks. The
L3 peak width is due almost entirely to the unoccupied
sd states. The L& width is due primarily to broadening
from the strong 2p- 2s Coster-Kronig transition.

eV "
VI. LIFETIMES OF 2s HOLES

Because of the strong 2p-2s Coster-Kronig
transition, it is expected that the lifetime broaden-
ing of the L, level will be an order of magnitude
greater than for the L,. ' This is evident from the
comparison of the Cr L3 and L& spectra in Fig. 15.
The L3 width is due almost entirely to the width of
the unfilled d band, whereas the width of the L,
peak is about what one would expect due to lifetime
broadening alone. '

The L& peak widths for the entire series are
plotted in Fig. 16 along with the lifetimes calculated
by McGuire. Although the widths are of the right
order of magnitude, the calculated trend toward
greater L& level widths with increasing Z fails

)3—
Q

x
Ic52—

~ MEASURED

e I % 0 UNFILLED 3d STATES
(SNOW L WA8ER)

x LIFETIMES
Isl (Mc 6UI RE )~o 0
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FIG. 14. L3 peak widths measured at half-maximum
and corrected for a 1-eV instrument response function
(solid dots), compared with the calculations of Snow and
%aber (Ref. 17) for the width of the unfilled Bd band
(open circles) and the L3 lifetimes calculated by McGuire
R's) (H,ef. 9).

l 1 l l I l I I

21 22 23 24 25 26 27 28
Sc Ti V Cr Mn Fe Co Ni

FIG. 16. The L& peak widths compared to the lifetime
calculations of McGuire (Ref. 9). The order of magni-
tude is correct, but the decrease for Z &24 is unexpected.
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above Cr.

VII. DISCUSSION

Direct quantitative comparisons of our measure-
ments with those obtained by other techniques are
possible to only a limited extent, except in the case
of the core-level binding energies. The agreement
between our values for the L3-L& spin-orbit split-
tings (Table I) and tabulated x-ray values is re-
assuring, but of greater interest is the fact that our
absolute binding energies (Table II) are in all cases
lower than the literature values. Early onsets for
the L3 levels of Co and Ni have also been observed
by the characteristic isochromat technique ' which
makes essentially the same measurement using an
x-ray monochromator rather than potential modula-
tion to reduce the effect of the bremsstrahlung
background. Dev and Brinkman point out that this
is to be expected since the electron penetration
depth is very small and the reduced coordination of
the surface atoms should produce a "chemical"
shift in their core electrons to lower binding en-
ergies.

The same considerations must, of course, apply
to x-ray photoelectron measurements of the core
levels. For MgK or A1K excitation, the escape
depth for L-shell electrons of the 3d metals should
be about the same as the excitation depth in the ap-
pearance-potential technique. Unfortunately, re-
searchers in photoelectron spectroscopy have rath-
er uncritically accepted estimates of an effective
sampling depth of about 100 A. Steinhardt, Hudis,
and Perlman, however, have recently shown us-
ing electron spectroscopy for chemical'analysis
(ESCA) that 1000-eV electrons have an escape depth
of only about 10 A in graphite, and it would pre-
sumably be even less for the more dense 3d metals.
This agrees with what one would expect from the-
oretical considerations, ' and from a great body
of experimental low-energy-electron-diffraction
(I EED) observations.

Because it was assumed that the escape depth
was far greater than this, most of the published
(ESCA) measurements were taken on surfaces
whose cleanliness is open to question. Indeed, to
date, relatively few ESCA measurements have been
made under the ultraclean conditions that charac-
terize modern surface research. Thus, recent
compilations of core-level binding energies which
have relied heavily on ESCA measurements for ref-
erence levels' should be viewed with some skepti-
cism, not only because of questions of cleanliness
but also the more basic question of whether elec-
tron-binding energies measured by surface -sensi-
tive techniques are representative of bulk proper-
ties of matter.

For most of the other measurements reported
here, such as peak widths, we can make no direct

experimental comparisons, but must instead look
to band-structure calculations at the one extreme
which claim validity only for the bulk and at the
other extreme, calculations based on the ground-
state configuration of free atoms. The systematic
changes in the 2p spectra with Z are, nevertheless,
in reasonable accord with a rigid-band model of the
transition metals. In particular, the threshold-
peak width, whic h is a measur e of the unfilled width of
the 3d band, decreases with Z. It would be ex-
pected on this basis that the 2p spectra of Cu, for
which the 3d band is filled, would exhibit simple
steps at the L3 and L& thresholds rather than the
distinctive peaks of the transition metals, and pre-
liminary studies of Cu show that this is indeed the
case.

The corresponding behavior for a filled-band
probe such as ESCA would be an increase in the
width of the 3d peak with Z. While no systematic
ESCA study of the entire 3d series is known to the
authors, valence-band ESCA spectra of Fe, Co,
and Ni have been published by two different
groups. ' ' These spectra appear to follow the re-
verse of the expected trend, that is, the width of
the peak associated with the filled 3d band de-
creases with Z over this limited range.

The treatment of the spectral line shapes solely
in terms of the density of states is, of course, an
oversimplification. The measured spectra must
depend, to some unknown extent, on the oscillator
strengths as well as on many-electron effects.
Threshold singularities due to the interaction of
the core hole with low-lying, single-particle ex-
citations of the conduction electrons are frequently
reported in x-ray emission and absorption, and
Laramore has shown that it is possible for even
stronger threshold divergencies to occur in ap-
pearance-potential spectroscopy. Indeed, the
graphite K excitation appears to be dominated by a
resonant coupling to the plasmon spectrum. '~7
There is, however, no evidence of these many-
electron effects in the results presented here.
The extended fine structure observed above the L3,
L2 thresholds, particularly for Ni, probably con-
sists of characteristic loss replicas of the main
peaks.

The most intriguing anomalies reported here are
the variation of the LB/L~ intensity ratios and the
L, lifetimes with Z (Fig. 11). In both cases, the Z
dependence for Z & 24 is just the opposite of that
for Z ~ 24. Z = 24 (Cr) corresponds to the case in
which the 3d band is just half-filled. The cohesion
of the transition metals exhibits a similar variation
with the filling of the d band', increasing through
the first half of the series as predominantly bond-
ing states are filled, and decreasing thereafter as
antibonding states are occupied. It seems likely
that the variation in radiative-transition rates re-
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fleets the same changes in electronic structure that
are responsible for the variation in cohesive energy.
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Quantum Crystals in the Single-Particle Picture
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A low-temperature formalism for quantum crystals based on the localized-single-particle
picture is presented. A proposed transcription to a quasiparticle space provides the basis
for an easily accessible thermal analysis. It also yields correlation and lifetime information.
The excitations are shown to be the same as Werthamer's. The effect of wave-function over-
lap and its impact on magnetism are also discussed. Lastly, the defect crystal is examined.

I. INTRODUCTION

The breakdown of classical phonon theory in
quantum crystals has resulted in recent efforts
being channeled in either a single-particle or a
collective approach. ' The phonon spectra in both
pictures show striking similarities. It should then
be possible, in principle, to use either representa-
tion to get at the low-temperature thermodynamics
of quantum crystals. One difficulty with the single-
particle representation has been in determining

this low-temperature behavior from a knowledge of
the excitation spectrum. It is the purpose of this
paper to present a low-temperature formalism of
the random-phase-approximation (RPA) phonons
that will be amenable to overlap and defect analy-
sis.

The procedure, reminiscent of the one in spin-
wave theory, involves mapping the atomic eigen-
vector space into a boson space. The imaged Ham-
iltonian, under a proposed set of transformation
rules, can be transformed to yield the ground-state


