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Boundary conditions in multiband k–p models: A tight-binding test
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A quantitative comparison between differentk–p calculations of valence-band states in quantum-
confinement semiconductor heterostructures is presented. The importance of using appropriate boundary con-
ditions to match the envelope functions across abrupt heterointerfaces is addressed quantitatively using an
improved tight-binding model to discriminate between existing models. The relevance of the present results to
the design of optoelectronic devices is discussed.@S0163-1829~99!11015-4#
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The envelope-function approximation~EFA! is widely
employed in the design of semiconductor heterostructu
because of its straightforward applicability and its limit
computational effort.1,2 The fundamental assumptions o
which it is founded and the exact knowledge of the limits
its applicability have always been a matter of considera
debate.3–9 One of the main problems is the choice of app
priate boundary conditions to match the envelope functi
across semiconductor heterointerfaces.

In most cases the EFA is implemented as an effect
mass equation for the whole heterostructure, which a
holds across abrupt interfaces. Away from them, equati
reduce to the usual bulk form. This description was ori
nally based on heuristic arguments,2,10–13but was formalized
into an exact envelope-function theory by Burt about a
cade ago.3,4 Envelope-function components are continuo
everywhere and boundary conditions for their derivatives
be obtained by integration of the effective-mass equa
across the heterointerface.14 The interface connection rule
thus depend on the explicit form of the Hamiltonian ope
tor. Different forms were considered,11,16,17the most widely
used being based on the symmetrization of the bulk Ham
tonian as discussed in the following. Correct guidelines
the derivation of thek–p heterostructure Hamiltonian wer
given by Burt in.3,4 Following these lines Foreman has d
rived a three-band effective-mass Hamiltonian for the
lence band which has been shown to provide more plaus
results compared to the more widely used symmetri
model.13,15However, a clear quantitative test of the accura
of Foreman’s model is still lacking.

This issue is addressed in the present paper with the a
a recently developed tight-binding~TB! model. We focus on
the case of III-V heterostructures with barrier and well m
terials with different effective-mass parameters. We sh
that Foreman’s Hamiltonian always leads to ener
dispersion relations in good agreement with TB calculatio
while the ‘‘symmetrized’’ Hamiltonian does not. We als
discuss the implications of the present results to the desig
heterostructures relevant to device applications.

For a semiconductor heterostructure under external fi
depending onz only ~we takez as the growth axis! the multi-
band effective-mass equation takes the general form:

(
s8

Ĥss8~z! f s8~z!5E fs~z!, ~1!
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wheref s(z) are the z-dependent components of the envel

function andĤss8(z) is the effective-mass operator. As far a

valence-band states are consideredĤss8(z) can be explicitly
written as4

Ĥss8~z!5 (
a,bÞ3

gss8
ab

~z!kakb1 k̂3 (
bÞ3

gss8
3b

~z!kb

1 (
aÞ3

kagss8
a3

~z!k̂31 k̂3gss8
33

~z!k̂31zss8~z!.

~2!

Wave-vector components have the following notation:k1

5kx , k25ky , k̂352 i¹z . gss8
ab (z) are coefficients of the ki-

netic tensor and reflect the band-structure properties of
bulk material atz. Matrix elementszss8(z) represent the po-
tential part of the Hamiltonian describing the band-edge p
file and possible strain effects.f s(z) are continuous wherea
the matching conditions for their first derivatives are o
tained by integrating the effective-mass equation across
ery heterointerface. This procedure leads to the follow
continuity relation for an interface atz50:

(
s8

S (
bÞ3

gss8
3b

~2e!kb1gss8
33

~2e!k̂3D f s8~2e!

5(
s8

S (
bÞ3

gss8
3b

~e!kb1gss8
33

~e!k̂3D f s8~e!. ~3!

We note that this boundary condition fulfills the requir
ment of current conservation, as discussed in Ref. 4.

As mentioned above, the most widespread approach
deriving the heterostructure effective-mass operator is ba

on the simple substitution ofk3(5kz) with k̂3 in the bulk
Hamiltonian. That is done after a preliminary symmetriz
tion with respect tok3, i.e., terms likeh(z)k3 are replaced by

(1/2)@h(z) k̂31 k̂3h(z)#, while h(z)k3
2 is rewritten as

k̂3h(z) k̂3.2,11,12This procedure~which is not the only option
ensuring the hermiticity of the effective-mass operator16,17! is
equivalent to assumegss8

a3
5gss8

3a in Eq. ~2!. The arbitraryness
of this assumption has important implications on the bou
ary conditions and can cause significant inaccuracies in
calculation of quantized electronic states. As a direct con
9691 ©1999 The American Physical Society
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quence spectral functions~such as density of states, optic
gain, etc.! in low-dimensional structures can be poorly d
scribed within the EFA if this ‘‘symmetrized’’ model is
adopted.

We consider this problem quantitatively for the case
valence-band states in III-V heterostructures. We refer
three-bandk–p models including heavy-hole, light-hole, an
spin-orbit split-off bands. For simplicity we restrict our di
cussion to single-quantum-well heterostructures. We wan
compare the results obtained using the most common
proach described above with those given by a ‘‘nonsymm
trized’’ model in which the effective-mass coefficientsgss8

ab

in Eq. ~2! have been derived from perturbation theory w
no arbitrary assumptions~see Ref. 13!. In bulk materials, the
two models are indistinguishable with the kinetic tensor
Eq. ~2!, reducing to the 636 Luttinger-Kohn form.18 In
quantum heterostructures, the two models give identical
sults at the Brillouin-zone center but different in-plane d
persion relations. This stems from a difference in the res
ing boundary conditions on the first derivative of th
envelope-function components. In particular, the ‘‘symm
trized’’ model overestimates the coupling between subba
of different character, which is represented by the o
diagonal terms in Eq.~3!.13 It can be noted that the larger th
difference between the effective-mass parameters of the
rier and the well, the stronger is this coupling, and theref
the disagreement between the results of the two models

In order to test their accuracy we performed ban
structure calculations within the TB approximation using
40-band empiricalsp3d5s* nearest-neighbor model that in
cludes spin-orbit coupling.19 This TB model adequately re
produces measured effective masses, interband transitio
ergies, and deformation potentials of III-V semiconducto
and provides a precise description of electronic states
short-period superlattices and quantum wells.20,21

In order to ensure a meaningful comparison, bulk-mate
parameters used in bothk–p models~i.e., Luttinger param-
eters, split-off energy, deformation potentials! were set by
fitting the TB bulk-band structures.

Figure 1 shows our calculations for the valence-ba
structure of a 4.8-nm thick GaAs/AlAs single quantum w
~QW! grown on a GaAs~001! substrate. The in-plane dispe
sion relation along both@100# and@110# directions is shown
for the uppermost subbands. Solid and dashed lines refe
the ‘‘nonsymmetrized’’ and ‘‘symmetrized’’ model, respe
tively, while the results of TB calculations are represented
filled circles ~note that spin degeneracy is lifted in TB su
bands by the lack of inversion symmetry of the host u
cells, which is instead neglected in the presentk–p models22!.
As expected, the two sets ofk–p subbands coincide at th
Brillouin-zone center. They do not show pronounced d
crepancies at nonzero in-planek vectors. This follows from
the rather small difference between the effective-mass
rameters of GaAs and AlAs. The ‘‘nonsymmetrized’’ mod
however, is seen to give the best agreement with TB res
In particular, a very good consistency over the whole ran
of k vectors shown is found for the ground subband. T
latter is often the most important one in determining t
measured heterostructure properties. Indeed the ‘‘sym
trized’’ model leads to fairly small deviations from the T
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results: this is a direct evidence of why such a model w
used so widely and successfully in this material system.

In the following figures we show that this scenario dra
tically changes when barrier and well materials with mo
dissimilar effective-mass parameters are considered. Figu
shows the in-plane dispersion relation for the valence s
bands of a strained 5.1-nm thick GaSb/AlSb QW grown
AlSb~001!. The biaxial tensile strain in the QW materia
arises from the lattice mismatch~0.65%! between GaSb and
AlSb, and splits the degeneracy between the light-hole
heavy-hole bulk-band edges pushing the latter below
former. As a result of the combined effect of strain and qu
tum confinement, the first two subbands are nearly dege
ate at the Brillouin-zone center and strongly coupled at re
tively small nonzerok vectors due to the off-diagonal term
in Eq. ~3!. Under these conditions large discrepancies
tween the twok–p models emerge, especially with regard
the ground subband. As shown if Fig. 2, the ‘‘symmetrize
model yields a more pronounced electronlike character at
Brillouin-zone center and a valence-band maximum sign
cantly higher (;20 meV) in energy. Instead, the results
the ‘‘nonsymmetrized’’ model are in good agreement w
TB calculations over the wholek-vector range shown.

A similar situation is presented in Fig. 3 for the case o
tensily strained 5.7-nm thick In0.43Ga0.57As/InP QW grown
on InP~001!. There is much technological interest o
In0.43Ga0.57As/InP heterostructures owing to their many o
toelectronics applications. By varying In content above
below the lattice-matching value~53%! either compressive
or tensile deformation, respectively, can be induced
pseudomorphic In0.43Ga0,57As QW’s. This additional degree

FIG. 1. Valence band structure of a 17 molecular-layer-th
GaAs/AlAs quantum well grown on GaAs~001!. Calculated in-
plane dispersion relations along@100# and @110# are shown in the
left and right part of the figure, respectively. Energy is refered to
bulk valence-band edge of the quantum-well material. So
~dashed! lines are obtained with the ‘‘nonsymmetrized’’~‘‘symme-
trized’’! three-bandk–p model described in the text. Tight-bindin
~TB! results are represented by filled circles. Effective-mass par
eters enteringk–p models were chosen in order to ensure the b
agreement with TB results for the bulk valence-band structure
the costituent materials. In particular, we setg157.05, g252.0,
and g353.0 for GaAs andg153.88, g250.69, andg351.46 for
AlAs. A valence-band offset of 0.5 eV was assumed in these
culations.
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of freedom has proved very useful to improve the perf
mance of a variety of devices.23–27Our results shown in Fig
3 point at the importance of using an appropriatek–p model
to accurately design quantum-heterostructure devices in
In0.43Ga0.57AsP material system. TB calculations demostr
that the ‘‘nonsymmetrized’’ model is the valid option.

We should like to compare our results with those obtain
by Yamanakaet al.28 for very similar material systems
These authors pointed at some anomalies in the in-plane
persion relation of valence states calculated with a 434
symmetrized model. Such anomalies were linked to the c
tinuity requirement on the envelope functions. Alternati
connection rules were therefore proposed to handle in
faces between materials of substantially different effecti
mass parameters. Our results, on the contrary, show o
quantitative base that the usual approach to boundary co
tions is appropriate also in the case of different material
rameters provided the correct form of the Hamiltonian o
erator is employed.

A recent paper by Meneyet al.15 showed that the inclu-
sion of the lowest conduction band in symmetrized Hamil
nians can lead to anomalous deviations in the calculated

FIG. 2. Valence band structure of a 17 molecular-layer-th
GaSb/AlSb tensily strained quantum well lattice matched
AlSb~001!: Calculated in-plane dispersion relations along@100#
and@110# are shown in the left and right part of the figure, respe
tively. Energy is refered to the bulk valence-band edge of
quantum-well-material. Solid~dashed! lines are obtained with the
‘‘nonsymmetrized’’ ~‘‘symmetrized’’! three-bandk–p model de-
scribed in the text. Tight-binding~TB! results are represented b
filled circles. Effective-mass parameters enteringk–p models were
chosen in order to ensure the best agreement with TB results fo
bulk valence-band structure of the costituent materials. In part
lar, we set g1512.0, g254.0, and g355.3 for GaSb andg1

55.4, g251.14, andg352.22 for AlSb. The valence-band offse
value between unstrained GaSb and AlSb was taken at 0.4 eV
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persion relation. The ‘‘nonsymmetrized’’ approach does n
exhibit this unphysical behavior and, as shown in Figs. 2 a
3, accurate results can be obtained without explicitly inclu
ing the conduction band.

In conclusion, we have analyzed the role of bounda
conditions in the calculation of the valence-band structure
single QW’s within the EFA. Two three-bandk–p models
were considered: the most commonly used ‘‘symmetrize
model and a ‘‘nonsymmetrized’’ one resulting from a rigo
ous derivation of the Hamiltonian operator. The direct co
parison with a recently developed TB approach allowed u
discriminate in favor of the latter, which was shown to yie
reliable results also when barrier and well materials ha
very dissimilar effective-mass parameters. Finally, we ha
emphasized the relevance of the model discrepancies in
design of devices such as those based on In0.43Ga0,57As/InP
and GaSb/AlSb quantum heterostructures.

We acknowledge L. C. Andreani, V. Pellegrini, and G. L
Rocca, for valuable discussions. This paper was supporte
part by INTAS under Project No. 94-1172.
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FIG. 3. Valence-band structure of a 20 molecular-layer-th
In0.43Ga0.57As/InP tensily strained quantum well lattice-matched
InP~001!. Calculated in-plane dispersion relations along@100# and
@110# are shown in the left and right part of the figure, respective
Energy is refered to the bulk valence-band edge of the quant
well material. Solid~dashed! lines are obtained with the ‘‘nonsym
metrized’’ ~‘‘symmetrized’’! three-bandk–p model described in the
text. Tight-binding ~TB! results are represented by filled circle
Effective-mass parameters enteringk–p models were chosen in or
der to ensure the best agreement with TB results for the b
valence-band structure of the costituent materials. In particular,
set g1510.2, g253.60, andg354.55 for In0.43Ga0.57As and g1

56.25, g251.87, andg352.65 for InP. The value of the valence
band offset between unstrained In0.43Ga0.57As and InP was taken a
0.32 eV.
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