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Resistance of quasi-one-dimensional wires
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The problem of resistance of thin wires is revisited. A formalism is developed for the localization regime to
include inelastic scatterings of a given frequency of occurrence decided by the amount and nature of disorder
capable of producing a certain number of tunneling states in the system. Questions about dependence on the
bulk resistivity of the localization correction to resistance and the magnitude of this correction are addressed.
The reason for the long standing discrepancies on these issues is found in the fact that THRwWessRev.

Lett. 39, 1167(1977); Solid State Commur4, 683(1980] original results pertained to very high frequency
of inelastic events while in the contemporary experiments this frequency should have been much lower.
[S0163-182609)50820-5

I. INTRODUCTION andT asA~ ! and T2 respectively. Interestingly, both the
interaction theory of Altshuleet al® with 7= 7., and the
Effects of localization and electron-electroe-¢) inter-  localization theory of Thoule$svith 7,= 1 yield theA and
action on the electrical transport in thin metal wires once wad_dependence oAR/R, as A~ and T~ ' respectively.
a hotly pursued subje¢t®?~212%A fresh look at the results Clearly it is hard to decide from th& and T dependences
shows that the questions as to which of these effects domyyhether the existing experimental results fa\_/or the interac-
nates in the wires, and what is the magnitude of its influenc&On Or the localization effects. From the point of view of
on resistance, remained unresolved. We have investigatdd€0ry one faces the following difficulty.

these problems which are relevent to basic aspects of local- A wire althpugh thin on atomic length scale can be_have as
ization in quasi-one dimension. a bulk material in case it is not long enough to satisfy the

. L . Thouless criterion of one dimensionalitySuch a metallic
glisfilﬁalbfl ztmni;/nvwerﬁf crrosis t?\ift'mrllengthlr" aintd 2f wire with disorder would possess a mobility edge separating
a material of bu purily TesiStivitpg has a resiSiance o metajlic and the insulating regimes. Then &e inter-

Ro=pgL/A with its electronic st_ateg extended. across Iengﬂ}:\ction effects would be meaningful if the Fermi lev&)
L. Thouless calculated the localization correctiarR to the lay on the metallic side while the localization effects would
metallic resistanc®, believing that localization effects be- yominate if theE. were on the insulating sidé.e., in the

come increasingly more dominant with decreasing temperamigst of localized statggor the electrons trapped in local-
ture since this should rapidly increase the timebetween jzed states would normally not be able to interact with each
inelastic collisions with phonons and enable more and morether. Therefore in a given quasi-1D sample it must be as-
electrons to diffuse over distances of the order of localizatiortertained first whether it satisfies Thouless criterion of one
length. This contention was however not borne out bydimensionality, and if it does not, then whetHgg lies on
experiment$® which showed considerably less effect of lo- the metallic or the insulating side of the mobility edge. Since
calization. this information is not available regarding the samples in
The importance of inelastic scattering from tunnelingquestion, one cannot decide whether localization theory or
states or two-level systefffs'! was realized at this stage interaction theory ought to be applicable to the experiments
when Blacket al!? found that it reduces the scattering time of Refs. 4-9 and 12.
7; and therefore also the effect of localization considerably. This problem can be resolved if one can identify another
Altshuler et al*® on the other hand, studiesteinteractions ~Parameter on which the dependence\¥/R, is different in
as inelastic processes and the experinféntm ultrathin  the above two regimes. The bulk resistivigg can be a

wires of Cu, Ni, and AuPd alloy showed that the interactionc@ndidate. The experiments show theR/Ro~ pg whereas
effects could be comparable to, if not dominate over, the?0th Thouless and Altshulest al. suggest/pg dependence.
localization  effects in metalic samples.  Other At least in the localization-based theory of Thouless there

experiment®16 demonstrated the simultaneous presence ofF€€MS to0 be a discrepancy that might account for this dis-
localization and interaction effects. Yet another experiffent 2greement: The inelastic diffusion leng{b 7; is assumed to

. 2 . 71 . .
on ultrathin Pt wires showed a very large increase inP€ & constant, independent @f.” With D~pg ", this im-

resistance—about 10 to 100 times the previous values—Rli€S 7i~pg Which leads to an anomalous restiithat

which was too large to be explained by interaction effectsShould become shorter as the wire is made cleaner.

This could be attributéd to one-dimensionallD) localiza-
tion. Later, magnetoresistance studies on Al wite$so sup-
ported Thouless’ ideas on 1D localization. The question of We take up the issue of the; dependence cdR/R, and
relative roles of localization and interactions in metallic wire investigate it within the framework of localization theory.
resistance thus remained ambiguous. We treat the inelastic scattering probabilistically and thereby
The experimenfs®2showed that\R/R, depends oA introduce the element of disordéwhich is the source of

Il. THE ISSUE OF BULK RESISTIVITY
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pg)—the larger the disorder the greater the probability oftraveled by the wave packets on the scale of localization
finding a tunneling statéTS) responsible for the inelastic lengthl: the short-step regimavhere the distance traveled
scattering. between two consecutive inelastic events or the step ldpgth
As in Thoules$ we describe the electron by a wave is of the order of interatomic distance, i.aq or a few mul-
packet made up of localized wave functions much larger thatiples of it such that is sufficiently larger thar,=rag, r
the size of the wave packet. The wave packet diffuses unti=1,2,3 . . . ; and thdong-step regimevhere the step lengths
either an inelastic event causes the electron to scatter intolg can be almost of sizg L,=rl withr=0,1,2... . Here
new wave packet, or it reaches the boundary of one of it$=0 corresponds to two inelastic events occurring within a
constituent localized states. The wave packet can diffuse gpanL, such thatl>L,>I,; r>1 indicates step lengths
range of distances, involving a range of “step lengths,” fromprotracted beyond by Mott’s variable-range hoppifg—if
ap, the interatomic distance, to the localization length— the packet diffuses full localization lengtiwithout encoun-
depending on the temperature and the number of TS’sering an inelastic event, it can tunnel into a nearby degen-
present in the system. We find that the result of Thotlisss erate or nearly degenerate localized state. The inelastic life-
retrieved in our approach in the limit of high temperaturetime in the two regimes shall be representedrbyand 7,
and/or large numbers of TS’s, both of which make the stepespectively—whiler_ is dominated by direct inelastic col-
length small. For relatively lower concentration of TS's lisions, 7- is dominated by incoherence time or the typical
and/or lower temperature that ensure larger step lengths—aeime taken in reaching the edge of a localized state.
the order ofl—we obtain thepg dependence A R/R, as in I, andL, have number distributions(l,) andS(L,) in a
the experiments besides the corréctand T dependences. wire of lengthL. In general they will peak at different values
Another significant discrepancy removed here is that of thef segment length with the constraint
magnitude ofAR—the estimate of Thoule$ss an order of
magnitude higher than the experimental values. N "
According to the scaling ide&sstates in a quasi-1D wire 21 S(lr)|r+Z«0 S(LoL =L, ©)
of cross-section areaf should be localized with decay
length | = (7h/€?)Alpg . For thin enough wires this makes whereN=L/a, andn=L/l. The dimensionless resistanee
the resistanc® depend exponentially on length as €'  scaled in@h/e?, is just an incoherent sum with segments
—1).22 Thoules$ calculated the leading localization correc- contributing as resistances in series:
tion AR to the metallic resistanc, as

N n
R=2 s(|r><e'r“—1)+20 S(L(er"-1). (4
r=1 r=

AR_pB\/DTi/A !
R,  whlé? @

The incremental resistance ratio will be
HereD is the diffusion constant pgl, and 1f; is the decay

N I L/l
rate due to inelastic collisiohsvhich goes as-T? and~T AR S e’-1 11+ p (e 1) _1}
for phonons and TS'$respectively. So, if the TS scattering Ry /<1 ' I/ o ' L,/ '
is dominant, AR~ pX?A~1T~%2 as compared to the experi- (5)

mental AR~ pgA~ 1T 12,
Using e-e interaction as the inelastic process, Altshuler
et al*® found

where we have defined fractional contributions to the total
length,

AR (2-F) pe=s(Inl /L, P=S(LoL/L;

Ry~ (mhie)A 2Pe

n

4D% |12
& :
21 pﬁgo P=(1-a)+a=1, (6)

|19

F is a screening parameter. Abrahaetsal.”” also found the

sanlg result/z which, - like Thoule%s,alsz(; shows AR and have assumed metallic behavier the span of each
~pg A"'T ™2 Note that Abrahamet al** showed that gtretch of diffusiorof sizel, or L, , so that forl, ,L, < from
71=Tee~ T~ %% (d being the Euclidian dimensionality of the gq. (4) we haveR~R,=L/I. In general the packet will
system while r..~T "2 for clean systems of any. Contrast make relatively fewer excursions over distances larger than
this with 7= 7rs~T~* which holds in all dimensiof§and  without meeting an inelastic event since the probability for
Te_pn~ T~ %h whered,,, the phonon dimensionality, is 1 undergoing variable-range hopping is exponentially smaller
and 2, respectively for clean and dirty 1D systéitsshould [ ~exp(—T 2] than that for finding an inelastic scatterer
be pointed out that the; in YD (which is inelastic diffu- (~T~'2 see later So,on averagewe will always takel,
sion length in Eq. (1) cannot be replaced by, because as <|. In these conditions Torodov’s scalffgwill also give
suggested above E@) is valid in the insulating regime.  the same result &§). Each term in(5) dominates separately
in one of the regimes described above.

IIl. LOCALIZATION CORRECTION TO RESISTANCE

. IV. SHORT STEPS
To tackle the problem opg dependence oAR in the

insulating regime considering diffusion of wave packets con- For frequent inelastic scatterings from TS’s or phonpns
structed out of broad localized statéswe distinguish be- is sharply peaked to ord@(N~1?) about({l,)<I. Then the
tween the two regimes defined in terms of the step lengthkeading localization correction from the packets able to dif-
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fuse over short distances in the range of localization lehgth The most probable values. andn- are found by maximiz-

IS ing the binomial distributiotW(n-)=n!P2>P"</n_In_1.
Using Stirling’s approximation and maximizing, we get
AR (Ir) PB VD7
=(1l-a) =1l-a)— ——. (7) (ry=P~/P_. (10
Ro 2l A \2(mhle?)

The probabilitiesP- and P_ defined in the strictly 1D

The result is essentially the same as that of ThoJIEgs modell must be rglated .to the phy_sicall decay or dizfusion
(1)] but is derived here more directly from the exponential™@!€S in the quasi-1D wire. In a thin wire, such th_/l
length dependence @ given by scaling theory of localiza- <1 (Ref. 23 the minimum energy states will be uniform
tion. The insight we gain is that the result of Thouless be-2Cross the wire, with roughli/ag chains of states exponen-
longs to the short-step regime.f. is small due to frequent tially decay!ng a}long the wire. For time intervals greater than
scatterings from phonons then this will be the weak localiza”A/D. the diffusing packets can be taken as uniform in the
tion regime?* However,r_ can also be small due to scatter- ransverse direction while diffusing “one dimensionally” at
ings from TS even at low temperatures if the disorder s rateD/I? along the wire. The 1D diffusion probabilify.
sufficiently high. In this situation also, in spite of the disor- then depends directly ob/12.2°
der being rather high, the effect of localization would be As outlined later the incoherence time is related to the
reduced to some extent. Thus at high disordensd low decay timer, of any one of the localized states that make up
temperaturesa competition between strong localization andthe packet. Since there af¢aj chains of states across the
inelastic scattering from TS—both produced by strongwire, the packet decay rate,71/, must be related to the 1D
disorder—decides the value of or the extent to which the decay probability summed across the wiresP_
effect of localization is felt. =(A/a§)P<. That is, the decay in any one of the chains
should bring about incoherence and decay in the overall
combination. Since the incoherence time of the packet comes
from the decay of any of the localized states, the rate per

If the inelastic events from TS’s and/or phonons are ofchain (1lr>)/(A/aS) is to be related to the 1D probability
such frequency that the wave packets can manage to diffuge. .

V. LONG STEPS

over distances of the order bfvith some nonzero probabil- Equating the ratio of probabilities to the ratio of relevant
ity, then on scalé we will have rates, i.e.,
n o1 P./P_=(2D/1?)/(a3/A1-), (11)
AR. azo P, p —l} (e —1) . a< > we finally get
= ~a —1|=—=(r).
Ro 2”: 5 (r) 2 AR- IRy= ap3D - [{Aa2(whle?)?}. (12)
= We should determine.. , the packet incoherence time. Each

8 localized state used in the construction of a packet has an
o energy width%/7; which should affect the intrinsic energy
For peaked distributiof,, r has been replaced Hy), the  igth of the packet and consequently its intrinsic incoher-
coarse grained average bof /| on the scalé. Tf;e last result o co time. To relate- (1) to #i/7,, since we do not know

in Eq. (8) is obtained for(r)<1, neglectingr)® and higher 4 getails of how a particular packet is constructed, we must
powers ofr). In this regime, althougfiL)<I, there willbe  cqngjger typical diffusion path lengths and work backwards.
some excursions made by the packets over distances of order p froe wave packet made up of plane waves of momen-

| or a few multiples of it , _tum A(k) broadens as it moves, with the coordinate space

In a general sense we can include the frequency of '”EIa%idth sz([x—(x(t)>]2>1’2 proportional to the distance
tic events in our formulation by introducing a probabil. —y 1)y traveled. In the energy space its width narrows such
for a packet to take a step of sitdi.e., move to another that AE=7K/(x(t)) (with the constanK ~%k/m). We as-

localized statg_after having _diffu.sed.through one O,f 88 gumethat for an elastically diffusing wave packet the same
and a probabilityP_ of not diffusing (i.e., encountering an type of relation holds

inelastic scatteringvell within a distance ofl); P.+P_

=1. We can represent such a trajectory as a sequence of AE=#K/+\/2Dt. (13
randomly arranged vertical partitions and horizontal bars— . . N

the former representing steps of zero size on a Scatel the S[nce the localized states decay n the intrinsic energy
latter, steps of an average size of ortleFhe partitionsp_ ~ Width of a packet should be

in number, represent inelastic events, and the basin - I~

number, represent diffusion steps with,. +n_=n. This hi7-=hKI2D . (14
will enable us to estimate the coarse grained avexage TheK is estimated by considering a narrow packet of size
which will be the average occupation fraction in a box _g and initial intrinsic width#/7, that does not narrow in
bounded by vertical partitions, i.e., its_short lifetime 7o. That is #/7e=#K/\2D 7o, or

v2D/13=K. Using the equality sign for a rough estimate we
(ry=n=/(n.—1)~n-/n_. (9) obtain from Eq.(14)
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N g (15) VI. DISCUSSION
Combining this with Eq(12) we get The electrical resistance of quasi-1D systems is seen to be
AR 2 sensitive to the frequency of inelastic scattering events. The
= a(TB) D7 1ol (mhle?)?. (16) identification of the physical conditions under which the re-
Ro aA sults of Thoulessshould be valid and those that would have

Aaeen present in the experiméhtsdone to verify his results,
another localized state a distaned away by an inelastic calls for new experiments under controlled conditions of dis-

process such as interaction with a TS. This rate differs fronPrder and temperature to study in detail the roles of inelastic
the free electron scattering rate by a factor Scatterings from TS’s and phonons separately in the electri-

~I‘1|fdxe‘|"|"e‘|""|"|2~O(1)12. Setting Tl—l equal to .call traqsport in q.uasi—lD_systerr.]s. This should_givg more
the scattering rate off TS's;T,2 we obtain insight into the microscopic details of electron diffusion in
the backdrop of localization. Experiments at very low tem-
AR- /Ry~ pgA 1T 12 a7 peratures should possibly reveal something new arising from
the interaction between TS’s which can change the nature of
tunneling from coherent to incoheréfft.
It should also be interesting to investigate the conditions
under which ther, . takes over fromr;g, and also the nature

(as opposed to the present small), and the erroneous as- of this transition. This transition is expected to be different

sumption of apg independent/D; (which wrongly led to from the vyea%‘ to strong localization crossover. Even the
7.~ pg) were apparently responsible for the high value oflatter requires more investigation following the finding of

An electron in a localized state can decay and hop t

in agreement with experimental behavior. Using the param
eters of Ref. 9 one findAR. /Ry=4x10"2 by settinga
~1 as compared to the experimental vatug x 10~ 2 while
Thouless’ result of Eq(1) is anomalously largg?® Large 7;

Thouless. Herzoget al® that granularity of wires is related with this
Combining the result§7) and (16) we will get transition being continuous or discontinuous. A uniform wire
with the TS scatterings acting as short-ranged local events
AR. PB D7r_ L apgD m connected with other such events located in far off regions of

(1-a) 2 ' ghle2 | the system by the nonlocal long-ranged variable-range hop-

(18) pings, we suspect, may mimic the granular scenario.

Ry A(mhle?)

This covers the physical conditions ranging from the extreme
ones where an electron can barely diffuse a few atomic spac-
ings, to the moderate one where it can make some excursions
of the order of localization length. The conditions allowing
many and |0nger excursions can be taken into account by Thanks are due to Professor S. R. Shenoy for extensive
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