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Phase diagram of the weak-coupling two-dimensionalt-t8 Hubbard model at low
and intermediate electron density

Richard Hlubina
Department of Solid State Physics, Comenius University, Mlynska´ Dolina F2, 842 15 Bratislava, Slovakia

~Received 11 September 1998!

We study the stability of the ferromagnetic phase of thet-t8 weak-coupling Hubbard model at low and
intermediate electron density within theT-matrix approximation. The superconducting instability of the para-
magnetic phase is discussed by a perturbative evaluation of the superconducting vertex.
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I. INTRODUCTION

After the discovery of high-temperature superconducto
the interest in strongly correlated two-dimensional~2D! elec-
tron systems has risen substantially.1 Initially, most studies
concentrated on the simplest possible model compatible
the quantum chemistry of the cuprates, namely, a Hubb
~or t-J) model on a square lattice with electrons hoppi
only between nearest-neighbor sites of the lattice.1,2 Recent
photoemission experiments3 indicate, however, that als
longer-range hoppings are not negligible. The simpl
model which produces a Fermi surface in qualitative agr
ment with experiments is

H52t (
^ i , j &,s

ci ,s
† cj ,s1t8 (

^^ i , j &&,s
ci ,s

† cj ,s1U(
i

ni ,↑ni ,↓ ,

~1!

where t and t8 are the nearest-neighbor and next-neare
neighbor hopping amplitudes, respectively.U is on-site
electron-electron repulsion and̂i , j &,^^ i , j && are pairs of
nearest and next-nearest neighbors. The noninteracting F
line of the model Eq.~1! resembles that observed experime
tally in the cuprates fort8/t.0.

The parameter region of Eq.~1! relevant for the cuprates
namely electron density per lattice site 0.75,r<1,0,R
52t8/t,1, and U/t;8, turned out to be difficult to
analyze.4 In this paper, we address a less ambitious quest
What is the phase diagram of Eq.~1! at low and intermediate
electron density at moderate coupling? In addition to be
interesting in its own right, we believe that a solid unde
standing of the intermediate-density range might help atta
ing the high-Tc problem from the overdoped side.

The outline of the paper is as follows. In Sec. II, w
elaborate on the recent observation5 that the t-t8 Hubbard
model Eq.~1! exhibits, forR;1, an itinerant ferromagnetic
phase at the Van Hove density. The latter is defined as
density, for which the Fermi line of the noninteracting pro
lem crosses the saddle points of the bare electron spect

«k522t~coskx1cosky!14t8 coskx cosky , ~2!

which are at~p,0! and ~0,p! for uRu,1. In Ref. 5, good
agreement was found between the predictions of
T-matrix approximation~TMA ! and quantum Monte Carlo
simulations of clusters with up to 16316 sites. On the othe
PRB 590163-1829/99/59~14!/9600~6!/$15.00
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hand, recent studies of thet-t8 Hubbard model have found
finite window of densities around the Van Hove dens
where ferromagnetism is stabilized.6,7 Motivated by these re-
sults we have performed a detailed study of the stability
the ferromagnetic phase at low and intermediate elec
density within TMA.

In Sec. III we pursue an analogy to the physics of liqu
3He: in the paramagnetic phase of thet-t8 Hubbard model,
ferromagnetic fluctuations should increase when approac
the ferromagnetic phase, and this in turn should lead to
perconducting pairing in thep-wave channel.8 Thus Eq.~1!
might be an ideal toy model for the study of triplet supe
conductivity. As a first step in this direction, we determi
the symmetry of the leading superconducting instabi
throughout the paramagnetic part of the phase diagram.
is done by a perturbative evaluation of the superconduc
vertex, following the pioneering work of Kohn an
Luttinger.9 Recently, a similarly motivated study of the su
perconducting phase diagram of thet-t8-J model has
appeared,10 but our discussion is technically quite differen

The superconducting phase diagram of the model Eq.~1!
might be relevant also to the compound Sr2RuO4, in which
superconductivity has been found near 1 K. In fact, Sr2RuO4
is a quasi-2D compound isostructural to the high-tempera
superconductor La2CuO4. The four d electrons per each
Ru41 ion fill three overlapping conduction bandsa,b ~of
mixed dxz and dyz character!, and g ~of dxy character!.
Sr2RuO4 is believed to be ap-wave superconductor.11,12 It
has been argued that the superconducting coupling betw
the a,b bands and theg band is weak.13 Moreover, recent
NMR experiments indicate that also the magnetic coupl
between thedxz anddyz orbitals and thedxy orbitals is small
and the spin susceptibility is more enhanced for theg band.14

Therefore it is tempting to describe the superconductivity
Sr2RuO4 as being driven by the pairing instability of theg
band. Simple quantum chemistry considerations suggest
the g band is described by the model Eq.~1!.

II. MAGNETIC PHASE DIAGRAM

We consider clusters withV5L3L sites and periodic
boundary conditions. Only those electron fillingsN5N↑
1N↓ , for which both Ns ~where s5↑,↓) correspond to
closed energy shells are considered. For givenN↑ and N↓ ,
9600 ©1999 The American Physical Society
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we calculate the ground-state energy from

E5(
k,s

f s~k!«k1
U

V(
k,k8

f ↑~k! f ↓~k8!

11Uxpp~k1k8,«̃k,↑1 «̃k8,↓!
,

~3!

where f s(k) is the distribution function for the noninterac
ing system,«̃k,s5«k2ms ,ms is the Fermi energy for elec
trons with spins, and

xpp~q,v!5
1

V(
p

@12 f ↑~p!#@12 f ↓~2p1q!#

«̃p,↑1 «̃2p1q,↓2v

is a particle-particle susceptibility. We calculate the groun
state energyE for all closed-shell partitions ofN and identify
the paramagnetic state with the case when the minimumE
is achieved for the minimal possibleuN↑2N↓u. The above
method for determining the stability of the paramagne
state has been used long ago by Kanamori15 and we shall
refer to it as TMA, although a more correct name would
‘‘low-density approximation.’’ In fact, the ground-state e
ergy in the fullT-matrix approximation reads

ETMA5(
k,s

f s~k!«~k!2
U

2
~12n!

1(
q
E

0

`dv

2p
ln@~11Ux1!21~Ux2!2#, ~4!

wherex11 ix25xpp(q,iv)2x hh(q,iv) and

xhh~q,v!5
1

V(
p

f ↑~p! f ↓~2p1q!

«̃p,↑1 «̃2p1q,↓2v

is a hole-hole susceptibility. Equation~4! has been used in
Ref. 5 and good agreement with quantum Monte Carlo sim
lations has been found there. We have checked Eq.~3!
against the numerical data in Ref. 5 and found, surprisin
that it works even better than Eq.~4!. Nevertheless, the dif
ference between the two calculations is less than 1%. Th
because, in the low-density limit, the contribution of virtu
processes with excited pairs of holes@which are included in
Eq. ~4! but not in Eq.~3!# is negligible. In what follows, we
shall therefore identify Eq.~3! with TMA.

The region of stability of the fully polarized~Nagaoka!
state against the paramagnetic state of thet-t8 Hubbard
model, determined numerically from Eq.~3! in the region
0,R,1 for U54t andU58t, is shown in Figs. 1 and 2
respectively. It is seen that at finiteU, there is a finite win-
dow of densities around the Van Hove density, where
Nagaoka state is stable. The size of this window grows w
U.

Also shown in Figs. 1 and 2 is a comparison of our TM
results to variational estimates of the region of stability
the Nagaoka state against single spin flips. The simplest n
trivial variational wave function,16

uc&5)
i

~12hni ,↑ni ,↓!ck50,↓
† uN21&, ~5!

is chosen for that purpose, withuN21& being a Nagaoka
state withN21 spin-up electrons and a variational para
-

c
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-

y,

is

e
h

f
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eterh. This wave function has been applied to the model E
~1! in Refs. 17 and 6. The shape of the fully polarized fer
magnetic region determined from Eq.~5! is qualitatively
similar to the TMA prediction, with an important exceptio
in the limit r→0: TMA predicts that in this limit, the para
magnet is stable for allR,1 at anyU, whereas it can be
shown by the methods introduced in Ref. 6 that according
Eq. ~5!, for all Rc,R,1 there exists

Uc5
4p~22R!~12R!

~p21!R2~p22!

such that for U.Uc , Nagaoka ferromagnetism extend
down tor50. ForR,Rc5(p22)/(p21), Nagaoka ferro-
magnetism cannot be stabilized atr→0. Our TMA results
should be superior to those obtained from the variatio
ansatz Eq.~5! in the limit r→0.

We have tested the effect of the finite size of the latt
used in the calculation of the TMA phase diagram Fig. 1
the location of the low-density phase boundary fort8/t
50.495, where the effect of finiteL is expected to be larges
due to the small size of the Fermi surface at low dens
Lattices with up toL5200 have been studied. It was foun
that the critical density for ferromagnetism forL532 devi-
ates less than 10% from theL5200 result.

In Fig. 3 we present energy vs magnetization curv
E(m) for electron densities close to the paramagn
ferromagnet phase boundary. For clarity, the energy of

FIG. 1. Phase diagram atU54t. Shaded area: region of stabi
ity of the fully polarized state~in TMA, L532). Dashed line:
boundary of the region where the Nagaoka state is stable agains
single spin flip state Eq.~5!.

FIG. 2. The same as in Fig. 1, but forU58t.
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9602 PRB 59RICHARD HLUBINA
paramagnetic stateE(0) has been subtracted from the data
is seen from here that the origin of the ferromagnetic ph
shown in Fig. 1 is not in a weak-coupling instability of th
paramagnetic phase, but rather in a level crossing betwe
paramagnetic and a fully polarized state.

On the other hand, close to the Van Hove density
outside the region of stability of the Nagaoka state, we fi
that partially polarized ferromagnetic states are stabiliz
An example is presented in Fig. 4, where energy vs mag
tization E(m) ~normalized to 0 form50 as in Fig. 3! is
shown for a system at the Van Hove density witht8/t
50.44 andU54t. This is an example of a weak-couplin
instability of the paramagnetic phase, which has been
dicted for the model Eq.~1! at the Van Hove density in Ref
5. Note that the agreement between the data forL548 and
L5100 suggests that theL5100 data is essentially alread
in the thermodynamic limit.

For the first-order paramagnet-ferromagnet transition
fixed R as a function ofr shown in Fig. 3, we expect~in
absence of long-range Coulomb interactions! phase separa
tion into a paramagnetic and a fully polarized state with d
ferent densities. In Fig. 5 we plot the TMA energy of th
paramagnet and of the Nagaoka state vsr for L532. By
Maxwell construction, we find phase separation for 0.1

FIG. 3. DE5E(m)2E(0) ~per site, in units oft! vs magneti-
zation m5(N↑2N↓)/V for t8/t50.47 and U54t in TMA,
L5100. The curves from top to bottom correspond
N 5 1402, 1506, 1602, 1714, 1802, 1842, 1890, 1930, 2002, 2
2210, and 2402.

FIG. 4. DE5E(m)2E(0) ~per site, in units oft! vs magneti-
zation m for t8/t50.44 andU54t in TMA. Solid line: L5100.
Diamonds: L548. N54956 (N51140) corresponds to the Va
Hove density forL5100 (L548).
t
e

a

t
d
d.
e-

e-

t

-

4

,r,0.197 and 0.521,r,0.584. In the inset, we show th
differenceDE between the energies of the paramagnet a
of the Nagaoka state vsr at low densities forL532 andL
5100. Note that the TMA calculation ofDE(r) is essen-
tially converged already atL532. In fact, from theL5100
data we find the low-density phase separation for 0.177,r
,0.200, quite close to the estimate for the 32332 lattice.

Figure 4 shows that it is not true~at least within TMA!
that the instability of the Nagaoka state against single s
flips implies a paramagnetic phase. On the other hand, Fi
illustrates that neither the assumption that a locally sta
Nagaoka state implies a stable ferromagnetic phase nee
be true. These two findings might put some doubts on
validity of estimates of the stability of ferromagnetism fro
the stability of the Nagaoka state against spin flips. Howev
we find that these anomalies~and also phase separation b
tween the paramagnetic and the fully polarized states! occur
in the t-t8 Hubbard model only close to the phase bound
and neglecting them does not lead to significant change
the phase diagram.

III. BCS INSTABILITY OF THE PARAMAGNETIC PHASE

Kohn and Luttinger9 argued that even a purely repulsiv
degenerate Fermi system such as He3 can be unstable to
wards pairing. They evaluated the Cooper-channel verte
second order in the interaction and showed that, for a ro
tionally invariant 3D system with a hard-core repulsion, t
system is unstable towards superconductivity with large o
angular momentuml of the Cooper pairs. Later it was show
that even atl 51 pairing is favorable for this system,18 in
agreement with thep-wave symmetry of the pairing state i
3He.8 The latter has also been interpreted as being due t
exchange of magnetic fluctuations which play the role
phonons in conventional superconductors.8 It is interesting to
note that the superconducting vertex in the Kohn-Lutting
argument can be viewed as the lowest-order nontrivial te
~in an expansion in powers ofU! of a vertex arising from an
exchange of magnons.

Superconducting instabilities of 3D lattice systems w

6,

FIG. 5. Energy per site in units oft vs electron densityr
5N/V for t8/t50.47 andU54t in TMA, L532. Full line: Na-
gaoka state. Dashed line: paramagnetic state. The inset showDE
5ENagaoka2Eparamagnet~per site, in units oft! vs electron density for
the same parameters. The lattice sizes areL5100 ~full line! and
L532 ~circles!.



ng
e
a
e

ct

tin
ar
th

e
o

w
th

e

Th
ve

-
le

g
m

s

f

-

en

am

The
re
e

-

PRB 59 9603PHASE DIAGRAM OF THE WEAK-COUPLING TWO- . . .
spin or charge susceptibilities enhanced atfinite wave vec-
tors have been studied within a similar fluctuation-excha
scheme.19 After the discovery of superconductivity in th
cuprates, it was quickly established that for the relevant c
of a nearly half filled 2D electron band with repulsiv
interactions,1,2 the fluctuation-exchange scheme predi
d-wave symmetry of their superconducting state.20 We shall
see below that, as was the case for3He, the Kohn-Luttinger
effect predicts the same symmetry of the superconduc
state as the fluctuation-exchange approximation. Rem
ably, there is substantial experimental evidence for
d-wave symmetry of the pairing state in the cuprates.21

The above examples indicate that the Kohn-Lutting
method is a reasonable tool for estimating the symmetry
the leading superconducting instability. In this section
shall apply it to the superconducting phase diagram of
model Eq.~1!. Chubukov and Lu22 studied this problem in
the limit of vanishing electron densityr. Here we extend
their discussion to finiter.

Let us analyze first the possible symmetries of the sup
conducting gap functionD(k).21 There are five irreducible
representations of the point group of the square lattice.
four one-dimensional representations are even under in
sion and correspond to singlet superconductivity.23 We shall
denote thems,d,dxy , andg. Basis functions belonging tos
that are not constant are usually called extendeds in the
literature, but we shall not make this distinction here.d is a
shorthand notation fordx22y2. The two-dimensional repre
sentationp is odd under inversion and corresponds to trip
states.23

Let w denote the angle between the vector connectin
given point on the Fermi line with the center of the Fer
line @which is ~0,0! or ~p,p!, depending onr# and thekx
direction. Then in every symmetry sectora
(5s,d,dxy ,g,p) we can expand the gap function in a serie

Da~w!5 (
n50

`

cnga,n~w!, ~6!

where we have chosen the following basis functionsga,n:

gs,n~w!5Nn~w!cos@4nw#,

gd,n~w!5N1~w!cos@~4n12!w#,

gdxy,n~w!5N1~w!sin@~4n12!w#,

gg,n~w!5N1~w!sin@4nw#,

gp,n~w!5N1~w!3H sin@~2n11!w#

cos@~2n11!w#.

The normalization factorsNn(w)5A(22dn,0)/D(w), where
D(w)5(2p/v)(dk/dw) is the angle-resolved density o
states, are chosen so that

R dk

vk
ga,n~k!gb,m~k!5da,bdn,m .

The effective interaction in the Cooper channelV(k,k8)
is given, to second order inU, by the diagram~d! in Fig. 1 of
Ref. 9. Let us introduce the particle-hole susceptibility
e

se

s

g
k-
e

r
f

e
e

r-

e
r-

t

a
i

:

x~q!5(
k

f k1q2 f
k

«k 2«k1q
. ~7!

ThenV(k,k8)5U1U2x(k1k8) and the BCS coupling con
stant in the symmetry sectora is19

la52

R dk

vk
R dk8

vk8

V~k,k8!Da~k!Da~k8!

~2p!2 R dk

vk
Da~k!2

. ~8!

Let us restrict the sum in Eq.~6! to 0<n<N. Then

la52

(
n50

N

(
m50

N

Vn,m
a cncm

(
n50

N

cn
2

, ~9!

where

Vn,m
a 5~2p!22 R ~dk/vk! R ~dk8/vk8!V~k,k8!

3ga,n~k!ga,m~k8!

is a real symmetricN3N matrix. It follows from Eq.~9! that
the maximal superconducting coupling constant for a giv
a is la5max$2la,i%, where la,i are the eigenvaluesi
51, . . . ,N of Vn,m

a .
In Fig. 6 we show the superconducting phase diagr

calculated numerically from Eq.~9!. We have considered
N515 harmonics in every symmetry sectora. All la were
attractive basically in the whole studied phase space.
susceptibility Eq.~7! was evaluated at a finite temperatu
T50.003t.24 This introduces only insignificant differenc
with respect toT50, except for the case ofr→0. In that
limit, the electron spectrum becomes isotropic,x(q)
5m/2p for all q<2kF at T50, and the lowest-order Kohn
Luttinger effect vanishes atT50.22 However, at a finite tem-
perature,

x~q!5
m

4pE0

vq d« f ~«2m!

Avq~vq2«!
,

FIG. 6. Superconducting phase diagram forU→0. A small re-
gion of dxy-wave~p-wave! pairing close to thes/p (dxy /g) bound-
ary is not displayed.
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9604 PRB 59RICHARD HLUBINA
wherevq5q2/8m. The Fermi energym5kF
2/2m and « are

measured here from the bottom of the band. ForT!m, we
still have x(q)'m/2p, but for 2kF2T/vF,q,2kF ,x(q)
'm/2p2dx, where dx;(m/2p)AT/m. Thus evaluating
x(q) at T.0 leads to a nonzero Kohn-Luttinger effect@see
Eq. ~8!# even for an isotropic spectrum, withl;m3U2T/r
in all symmetry sectors@providedrdkD(k)50]. Our calcu-
lation is therefore valid only in the region of densities whe
at T50, the modulationdx of x(q) for those values ofq
which span the Fermi line (q<2kF in the isotropic case! is
larger than thermal effects,dx/x@AT/m. For T50.003t we
restrict ourselves tor.0.25.

As a function ofr at fixedR andU, the maximal coupling
constant maxa(la) scales roughly with the density of states
the Fermi energy. Figure 6 shows that close to half filli
(r51), d-wave pairing is the largest one for all 0<R<1. In
the low-density region, we find dominantdxy-wave pairing
for R,0.2 andp-wave pairing forR.0.76,25 while at inter-
mediateR, g-wave pairing dominates. This is consistent w
Ref. 22.

The phase diagram is quite rich, since all allowed sy
metry sectors are realized in its various parts. Its perh
most unexpected features are the stability of thep-wave pair-
ing at r'0.55 for all 0<R<1 and the small region o
s-wave pairing aroundr'0.7 andR'0.9.

We emphasize that Fig. 6 is not aT50 phase diagram. Its
actual meaning is the following: for each point in theR-r
plane, we assume that a superconducting state develop
the temperature is lowered below someTc(R,r). In Fig. 6,
we plot the symmetry of the superconducting state for e
point (R,r) at a temperature infinitesimally belowTc(R,r).
This symmetry is well defined away from the phase bou
aries in Fig. 6. Exactly at the phase boundary, states
mixed symmetry may occur.26 If the temperature lowers fur
ther belowTc(R,r), states of mixed symmetry may develo
in a subset of theR-r plane with nonzero measure. Th
question shall not be addressed in this paper.

Finally, let us note that the results shown in Fig. 6 a
valid only in the limitU→0. Nevertheless, for finiteU when
also magnetic phases are stabilized~see Figs. 1 and 2!, we
hypothesize a similar pattern of the leading pairing instab
ties of the paramagnetic phase.

IV. CONCLUSIONS

Within TMA, we have found that thet-t8 Hubbard model
supports a wide region of ferromagnetism around the V
Hove density, whose size grows with increasingU. In the
same approximation we find that local instability~stability!
of the Nagaoka state does not imply paramagnetism~ferro-
at

no
,

t

-
ps

as

h

-
of

-

n

magnetism!. However, our results indicate that these imp
cations are broken only close to the paramagnet-ferroma
phase boundary. This indicates that the single spin flip cr
rion widely used in the study of the stability of metall
ferromagnetism16,6 provides reasonable estimates of t
magnetic phase diagram.

In one dimension, the model Eq.~1! has been studied by
many authors starting by Ref. 27, where it was shown t
Nagaoka’s proof of ferromagnetism applies for one hole
the half filled system, ift8/t.0. A detailed review of recen
work on the 1D model can be found in Ref. 28. The conc
sion is that also in one dimension there is a large region
ferromagnetism in ther vs t8/t plane, if 0,r,1 and t8/t
.0. On the other hand, ferromagnetism is stable within
namical mean-field theory29 on both 3D andD5` fcc lat-
tices in a wide range of fillings. Note that since there is
close connection between thet-t8 model and an fcc lattice, it
seems to be well established now that ferromagnetism in
t-t8 Hubbard model is a robust phenomenon. It has b
hypothesized that this is due to the asymmetric density
states of the model Eq.~1! with a large peak close to th
band edge.6,30 Although our results are consistent with th
hypothesis, further work is needed to confirm it.

As regards thet-t8 Hubbard model as a paradigm fo
magnon inducedp-wave superconductivity, its main advan
tage is that the ferromagnetic phase appears at moderate
ues ofU, where quantum Monte Carlo simulations could
feasible. The obvious alternative of studying thet850 model
close to half filling, in the proximity of Nagaoka ferromag
netism, is an inherently strong-coupling problem.31 The latter
~for U→`) has been studied so far only by slave-bos
methods,32 with the somewhat disappointing result that clo
to half filling, superconductivity appears in thedxy channel.

Let us close by discussing the relevance of our data
Sr2RuO4. The Fermi surface of theg band is well described
by Eq.~2! with t8/t'20.3 andr'1.33.33,34By particle-hole
symmetry, this is equivalent tot8/t'0.3 andr'0.67, which
is close to thep-wave region in Fig. 6. Therefore superco
ductivity in Sr2RuO4 might be driven by thep-wave insta-
bility of the g band.
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