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Phase diagram of the metal-insulator transition in two-dimensional electronic systems
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We investigated the interdependence of the effects of disorder and carrier correlations on the metal-insulator
transition in two-dimensional electronic systems. We present a quantitative metal-insulator phase diagram.
Depending on the carrier density we find two different types of metal-insulator transition—a continuous
localization forr s&8 and a discontinuous transition at higherr s . The critical level of disorder at the transition
decreases with decreasing carrier density. At very low carrier densities we find that the system is always
insulating. The value of the conductivity at the transition is consistent with recent experimental measurements.
The self-consistent method that we have developed includes the effects of both disorder and correlations on the
transition using a density relaxation theory, with the Coulomb correlations determined from numerical simu-
lation data.@S0163-1829~99!51208-3#
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A metal-insulator transition has now been observed i
number of different two-dimensional electronic systems o
a wide range of carrier densities and levels of disorder.
the transition the carrier density parameterr s , which mea-
sures the strength of the carrier correlations, covers va
7&r s&23.1–3 The strength of disorder at the transition al
covers a wide range, and depends on the value of the cri
r s . In Si/SiGe,3 the transition occurs at low carrier densiti
and high mobilities. For the transition in Si metal-oxid
semiconductor field-effect transistors~MOSFET’s! that oc-
curs at higher densities, the mobilities are much smaller
recent experimental phase diagram4 provides a relation be
tween the strength of the correlations and the disorde
shows that the critical level of the disorder at the transit
diminishes as the correlations grow stronger.

In spite of a great deal of experimental and theoreti
work the nature of the conducting state remains unclear
controversial. Unlike conventional metals, its Coulomb int
action energy is typically much larger than its Fermi ener
Numerous proposals have been made about the causes
stabilization of this conducting phase. These include str
Coulomb repulsions between the carriers,5,6 or an anomalous
enhancement of the spin-orbit interaction due to the bro
inversion symmetry of the confining potential well in S
MOSFET’s.7 References8 proposed that the conductin
phase is superconducting, with the pairing of the carri
being mediated by the dynamic correlation hole surround
each carrier. Thakur and Neilson9 demonstrated the existenc
of superconducting pairing due to strong Coulomb corre
tions in the presence of disorder. They found up to levels
disorder typical of high quality Si MOSFET’s that the supe
conductivity persists.

The conducting phase is destroyed at low carr
densities.1 Recently, it has been reported4,10 that the conduct-
ing phase also becomes unstable if the carrier density is
creased above a critical value. The system enters ano
insulating phase that has the characteristics of a sin
particle localized state. In contrast there is evidence that
insulating phase at low densities is a coherent insulator w
properties similar to a Wigner crystal or glass.11 The critical
density for the second transition is still not high enough
PRB 590163-1829/99/59~8!/5280~4!/$15.00
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electron interactions to be neglected. In this paper we t
Coulomb interactions and disorder on an equal footing
order to investigate the transitions at both small and larger s .

In the strong correlation limit and in the absence of d
order, electrons localize to form a Wigner solid with lon
range crystalline order. Here we consider interacting cha
carriers in the presence of weak disorder that would des
any long-range order. We have previously proposed t
strong Coulomb correlations in the presence of disorder
localize electrons into a coherent glassy insulator with l
uidlike short-range order, leading to a metal-insula
transition.5 The possibility of localization into such a glass
state has been discussed more recently by Chakrav
et al.12

We define the order parameter for the glass state
f (q)5 limt→` F(q,t), where F(q,t)[„N(q,t)uN(q,0)… is
the Kubo-relaxation function for the normalized dynamic
density variableN(q,t)5r(q,t)/Ax(q), wherer(q,t) is the
usual density fluctuation operator andx(q) is the static sus-
ceptibility. When the order parameter is nonzero, sponta
ous density fluctuations do not decay at infinite time and
system is an insulator. Conversely, iff (q) is zero then our
system is in a conducting phase.

Within the Mori-Zwanzig formalism13 F(q,t) is calcu-
lated in terms of the memory functionM (q,t), which we
evaluate using mode-coupling theory.14 In the limit t→` the
relaxation function reduces to

f ~q!5
1

11V~q!/M ~q!
, ~1!

whereV(q)5q2/@m!x(q)# andM (q)5 limt→` M (q,t). m!

is the carrier effective mass. We expressM (q)5Mcc(q)
1Mic(q), where

Mcc~q!5
1

2m* q2 (
q8

$V~q8!~q•q8!1V~ uq2q8u!

3@q•~q2q8!#%2x~q8!x~ uq2q8u! f ~q8! f ~ uq2q8u!,
R5280 ©1999 The American Physical Society
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Mic~q!5
1

m* q2 (
q8

@ni^uU imp~q!u2&1^uWsurf~q!u2&#

3~q•q8!2x~ uq2q8u! f ~ uq2q8u!. ~2!

TheMcc(q) part of the memory function originates from th
interactions between the carriers, and theMic(q) from the
carrier-disorder interactions.V(q)52pe2/eq is the Cou-
lomb potential with dielectric constante. U imp(q) is the im-
purity potential for randomly distributed monovalent Co
lombic impurities of densityni that are embedded in th
carrier layer.Wsurf(q) is the surface roughness scatteri
term. Details of the disorder potentials used are given in R
5.

To evaluate the static susceptibilityx(q) with correla-
tions, we use the generalized random-phase approxima
expression,

x~q!5x0~q!/$11V~q!„12G~q!…x0~q!%, ~3!

where x0(q) is the Lindhard function for noninteractin
electrons. The local-field factorG(q) accounts for the corre
lations between the carriers. We evaluateG(q) from ground-
state properties of the electron liquid15 using the fluctuation-
dissipation theorem.16

The memory functionsMcc(q) and Mic(q) mutually in-
fluence each other throughf (q). The nature of the localized
state at the transition is largely determined by which of th
memory functions is dominant.

At low densities and small levels of disorder the intera
tions between the carriers dominate andMcc(q) is much
larger thanMic(q). In this case the localization is primaril
caused by many-body effects and the localized state
coherent frozen insulator. At the transition the order para
eter f (q) jumps from zero to nonzero and the system und
goes a discontinuous transition from delocalized to locali
state. This solid is not a Wigner crystal but a frozen mac
scopically coherent state with liquidlike short-range order
is quite different from the frozen state obtained from loc
ized electrons interacting with a disordered medium d
cussed in Ref. 17. Our localization is driven by the incre
ing relative size of the exchange-correlation hole as
density decreases.15 For r s*10 the exchange-correlatio
hole excludes all other electrons as if each electron ha
hard core.5 With decreasing electron density the fraction
the total area occupied by these excluded regions approa
the close packing limit18 and it becomes difficult for elec
trons to pass by each other. A small amount of disor
introduces impurity pinning centers. The electron-elect
correlations are crucial for this phase. If we neglect them
using a Hubbard-like expression forx(q) in Eq. ~2! we do
not get the transition.

At high densities and high levels of disorder we fin
Mic(q) is much larger thanMcc(q). Carrier-disorder scatter
ing dominates over electron interactions and the localiza
transition is to a noncoherent state. For noncoherent loca
tion many-body effects are not central. The carriers loca
independently, similar to single-particle localization. The
calization is continuous, with the order parameterf (q)
steadily increasing with disorder. We conclude in our mo
that there are two distinct transitions, from conductor to
f.
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coherent insulator for largerr s , and from conductor to a
noncoherent insulator for smallerr s .

We solve Eqs.~1! and ~2! self-consistently for the orde
parameterf (q). We vary the strength of the disorder pote
tial by varying the impurity densityni while keeping the
surface roughness at eachr s fixed.

In Fig. 1 we show the order parameterf (q) for three
values ofr s58, 12, and 18. The multiple curves for eac
fixed r s correspond to increasing levels of disorder. The pe
in f (q) at q52kF is a result of the well-known cusp in th
two-dimensionalx0(q) and is of no importance here.

At the highest carrier density corresponding tor s58, Fig.
1~a!, the localization is dominated by theMic(q) part of the
memory function. There is no conducting phase,f (q) being
nonzero for any disorder and increasing continuously w
impurity density. These features, and the dominance of
impurity-carrier part of the memory function, are charact
istic of carriers localizing independently. In Anderson loca
ization the carriers also localize independently and are lo
ized for arbitrarily small disorder. Nevertheless th
mechanism here is different. Anderson localization is as
ciated with phase interference of the single-particle propa
tors, while our localization is driven by the interactions b
tween density fluctuations and the impurities. O
noncoherent insulator, unlike an Anderson insulator, sho
persist in weak magnetic fields since the localization is
caused by interference.

In Fig. 1~b! for r s512 the order parameter remains ze
for small nonzero levels of disorder. This indicates the ex
tence of a conducting phase. If we increase the level of
order, a critical value is passed at whichf (q) jumps discon-
tinuously to nonzero values and at that point there is a me
insulator transition.5 The short-range coherent order of th
insulator state is reflected by a peak inf (q) at the reciprocal
nearest-neighbor distance,q'2.4kF . In the range 8&r s

&18, the critical level of disorder at the transition decrea
with increasingr s . Beyond the transition if we increase th
disorder further for fixedr s , the f (q) increases continu-
ously. For very high levels of disorder the overall shape
the f (q) evolves towards a Gaussian indicating the devel
ment of a noncoherent insulator.

By r s518 the system localizes without disorder and the
is no conducting phase. This larger s localization is driven
purely by the correlations between the carriers. In Fig. 1~c!,
f (q) is nonzero forni50 and no surface roughness scatt
ing ~dashed line!. Without disorder thef (q) goes to zero as
q goes to zero. The solid lines showf (q) with surface
roughness scattering included.

The property that the critical level of disorder for th
metal-insulator transition is dependent on the carrier den
is associated with the changing strength of the correlatio
The zero temperature phase diagram in Fig. 2 shows
relationship between the carrier density and the critical le
of disorder at the transition. Disorder includes bothni and
surface roughness.

Around r s58 to 9 our transition is not very well define
since here the order parameterf (q) grows slowly and con-
tinuously with decreasingr s for fixed ni , and the localiza-
tion is continuous with the disorder. This localization shou
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FIG. 1. Order parameterf (q). Curve labels are impurity densi
tiesni . Surface roughness is included in all cases.~a! r s58. ni is in
units of 1010 cm22. ~b! r s512. ni is in units of 109 cm22. f (q) is
zero forni,1.923109 cm22. ~c! r s518. ni is in units of 108 cm22.
The dashed line isni50 with no surface roughness.
persist in a small magnetic field. These properties are c
sistent with those of the new insulating state reported
cently for r s<8.4

For 8,r s,18 the order parameter is zero forni less than
a critical value and we have the conducting phase. Since
order parameter would be zero for any conducting phas
gives no indication about the precise nature of the cond
ing phase. At the right phase boundary the transition to
insulating phase is discontinuous andf (q) jumps discontinu-
ously to nonzero values as we cross it. The critical level
disorder for the transition decreases with decreasing den
Near the phase boundary when the disorder level is slig
larger than the critical value the system is in the coher
insulating state. The characteristic properties of our cohe
insulator are consistent with those of the collective insulat
state discussed by Pudalovet al.11 For very large disorder

FIG. 3. Conductivitys at the critical disorder for the transition
as a function ofr s .

FIG. 2. Zero temperature phase diagram. Axes are impurity d
sity ni and carrier density parameterr s . In the insulating phases th
order parameterf (q).0. In the conducting phasef (q)50. The
transition at higher densities is continuous. Whenr s.9 the f (q)
discontinuously jumps from zero to nonzero values at the transit
The inset shows the corresponding scattering rate\g at the transi-
tion as a function ofni .
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the f (q) has evolved into a Gaussian-like shape@see Fig.
1~b!# and the system becomes a noncoherent insulator.
r s*18 the order parameter is nonzero without disorder
the conducting phase has disappeared. Our phase dia
has common features with the conceptual phase diagram
cussed by Chakravartyet al.12

The inset in Fig. 2 shows the relation betweenni and the
scattering rateg off the disorder. Within the memory func
tion formalism the nonlinear equation forg is given by19

ig52
1

2m!nc
(

q
q2@ni^uU imp~q!u2&1^uWsurf~q!u2&#

3S x~q!

x~0!~q! D
2 f0~q,ig!

11 igf0~q,ig!/x~0!~q!
, ~4!

wheref0(q,ig)5(1/ig)@x (0)(q,ig)2x (0)(q)# is the relax-
ation spectrum for noninteracting carriers that scatter off
disorder. Thakur and Neilson9 showed for the density rang
5<r s<10 that the superconducting phase persists at leas
M
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to values of\g51 ~expressing\g in units of twice the
Fermi energy!. They also showed that the effective potent
becomes more strongly attractive asr s increases. This sug
gests that our conducting phase in Fig. 2, which is o
found for \g&1, is a superconductor.

Using the Drude model,g can be related to the zero tem
perature conductivity,s/(e2/h)51/(\g). In Fig. 3 we show
s at the transition as a function ofr s . In the range 9,r s

,14, s lies between 1&s/(e2/h)&3. This is consistent
with experimental values. At lower densities thes calculated
within the Drude model increases rapidly. This is associa
with the decrease in the critical level of disorder at the tra
sition. Since the Drude approximation is inapplicable f
large r s this increase ins at low density should not neces
sarily be seen experimentally.
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