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Size and helical symmetry effects on the nonlinear optical properties of chiral carbon nanotubes
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The electronic structures in chiral carbon nanotubes are obtained by using the Su-Schrieffer-Heeger model
with the Coulomb interaction included. The periodic boundary condition is applied for the direction of the
tubular axis. The third-order polarizabilities of chiral carbon nanotubes are calculated by using the electronic
structures obtained. The results indicate that the narrower tube and the tube with higher helical degree have
larger polarizability. Also, the metallic tube has larger polarizability than the semiconducting tube.
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Recently, a new form of carbon, carbon nanotube,
been synthesized,1,2 which has a structure like a cylinde
made from a graphite sheet. Carbon nanotube not only
sesses a very high strength-to-weight ratio but also has
cinating electromagnetic properties.3,4 Theoretical studies
and experimental results have shown that a carbon nano
can be a good conductor, a semiconductor, or an insula
depending on its geometric parameters.5,6

Polymeric materials are characterized by large optical
larizabilities due to the delocalizedp electrons.7 However,
the quasi-one-dimensional conjugated polymers have
sidual infrared ~IR! absorption due to overtones of C-
streching vibrations which limits their applications in the o
tical communication. Carbon nanotubes, on the other ha
possess a large number of conjugatedp electrons but are
uniquely composed of carbon atoms, which makes th
promising materials applied in photonic devices. Very
cently, we calculated the third-order polarizability (g) spec-
tra of C60-derived nanotubes.8 We found that theg value
increases with the increase of carbon atom numberN. We
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also found that in the case with similarN, an armchair tube
has a largerg value than a zigzag one. On the other han
observed carbon nanotubes have various sizes and a ma
of them have screw axes and chirality. Therefore, it is int
esting to study the size and helical symmetry effects on th
nonlinear optical properties in view of their practical app
cation.

The structure of a tube can be described by referenc
the graphite sheet in Fig. 1. The lattice point O and
vectorsa1 anda2 are the origin and the unit-cell basis ve
tors of the two-dimensional~2D! graphite sheet, respectively
The real lattice vectorCh can be expressed by a pair o
integers@n1 ,n2# such thatCh5n1a11n2a2, which defines a
different way of rolling up the sheet into a tube, and so ea
tube can be labeled by the pair of integers@n1 ,n2#.

The coordinates of carbon atoms in a chiral carbon na
tube can be obtained by using the corresponding rotatio
and helical symmetry operators.9,10 This is done by first in-
troducing a cylinder with a radiusr 5uChu/2p. The atoms 1
and 2 in Fig. 1, which locate atd5(a11a2)/3 and 2d, re-
y
e

FIG. 1. Carbon nanotube is made b
rolling a graphite sheet. The helical degre
is described byu.
9838 ©1999 The American Physical Society
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spectively, can be mapped to the surface of this cylinder
the case wheren1 andn2 have no common divisor, the othe
atoms of the tube can be obtained by repeating operatio
a single screw operationS(h,a) on points 18 and 28 ob-
tained from the mapping of the atom 1 and 2, whereS(h,a)
is determined by a real lattice vectorH5p1a11p2a2 in the
honeycomb lattice. The pair of integers@p1 ,p2# is the solu-
tion of p2n12p1n251 with p1>0, which yields the
minimum value of uHu. After finding H, one gets a
52p(H•Ch)/uChu2 and h5uH3Chu/uChu. The helical de-
gree is described byu5arccos(H•Ch /uHuuChu). It is easy to
see that in the case wheren1 andn2 have no common divi-
sor, a carbon nanotube can be approximately modeled
structure where all carbon atoms are situated along a
helix wrapped around the surface of a cylinder with a wra
ping angleu. In the case wheren1 and n2 have the larges
common divisorm, a tube (n1 ,n2) can be approximately
modeled as a structure where atoms are situated alongm base
helices wrapped around the surface of a cylinder.

In this paper, we study tubes with finite atom numbers
such a case, the tube edge effects cannot be neglecte
finite tube with one or several unit cells is open with a row
dangling bonds at each end. So an atom at an edge site
have fewer than three neighbors. On the other hand, for
most real tubes, the tube length is long enough to neglec
edge effects. Taking these into account, we apply perio
boundary condition for the tube axis, and each carbon a
at the end of finite tube can still find its three neighbors
imagining that the two ends of the tube are connected.
fore we do so, we should define a unit cell along the tu
axis. In Fig. 1,Ch and L construct the basis vectors of th
unit cell, whereL5OB and B is the first lattice point of the
2D graphitic sheet through which a line through O and p
pendicular toCh passes. The length ofL is A3uChu/m if
(n12n2) is not a multiple of 3m and it is uChu/m if ( n1
2n2) is a multiple of 3m.10 The atom number per unit ce
of a chiral tube @n1 ,n2# is then equal to 4(n1

21n2
2

1n1n2)/m if ( n12n2) is not a multiple of 3m and 4(n1
2

1n2
21n1n2)/3m if ( n12n2) is a multiple of 3m.10

The Su-Schrieffer-Heeger~SSH! model has been succes
fully applied to describe conducting polymer, C60, C70, and
tubes.11–13 By including the Coulomb interaction, the SS
model can well describe the optical properties of C70. 8 In
this paper, we further use it to study theg spectra of the
chiral carbon nanotube. The SSH model including the C
lomb interaction can be written as8,11
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i j &

(
s

~2t2ayi j !~ci ,s
† cj ,s1H.c.!

1
K

2 (̂
i j &

yi , j
2 1U(

i
ci ,↑

† ci ,↑ci ,↓
† ci ,↓

1V(̂
i j &

(
s

(
s8

ci ,s
† ci ,scj ,s8

† cj ,s8 , ~1!

whereci ,s is an annihilation operator of ap electron,t is the
hopping integral of the ideal undimerized system,a is the
electron-phonon couping, andyi j is the change of the bon
length between thei th andj th atoms. The second term is th
elastic energy of the lattice and the quantityK is the spring
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constant. The sum̂i j & is taken over the nearest-neighb
pairs. The third and fourth terms are the on-site and
nearest-neighbor site Coulomb interaction, respectively.
ter Hartree-Fock decoupling, Eq.~1! is transformed into
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2^ci ,s
† cj ,s&ci ,s
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† cj ,s&

2D , ~2!

where r i ,s5^ci ,s
† ci ,s& is the electron density at thei th site

with spin s. Equation~2! is solved by the adiabatic approx
mation for phonons. The Schro¨dinger equation for thep
electron is

ekZk,s~ i !5(
j

~2t2ayi j 2V^ci ,s
† cj ,s&!Zk,s~ j !

1S Ur i ,s1V(
j ,s8

r j ,s8DZk,s~ i !, ~3!

where ek and Zk,s are the single-electron eigenvalue a
eigenfunction, respectively. The self-consistency equa
for the lattice is

yi j 5S 2a

K D(
k,s

8 Zk,s~ i !Zk,s~ j !

2
1

Nb
(
^mn&

(
k,s

8 S 2a

K DZk,s~m!Zk,s~n!, ~4!

where the prime means the sum over the occupied states
last term is due to the constraint(^ i j &yi j 50, and Nb
53N/2 is the number ofp bonds. Through Eqs.~3! and~4!,
ek andZk,s can be obtained self-consistently.

Within the sum-over-states method, the third-order pol
izability g(23v;v,v,v) has been expressed in Ref. 14.
the actual calculation, we include a lifetime broadening fa
tor h in the denominator and is taken to be 1.631022 eV.
The spatial average ofg is taken asgav5(gxxxx1gyyyy
1gzzzz12gxxyy12gyyzz12gzzxx)/5.

Based upon the electronic structures obtained, we ca
late the third-order polarizabilities of chiral carbon nan
tubes. In the actual calculation, the bond length of graph
sheet,a is taken as 0.142 nm, which is the experimen
value for crystalline graphite. In our numerical calculatio
the parameters in Eq.~1! are taken ast52.5 eV, a
56.31 eV/Å , K549.7 eV/Å2, andU52V5t.

We take (n1 ,n2)5(7,3) and (n1 ,n2)5(14,6) to study the
size effects on theg spectrum. For both tubes,n12n2 is not
a multiple of 3. So they are semiconducting tubes. The
ameter of the~7,3! tube is about 0.699 nm and that of th
~14,6! tube is about 1.398 nm. The atom number per unit c
is 316 for the~7,3! tube and 632 for the~14,6! tube. We
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study tubes withN5632. It is equivalent to take two uni
cells for the~7,3! tube and one unit cell for the~14,6! tube.
The energy gaps of~7,3! and ~14,6! tubes are about 1.0 eV
and 0.5 eV, respectively. Because the energy gaps for
tubes saturate atN;600, the large gaps remain whenN
→`. Obviously, the energy gap decreases with the diam
increasing, which is in agreement with the result of Ref.

Figures 2~a! and 2~b! showg spectra for~7,3! and~14,6!
tubes, respectively. The staticg values for~7,3! and ~14,6!
tubes are 2.60310229 esu and 5.85310231 esu, respec-
tively. The staticg value of the~7,3! tube is about 44 times
larger than that of the~14,6! tube. The first peak in Fig. 2~a!
is located at about 1.2 eV and the corresponding valu
about 3.62310228 esu. The first peak in Fig. 2~b! is located
at about 0.7 eV and the corresponding value is about 2
310230 esu. The first peaks in Fig. 2 are caused by a thr
photon resonance between two energy levels with one in
conduction band and the other in the valence band. The h
est peak in Fig. 2~a! is located at 3v;2.9 eV and its value
is about 6.74310228 esu. In Fig. 2~b! it is located at 3v
;2.7 eV and its value is about 3.46310228 esu. Compar-
ing Fig. 2~a! with 2~b!, it is seen that Fig. 2~a! possesses
more larger peaks.

The diameter of the~14,6! tube is two times larger than
that of the~7,3! tube. With the increase of diameter the 1
tube will gradually become a 2D graphite sheet. On the ot
hand, the nonlinearity will decrease with the increasing
space dimension. For an example, 3D C60 possesses smalle
g values than 1D conducting polymer with the same at
number. From the~7,3! tube to the~14,6! tube, the space
dimension increases. So the~14,6! tube possesses smallerg
values than the~7,3! tube. It is natural to expect that th
narrower the carbon tube, the larger theg value.

The helical symmetry effects on the optical properties
chiral tubes can be seen by comparing theg spectra of the
~6,5! tube with that of the~9,1! tube. Both of the~6,5! and
~9,1! tubes have the same diameter, which is about 0.750
They also have the same atom number per unit cell, whic
364. Moreover, both of them are semiconducting tubes.
difference between them is that the helical degree of the~6,5!
tube isu'3° and that of the~9,1! tube isu'0.6°. ~6,5! and
~9,1! tubes can be approximately modeled as Figs. 3~a! and
3~b!, respectively. It is seen that the atoms of the~6,5! tube
situate along a more straight line. This can also be seen
the following facts. In the case with the sameN, ~6,5! and
~9,1! tubes have the same height but the length of the b
helix of the ~6,5! tube is shorter than that of the~9,1! tube.
For example, in the present case withN5364, the height of

FIG. 2. Theg spectra for~a! ~7,3! tube and~b! ~14,6! tube. The
atom numbers of the tubes are 632.
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both ~6,5! and ~9,1! tubes is about 4.1 nm but the length
the base helix of the~6,5! tube is about 77.8 nm and that o
the ~9,1! tube is about 384.0 nm. The fact that the atoms
the ~6,5! tube situate along a more straight line indicates t
the~6,5! tube has lower space dimension. So one may exp
that the~6,5! tube possesses a largerg value. Indeed, this can
be seen by comparing Figs. 4~a! with 4~b!. Figures 4~a! and
4~b! are theg spectra of~6,5! and ~9,1! tubes, respectively
Although the two tubes have almost the same values for
highest peaks, the~6,5! tube has larger static and main pe
values. The staticg values for ~6,5! and ~9,1! tubes are
2.31310230 esu and 0.52310230 esu, respectively.

FIG. 3. Schematic of the geometry for~a! ~6,5! tube and~b!
~9,1! tube.

FIG. 4. Theg spectra for~a! ~6,5! tube,~b! ~9,1! tube, and~c!
~7,4! tube.
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For two tubes with the same diameter, atom number,
lical degree, and the largest common divisor betweenn1 and
n2, the only difference between them is that one is a se
conducting tube and the other is a metallic one. What ab
the difference between theirg spectra? For a semiconductin
tube a large energy gap remains whenN→`, whereas the
energy gap approaches zero for a metallic tube whenN
→`. Therefore, we expect that if the other conditions are
same, a metallic tube should possess a largerg value than a
semiconducting one. This can be seen by comparing thg
spectrum of the~9,1! tube with that of the~7,4! one. The two
tubes have almost the same diameter, which is about 0
nm. The helical degree of the~9,1! tube is aboutu;0.6° and
that of the~7,4! tube is aboutu;0.7°. So, they have almos
the same helical degree. The atom number per unit cell of
~9,1! tube is 364 and that of the~7,4! tube is 374. In this
paper, we studied both tubes with one unit cell. So, the a
numbers between them are also almost the same. How
the ~7,4! tube is metallic and the~9,1! tube is semiconduct
ing. Theg spectra for them are shown in Figs. 4~b! and 4~c!,
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respectively. From them, it is seen that the~7,4! tube pos-
sesses higher peakg values than that of the~9,1! tube. Ac-
tually, the static g value of the ~7,4! tube is 2.30
310230 esu, i.e., about four times larger than that of t
~9,1! tube. The largestg value of the~7,4! tube is about 82
times larger than that of the~9,1! tube.

In summary, we study the diameter and helical symme
effects on the nonlinear optical properties of chiral carb
nanotubes. In detail, we find that the narrower the tube
the higher the helical degree, the larger the nonlinearity
the tube. Also, the metallic tube favors largerg values. From
our numerical results, it is clear that theg value of the car-
bon nanotube can reach the corresponding value of the
ducting polymer, and so the nanotube is a promising non
ear optical material with no additional residual infrare
absorption due to overtones of C-H streching vibrations.
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