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Spin splitting of conduction subbands in III-V heterostructures due to inversion asymmetry

P. Pfeffer and W. Zawadzki
Institute of Physics, Polish Academy of Sciences, Aleja Lotnikow 32/46, 02-668 Warsaw, Poland

~Received 14 September 1998!

A formula for the spin splitting of conduction subbands in III-V heterostructures due to inversion asymmetry
is derived and it is explicitly shown that the splitting is not proportional to the average electric field in the
system. Calculated magnetic-field dependence of the splitting successfully describes the available experimental
data for the In0.53Ga0.47As/In0.52Al0.48As heterostructure. The theory of splitting for a magnetic field parallel to
the interfaces is discussed in relation to the metal-insulator transition in two-dimensional systems.
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Spin splitting of electric subbands in III-V semiconduct
heterostructures has attracted in recent years conside
and continuously growing theoretical and experimental in
est. In a crystal with a bulk inversion asymmetry~BIA !, the
energy bands are spin split for a given direction of the wa
vectork. In heterostructures, the spin splitting may also o
cur as a result of structure inversion asymmetry~SIA!
~Bychkov and Rashba1!. The history of the subject is ver
controversial. In the first theory, Ohkawa and Uemura2 con-
cluded that in a system with an asymmetric potentialV(z)
the spin splitting is proportional to2]V/]z5qE. However,
as remarked by Darr, Kotthaus, and Ando,3 in a bound state
the average value of electric fieldE vanishes. Malcher
Lommer, and Roessler4 pointed out that a difference of ef
fective masses in various parts of a heterostructure resul
an additional force. Still, as shown by Pfeffer an
Zawadzki,5 the result of Ref. 4 underestimated the S
mechanism of spin splitting in GaAs/Ga12xAl xAs hetero-
structures. Sobkowicz6 ~cf. also Ref. 7! emphasized the role
of spin-dependent boundary conditions for the SIA mec
nism. Lommer, Malcher, and Roessler8 calculated the effec
of an external magnetic fieldB on the spin splitting in
GaAs/Ga12xAl xAs heterostructures and, taking into accou
only the BIA mechanism, concluded that the splittin
changes sign as a function ofB. Pfeffer and Zawadzki,9,10

considering both BIA and SIA mechanisms, showed that
spin splitting does not change sign. In spite of the expl
statements that in a bound state the average electric fie
exactly or nearly zero~cf. Refs. 3,5,9–12!, it is still often
claimed that the spin splitting due to SIA~Bychkov-Rashba!
mechanism is proportional to the average field~cf. Refs. 13–
18!. This is frequently accompanied by an erroneous om
sion of the potential discontinuities at the interfaces.

In this paper we show explicitly that the average elec
field contributes only a very small portion of the total sp
splitting. Next we describe the effect of a magnetic fie
transverse to the interfaces and compare it to the experim
of Daset al.19 on InxGa12xAs/In0.52Al0.48As heterostructures
Finally, we calculate the effect of a magnetic field parallel
the interfaces and discuss it in connection with the curr
debate on the metal-insulator transition in two-dimensio
~2D! systems.

We first consider the case ofB50, beginning with the
k–p Hamiltonian written in the three-level model ofG6
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and G7
v levels.20 The resulting 838 differential matrix is

completed by the external potentialV(z), characterized by
jumps at the interfaces atz50 andz5a. In addition, the 8
38 Hamiltonian is completed by theF terms resulting from
BIA, as derived by Kane.20 The initial set is reduced by
substitution to the eigenvalue problem for the two spin sta
of the G6 conduction band:

S Â1B̂2l K̂

K̂† Â2B̂2l
D S F1~z!

F2~z!
D 50, ~1!

wherel is the eigenvalue, and

Â52
\2

2

]

]z

1

m*
]

]z
1

\2k'
2

2m*
1V~z!, ~2!

B̂5 i ~kx
22ky

2!S 1

2

]g

]z
1g

]

]zD . ~3!

The off-diagonal term consists of two parts:K̂5K̂SIA

1K̂BIA , in which

K̂SIA5
2 ik2

&

]h

]z
, ~4!

K̂BIA52 i&kxkyk2g2&k1

]

]z
g

]

]z
. ~5!

Here

m0

m* ~z!
511C2

EP

3 S 2

ẽ i

1
1

f̃ i
D , ~6!

g~z!5
2P0F

3 S 1

ẽ i

2
1

f̃ i
D , ~7!

h~z!5
2P0

2

3 S 1

ẽ i

2
1

f̃ i
D , ~8!

where ẽ i(z)5e i1V(z)2l and f̃ i(z)5e i1D i1V(z)2l,
k65(kx6 iky)/&, Ep52m0P0

2/\2, C represents far-band
R5312 ©1999 The American Physical Society
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contribution to the effective mass,F is the BIA parameter
~denotedB by Kane20!, and P0 is the interband matrix ele
ment of momentum. The functionsẽ i(z) and f̃ i(z) depend on
z not only viaV(z), but also due to the jumps ofe i andD i at
the interfaces~cf. Fig. 1!. The inspection of the final result
shows that theB̂ terms in Eq.~1! give a negligible contribu-
tion to the spin splitting, so they are omitted in the followin

First, the solutions for the diagonal terms are found. Si
B̂ is neglected, there isF1(z)5F2(z)5F(z). Calculating
the average value of the nondiagonalK̂ part, taken over
F(z), we take into account the offsets inẽ i(z) and f̃ i(z)
energies, which result in the Diracd functions atz50 and
z5a. After some manipulation, the average ofK̂SIA , caused
by the structure inversion asymmetry, is brought to the fo

^FuK̂SIAuF&5
2 ik2&P0

2

3 F K FU2]V

]z
DiUF L

1F2~0!C02F2~a!CaG , ~9!

where Di51/ẽ i
221/f̃ i

2 and the averaging in the firs
term excludes the pointsz50 and z5a. Further
C05D II / ẽ II 0 f̃ I I 02D I / ẽ I0 f̃ I0 and Ca5D II / ẽ IIa f̃ IIa

2D I / ẽ Ia f̃ Ia , in which ẽ I05e I1VB2l, f̃ I05e I1D I1VB

2l, ẽ II 05e II 2l, f̃ I I 05e II 1D II 2l, ẽ Ia5e I1V(a)1VB

2l, f̃ Ia5e I1D I1V(a)1VB2l, ẽ IIa5e II 1V(a)2l, f̃ I Ia
5e II 1D II 1V(a)2l, andF(0) andF(a) are the values of
the envelope functionF(z) taken atz50 andz5a, respec-
tively. It can be seen that the spin splitting of the conduct
band due to SIA mechanism is proportional to the spin-o
energies in the valence bands.

To make connection with the claims that the SIA sp
splitting is proportional to the average electric field, w
transform the above expression observing that the ele
field in the conduction band isEq52]V/]z1VBd(z)
2VBd(z2a), where the first term excludes the pointsz
50 andz5a. Since the envelope functionF(z) is nonzero

FIG. 1. Potential profiles of the conduction an
the valence bands in the modulation-dop
In0.52Al0.48As/In0.53Ga0.47As/In0.52Al0.48As quantum well~left scale!,
and the wave function of the ground conduction subband~right
scale! versus distance along the growth direction.
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mostly in the well ~region II!, we add and subtrac
VBF2(0)D0 and VBF2(a)Da from the right-hand side of
Eq. ~9!, and obtain

^FuK̂SIAuF&5
2 ik2&P0

2

3 F K FU2]V

]z
DiUF L

1VBF2~0!D02VBF2~a!DaG
1

2 ik2&P0
2

3
@F2~0!~C02VBD0!

2F2~a!~Ca2VBDa!#, ~10!

where D051/ẽ II 0
2 21/f̃ I I 0

2 and Da51/ẽ IIa
2 21/f̃ I Ia

2 . The ex-
pression in the first square bracket is approximately prop
tional to the average electric fieldE ~i.e., the field averaged
with the square of the wave function including the potent
jumps at the interfaces!. However, the average field is nea
zero and, as we show below, this term contributes only f
percent to the total SIA spin splitting. Thus, we are left w
the dominant second term in Eq.~10!, which requires only
the knowledge of the band parameters on both sides of
interfaces and of the envelope function at the interfaces.

If one averages over the directions in (kx ,ky) plane, the
mixed term^FuK̂SIAuF&^FuK̂BIAuF& vanishes, and the tota
spin splitting is

De52~ z^FuK̂SIAuF& z21 z^FuK̂BIAuF& z2!1/2, ~11!

whereK̂BIA is given in Eq.~5!. One should bear in mind tha
the two resulting levels do not represent spin-up and sp
down states, but the mixed-spin states~cf. Ref. 14!.

To describe the experimental data, as obtained by
et al.19 on the In0.53Ga0.47As/In0.52Al0.48As quantum well, we
take the following band parameters. For In0.53Ga0.47As:
m* 50.041m0 , eg520.813 eV, D50.349 eV, Ep524 eV,
C523.175, 2C8520.589, g* 524.5, g555 eV Å3,
F5224.21 eV Å2; for In0.52Al0.48As: m* 50.0754m0 , eg
521.508 eV, D50.336 eV, Ep524 eV, C522.6859,
2C8520.589, g* 520.5225, g533 eV Å3, F5244.41
eV Å2. The modulation doped well was 150-Å wide and h
the electron densityNS51.4631012cm22. The conduction-
band offset isVB50.5 eV. The above values ofg are taken
by scaling from the known value for GaAs~Ref. 21! accord-
ing to the respective energy gaps. We first calculate s
consistentlyV(z) and F(z) without the spin splitting~cf.
Fig. 1!. The calculated mass at the Fermi energy ism*
50.0446m0 , which agrees with measured valuemexp*
50.046m0 . Then the spin splitting is calculated to giv
DESIA51.37 meV andDEBIA50.74 meV ~cf. Fig. 2 for B
50!. Thus in the considered system SIA is the domina
mechanism. The first term in Eq.~10! contributes only 3.1%
to the completeDESIA , which explicitly disproves the claim
that the SIA spin splitting is proportional to the average el
tric field.

It has been recently possible to influence the spin splitt
in III-V heterostructures by an external electric field.17,18,22

External field affects the splitting neither by changing t
average value of the field in the well~the latter must remain
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near zero in a bound state!, nor by controlling the spin-orbit
interaction ~since the applied fields of about 102 V/cm are
much lower than the atomic fields!, but by changing the
Fermi wave vector and the asymmetry of the well@cf. Eq.
~10!#. The main difficulty in describing such data is an u
known distribution of the field in the structure.

In order to include the effect of an external magnetic fie
transverse to the interfaces,Bi@001#, we use the three-leve
P–p model,23 whereP5p1(e/c)A, in which A is the vector
potential of magnetic field. The initial set is again reduced
substitution to the eigenvalue problem~1!, where one should
account for the noncommutation ofPi components. The term
B̂ contains now the Pauli spin splittingmBBg* /2, where

g* ~z!5212C81
2EP

3 S 1

ẽ i

2
1

f̃ i
D , ~12!

is the Lande´ g* factor. HereC8 represents the far-band con
tributions. Set~1! is in general not soluble in terms of tw
harmonic oscillator functions and one has to resort to
method of Evtuhov,24 expanding the solutions in series
such functions. Our procedure has been restricted to the
terms of this expansion, we deal then with two sets of fo
coupled differential equations. If BIA is neglected, one c
obtain the energies for the SIA mechanism analytically~cf.
Refs. 1 and 14!. For high Landau numbersn one gets to a
good approximation.

D~B!'\vc2@~\vc2g* mBB!21DSIA
2 #1/2, ~13!

wherevc5eB/m* c andDSIA is the splitting atB50. Thus,
for small fields the splitting decreases linearly withB.

The calculated magnetic-field dependence of the s
splitting is shown in Fig. 2. As the magnetic field increas
from zero, the splitting quickly drops, going smoothly ov
to the Pauli splitting with the correspondingg value: DE
5g* mBB. The quoted experimental data of Daset al.,19

FIG. 2. Spin splitting of the conduction subband energy for
quantum well shown in Fig. 1 versus the magnetic field transve
to the interfaces. Dashed line: the theory for a structure inver
asymmetry alone; full line: the theory for both structure and b
inversion asymmetries. The straight dashed line indicates the P
spin splitting. The full points show experimental values as m
sured by Daset al. ~Ref. 19!.
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measured by beatings of Shubnikov–de Haas oscillation
low fields, confirm the characteristic decrease of the s
splitting as the field increases. To our knowledge, these
the only available data in the intermediate fields between
Bychkov-Rashba and the Pauli regimes. Considering that
theory does not contain any adjustable parameters, the ag
ment with the data should be considered very satisfactor

Next we consider the spin splitting in a magnetic fie
Bi@100#, parallel to the interfaces. For the gaugeA5@0,
2Bz,0#, the wave-vector componentskx and ky are still
good quantum numbers. The resulting eigenvalue prob
has the form~1!, in which B̂ contains the Pauli contribution
mBBg* /2 @cf. Eq. ~12!#, the termskx remain unchanged
while the termsky are replaced byky2zeB/\. This adds a
quadratic term inz to the potentialV(z). As a result, a mag-
netic field parallel to interfaces causes small diamagn
shifts of the electric subbands, but strongly affects their s
splittings ~cf. Ref. 23!. We calculated the splitting for the
dominant mechanism SIA alone, takingkx52.65
3106 cm21 and ky50, which corresponds toNS51.12
31012cm22. The results are shown in Fig. 3. The splittin
reaches the Pauli regime at much higher magnetic fields
those for the transverse case.~The dependence of spin spli
ting onky is more complicated, in particular its values forky
and2ky are not the same.!

The above result is in connection with a recent discov
of the metallic phase in two-dimensional systems.25 A mag-
netic field of about 2 T parallel to the interface destroys th
metallic phase in silicon metal-oxide-semiconductor~MOS!
structures.26 This indicates that the metal-insulator transitio
is governed by the spin properties of 2D gas. Pudalov27 sug-
gested that the metallic phase is related to the existenc
spin gap. Extrapolating ShdH-type oscillations of the Fer
energy toB50, the spin splitting was estimated to beDE
50.3 meV.28 The spin g factor in Si is known to have almo
exactly the free-electron value of12. If the spin splitting at
B50 in Si-MOS had the same sign as that shown in Fig
the positive g factor would lead to the closing of the spin g
for increasing field and, according to Ref. 27, to the result
destruction of the metallic phase. However, there exist t
major objections to such an interpretation. First, the value

e
e
n

uli
-

FIG. 3. Spin splitting of the conduction subband energy for
quantum well shown in Fig. 1 versus the magnetic field paralle
the interfaces. The solid line is theoretical for the structure inv
sion asymmetry. The straight dashed line indicates the Pauli
splitting.
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g* 512 indicates that the spin-orbit interaction in Si is ve
small, so that the spin splitting of 0.3 meV atB50 is cer-
tainly overestimated. Second, as follows from Ref. 28, for
increasing magnetic field the measured spin splitting d
not go through zero, but increases. Thus, our theory indic
that atB50 the spin splitting in Si-MOS structures shou
or

ro

-
rlin
n
s

es

be very close to zero, so that the experimentally obser
destruction of the metallic phase by a parallel magnetic fi
is rather caused by anappearanceof the Pauli spin gap.
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