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Magnetization plateau in a two-dimensional multiple-spin exchange model
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We study a multiple-spin exchange model on a triangular lattice, which is a possible model for low-density
solid ®He films. Due to strong competitions between ferromagnetic three-spin exchange and the antiferromag-
netic four-spin one, the ground states are highly degenerate in the classical limit. Att@dst®?degeneracy
exists on thel X L triangular lattice except for the 8 symmetry. In the magnetization process, we found a
plateau atm/mg,~= % in which the ground state isuud state(a collinear state with four sublattic)es‘l'he%
plateau appears due to the strong four-spin exchange interaction. This plateau survives against both quantum
and thermal fluctuations. Under a magnetic field which realizesuthel ordered state, a phase transition
occurs at a finite temperature due to the breakdown of translational symmetry. We predict that low-density
solid *He thin films may show thé plateau in the magnetization process. Experimental observation of the
plateau will verify the strength of the four-spin exchange. It is also discussed that this magnetization plateau
can be understood as an insulating-conducting transition in a particle picBrE63-182809)01514-3

[. INTRODUCTION where o denote Pauli matrices. The last term means the
Zeeman energy, wherg. denotes the nuclear magnetic
In localized fermion systems, the magnetic interactionmoment of ®He andB the magnetic field. The parameter
comes from permutations of particle§.Multiple-spin ex-  J(=J;—J,/2) is negative for most of densitigbut it can
changes, e.g., cyclic exchanges of three or four spins, havehange the signand K(=—J,/4) is always positive K
been revealed to be strong in nuclear magnetism of two=0). The first and the second summations run over all pairs
dimensional2D) solid *He films. Many experimentéi®and  of nearest neighbors and all minimum diamond clusters, re-
theoreticdi~*° studies suggested that exchange interactionspectively. The explicit form oh,, for four sites(1,2,3,9 is
of more than two spins are dominant in this system. A fer-
romagnetic behavior changes to th_e ant_lferromagneUc onep]p:4( P4+PZ1)_1
when the coverage oHe decreases-~*° This tendency can
be understood in terms of multiple-spin exchafiykSE): in
fully packed systems, the three-spin exchange is donfinant = 2
and it is ferromagnetidas shown by Thoule$s and, in
loosely packed systems, the four- and six-spin exchanges —(o7-03)(05- 0y), 2
become strong and favor antiferromagnetism. Effects of
multiple-spin exchanges are not yet fully understood espewhere (1,3) and (2,4) are diagonal bonds of the diamond.
cially for the low-density region®® For example, recent The WKB approximations® show that exchange parameters
specific-heat data at low densities show a peculiar behaviokary depending on the particle density: At high densities, the
which have a double-peak structure, and they also show thatxchangel(<0) is dominant, which mainly originates from
the ground state seems to be spin liq(disorderedland the  the three spin exchange. As the density is lowered, the ratio
spin excitation gap is vanishin@r quite small.® |K/J| increases rapidly and hence the four spin exchange
The multiple-spin exchange model has been studied t&(=0) becomes important. This density dependence is con-
describe the nuclear magnetism of three-dimensional solidistent with experimental results of susceptibility'® Since
He.'” A general form of the spin Hamiltonian of quantum multiple-spin exchanges produce frustration by themselves
solid is"? H=—3,(—1)"J,2p,Pn, WhereP, andJ,(<0)  and strong competitions between exchanges also introduce
denote cyclic permutation af spins and its exchange con- frustration'® this model is expected to show various complex
stant, respectively. For the 2D system, recent theoreticahagnetic behaviors.
calculation§~° and experimental measureménfisund that In a previous paper, we studied the ground state of this
the exchange frequencies satisfys|>|J,|>|J4|=|Js]  model in the classical limit and found various phast&a)
=|Js| on the triangular lattice. In this paper, we consider aFor J<—8K, the ground state shows the perfect ferromag-
spin model with the two-, three-, and four-spin exchanges ometism.(b) For —8K<J< —8K/3, ground states are highly
the triangular lattice, which is the simplest 2D MSE model.degenerate. This degeneracy is a nontrivial of®@. In
Since the three-spin exchange can be transformed to the twe-8K/3<J<25K/3, the ground state has a four-sublattice
spin ones, the Hamiltonian can be written with two param-structure with zero magnetization, which we call as the tet-

L 4U'i'0'1+(01'0'2)(0'3‘0'4)+(01'0'4)(0'2'0'3)
<i<j=<

etersJ andK as rahedral structuré® (d) For 25/3<J, the ground state is the
so-called 120° structure. Thus phasksand(c) appear due
= o +KS h.— uB z 1 to the four-spin exchange interactions. In the region we
Tt azp 77 Ep P # Z 7i @ predicted chiral symmetry breaking at a finite temperatfire.
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The intermediate phas@) seems to correspond to the A
parameter region of 2D low-density solite. The param-
etersJ andK in the low density region are estimated &s
=—1.5 (mK) and K=0.2 (mK) from susceptibility and
specific-heat dath,and J/K=—4+2 from path integral
Monte Carlo simulation§=1° The five- and six-spin ex-
changes are also estimated to be comparable with four-spin
one. This parameter region almost belongs to the ptinse
our study in the classical limit. Our previous stddghows
that competitions between the two- and four-spin exchanges (a)
are strong in this phase and many kinds of ground states exist (b)
due to frustration. Furthermore, we found that under the
magnetic field a plateau appearswimg,= 1 in the magne-
tization curve, wherang,; denotes the saturated magnetiza-
tion. These various unusual phenomena occur due to frustra-
tion caused by the multispin exchanges. In this paper we (3) Many other ground states can be made out ofuined

study this phase further, especially considering quantum efState by reversing all up spins to down on some parallel
fects. Finite-temperature effects are also discussed. straight lines that consist of only up spiteee Fig. 2

In Sec. Il we summarize the results for the phéseof
the classical model. Among degenerate ground states, orfdl these states have the minimum enefgN=—3K. The
collinear state, which we calluudstate, has the largest mag- uuud state has the largest magnetizatiofims,=; among
netization,m/mg,= 3, and other states shom/mg,<3. In  these states. The coplanar state sh@s0 and the third
Sec. lll we discuss the quantum model. Due to quantunseries of ground states have a variety of magnetization be-
effects, theuuud state disappears from the ground state atwee $<m/mg,<3. The number of degeneracy except
B=0 and the ground state belongs to ®e 0 space. The for the SQS) symmetry is at least of order-? on thelL
magnetization process of the quantum model is studied in<L triangular lattice, which comes from line degrees of free-
Sec. IV. Under the magnetic field, theuud ordered state dom for spin flips. The number of the states in 8fe= ML
becomes stable, since it has the largest magnetization, arsector, whereM is an integer in—L/2<M=<L/2, is at least
makes a plateau ab/mg,~=3 in the magnetization curve. L2C(L-2my4 @nd thus the degeneracy is largest in Bfe
We discuss thermal effects in Sec. V. Under the magnetie= 0 sector. This degeneracy does not originate from the sym-
field, which realizes theuudground state, the system shows metry of the Hamiltonian and instead comes from frustration
a finite-temperature phase transition due to breakdown offfects. We suspect that strong frustration makes density of
translational symmetry. Section VI contains a summary andtates large near the lowest energy and hence nontrivial de-

e

i

FIG. 1. Spin configuration dfa) uuudstate with four sublattices
and(b) a coplanar state with nine sublattices.

discussions. generacy appears in the ground states.
Il. CLASSICAL LIMIT Ce o e ®" PN @'" ° @"' °
We studied the ground state of the mod@glin the clas- 000 @ 00O @ O @ O
sical limit,!® where the Pauli matrices are replaced to unit e O e ® | BNONN @ ® ® ® O
vectors (i, uY,uf)  with U+ [ud?+|ufP=1. We cogooogo@oo

searched the ground state using the mean-field theory and
studied finite-size systems with the Monte Carlo method. We
searched the ground state restricting ourselves to spin con-

O.@QO.@.@.O.
O@OOO@O@OOO

figurations with up to four-sublattice structures within mean- ® @ ® O Q L4 @ ® O @ O

field theory. To take into account larger sublattice structures, 3 3 {

we studied larger finite-size systems and searched the mini-

mum energy state with the Monte Carlo method, gradually \Ll,

decreasing temperatures. Here we only discuss the ghgse

where the parameters are 18K <J< —8K/3 and compe- CeOCee 0O 00000

titions of the two- and four-spin exchanges are strong. OO0 O @000 eO0O eo
If there is no magnetic field, ground states are highly de- e 00 00600000 Ge O

generate for- 8K<J<—8K/3. We list some ground states

which we found. OO @O0 0O0OeoC e®O0Oo

OB BN BN NEONN BN BN BN BN BNCEN )
@O0 O OCe0O e@O0 00

(1) A collinear state with a four-sublattice structure. Up © 060000666060

spins are on three sublattices and down spin on the péleer
Fig. 1(@)]. We call this stateiuud state. FIG. 2. Spin configuration of two kinds of ground states. Up
(2) A coplanar state with nine sublattices, whose spin con{down) spins are denoted by whitélack circles. The upper con-
figuration is constructed from three kinds of spin vectsee figuration is that of theuuud state. The lower one is obtained by
Fig. 1(b)]. reversing the up spins to down on the dashed lines of the upper one.
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FIG. 3. A stripe excitation of theiuud state. Spins on théth 021 E
line are rotated with anglé, and on thei(—1)th and (+ 1)th lines 0 i ) , ,
with angle /2. 0 10 20 30 40
Another characteristic property also appears in excita- ,LLB/K

tion§. For the ground states in groUp, a hu.ge T“‘mber of FIG. 5. Magnetization process @t=0 for J=—4 andK=1.
excr:tatlons f:jave extremely (|:OW ecr;ergy, Wthh IS very CIc;1s_eThta dotted line denotes the result from the mean-field theory in the
FOt e groun State energy. _Ons' er aSt”Pe exs:ltatlon w ICplassical limit (Ref. 19 and other lines denote the results of the
is shown on Fig. 3. On thih line, rotate spins with anglé quantum model$= 1) on finite-size systems.

and, on the i(—1)th and {(+1)th lines, rotate spins with 2

angled/2, whereith line contains only up spins. For small — yyhich means the magnetic susceptibility to be vanishing in
expanding the excitation energy with one can find that his phase. This behavior occurs due to singularity of collin-
O((¢?) terms of the excitation energy vanish and the leadingay states. Since all spin vectors in theidstate are parallel
term starts from the orde®(%), if all spins on both {  to the magnetic field, spins can be rigid against the field. The
—2)th and (+2)th lines direct upward. We note that line ;yd state hence makes a plateau at the half magnetization
excitation energy usually depends on the argie the qua-  ym_—1 in the magnetization procegsee Fig. 5. These
dratic form. The condition for the low excitations of this kind (egits are obtained with the mean-field theory and also con-
to appear is that all spins on three lines in next neighborsirmed with Monte Carlo method. Theuudstate can stably
e, on (—2)th, ith, and (+2)th lines, are in the same exist even at low but finite temperatures and it also shows a
direction. We hence find that these low-energy excitationginjte-temperature phase transition due to the breakdown of
exist for most of ground states in grod) and there are a the translational symmetry. We will further discuss finite-
huge number of low-lying excitations of this kind. temperature properties in Sec. V.

By applying a weak magnetic field, this degeneracy
quickly disappears. Since theiudstate has the largest mag-
netization among the degenerate states, uhed state is
stable under the magnetic field and it has the lowest energy. When there are various degenerate ground states in the
Figure 4 shows the parameter region where dbed state  classical limit, quantum effects play an essential role in
becomes the ground state. Theud state remains to be the forming the ground state of the quantum model. One possi-
ground state up to finite magnitude of the magnetic fieldbility is that a new quantum ground state appears due to

tunneling between the classical states. This mixture of states
can occur between the degenerate ground states in the same

IIl. QUANTUM (S= %) MODEL WITH B=0

60 T @ S* sector. This possibility was discussed as an origin of the
E: }% DO /’E:" disordered state which is observed in low-density séitie
O N=20 w- & B 1 films.1°® Another possibility is that one of the degenerate
40 | mean field —,~ ﬁ.ﬂ' ] ground states may be selected due to quantum effects.
A vy A To test these possibilities, we first examine theidstate,
= 30! ‘:fn{ﬁ' ] which is one of the classical ground states, with the spin-
§ ‘{,";" f o1 wave approximation. Using the Holstein-Primakoff transfor-
20 | S5 mime=112 9/5” ] mation, we expand the Hamiltonian up to the quadratic form
';ﬁ" & of bosons
10 | g 1
L
e
N Zia i 0P H=—3NK+ >, AIDA, )
8 6 -4 2 0 2 4 6 8 K
JIK with Al=(a] b} ,cl,d_,) and
FIG. 4. Parameter dependence of phase boundaries of the —4J Bez~291 Bez*elrz‘el Cel

m/msat:% state in the magnetization processTat 0, where thé

plateau appears in the region surrounded by data. The solid ling, —
denotes the result from the mean-field theory in the classical limit Bez—ely26‘1 Belyze2 —-4] Cez '
and other data with lines denote the results of the quantum model

(S=13) on finite-size systems. Ce, Ce e, Ce, 12(J+8K)

B%vzel —4J Bel,z% Cefez
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FIG. 6. The lowest mode of spin-wave spectrum on tioed 5t A2 A a
ordered state. The contours of constant energy are written on the 0 . ‘ . .
bottom plane. Zero modes appear on the three likgs0 andk, 0 002 004 006 008 0.1
= *v3k,/2.
1/N

wherea, b, ¢ andd denote bosons for four sublattices and
FIG. 7. Size dependence of the lower- and upper-critical fields
By,»=4(J+2K)cosk-r+8K cosk- (r—r’), of the magnetization plateau &f,,=N/4 for the model with]=
—4 andK=1.
C,=4(J+8K)cosk-r. (5

. . . . S . . plateau aim/mg,= 3 in every-size data. Width between the
Numerlci':llly diagonalizing this H.a”T“'tO”'a” with Coplag Irc))wer and uppséart crzitical fielgs of the plateau does not vanish,
method;” we evaluate the excitation spectrum of spin o ipe system size increases, and remains significantly large

2 . .
Wa\(/jes?_ TEe f.spegtr_ﬁm_ has foufr rt:rafnches bcl)f ?Xc'tat'on(see Fig. 7. This result strongly suggests that this magneti-
modes In the first Brillouin zone of the four-sublattice struc- , i, plateau survives in the thermodynamic limit. To ex-

ture. The lowest mode shows an ill behavisee Fig. 6 it _ ..\ hether thisn/mg,= 3 state hasiuudlong-range or-

has flat modes along three lines in mome”t“!“ spiace der, we consider the followinguudorder parameter:
andk, = *v3Kk,/2, and furthermore the dispersion curves ex-

cept on the three lines behave ds—ky|®. These modes 1

correspond to the line excitations that we have shown for the 0=5 > ot D>, ot D, ai— D, of (6)

classical model in Sec. II. This flat mode suggests that the reA 1B teC teb

uuud_state does not have spin stiffness. Higher-order termgnq calculate long-range order

of spin-wave expansions may destroy theud state due to

nonlinear effects. (0% —(0)2)IN? (7)
We also studied the ground state of finite-size systems

with the exact-diagonalization method. The systems with thén the ground state of th&;,=N/4 space. Results are

sizeN=12, 16, 20, 24, and 28 are treaté¢8ee Appendix A shown in Fig. 8, which clearly suggest that data are extrapo-

for shapes of the finite-size clustgr$he results reveal that lated to a finite value in th&l— o limit for J=—4K. The

the ground state belongs to tBe-0 space and hence it is not extrapolated value is estimated as about 0.03 inNhec

the uuud state for—7K=<J, which almost covers the phase limit. Long-range order of theiuud structure brings break-

(b). A recent numerical study by Misguictt al?® also sug- down of translational symmetry in the thermodynamic limit.

gests that the ground state in the same parameter region is

spin liquid with S=0. 0.05 -
All the above results are consistent with each other and ~ J=-4K=1 e
give a unique picture. The ground state belongs to $he < 0.04 J=1LKk=0 4
=0 space and thauudstate has a little higher energy than g *
the ground state due to quantum effects. Tihedstate thus . 003+ oo * °
disappears from the ground state in the quantum model. But Q
it again becomes stable under the magnetic field. We will \I/ 0.02
discuss this point in the next section. &~ ’
) S oo a2 “
IV. QUANTUM (S=3) MODEL UNDER THE ~ A
MAGNETIC FIELD (B>0) 0

To test the appearance of magnetization plateau at
m/mg,=3 which we found in the classical limit, we inves- 1/N
tigate ground states of the quantum mo¢Bl in finite-size
systems under the magnetic field. We study finite-si¥e ( FG. 8. Size dependence of long-range order ofutbad struc-
<28) systems with periodic-boundary conditions. Figure Styre (©0?)—(0)2?)/N? in the ground state of th&Z,,=N/4 space.
shows the magnetization process of finite-size systems witBlack circles denote data for the model wifs —4 and K=1.
J=—4 andK=1. Though the magnetization increases step-Data for the Heisenberg antiferromagnet=(1, K=0) are also
wisely due to finite-size effects, there clearly exists a broagdhown with triangle symbols for a comparison.
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four, is equal to the degeneracy wiudstates, which comes

40 ' ' ' ' from the spatial translation of sublattices. Furthermore, the
35 + ¢ four low-lying states have the same translation group as the
30 | “ “ ] following schematic states, respectively,
*
LS L * ] 1) =(1+R1+ R+ R1R)[11711),
! 20 .
S Lot . [2)=(1+R1=Ro=RaR)[1111),
3rd 4
10 4th o 13)=(1-Ry+Ro—R1R2)|11T1),
0 A |4)=(1- Ry~ R+ RyR)| 1 111), (8)
0 002 004 006 008 OI where|171]) denotes one of theuud states,®; ag.cl1)i
1/N ®jepll)j, andR; (i=1,2) mean the translation of sites by

unit vectorse . We hence believe that these four levels form
four ground states which haweuudorder in the thermody-
namic limit and translational invariance is spontaneously
broken in the ground states. This argument leads to a con-
clusion that the fifth low-lying state corresponds to the low-
est excitation in the thermodynamic limit and hence the spin

A careful estimatiorisee Appendix Bleads, when the trans- excitation spectrum has a finite gap in the seg, sector.

lational symmetry is spontaneously broken, to the expecta-.t 'I;he appearank():e of éhe ?agnk;etgattlog pl.ateau antt_j Ithe &x-
tion value of spin on each sublattiqer{/2)=0.45 for i ctation gap can be uncerstood by Introducing a particle pic-

e A, B, or C sublattice, ando?/2) = —0.35 fori € D sublat- ture into the spin modéef Let us regard the down spins as

. velv. Th d . _NJ particles moving in background of up spins and the magnetic
tice, respectively. The ground state in t8g,,=N/4 space fioly ;B as minus of the chemical potential of the particle.

thus has a rigidiuudlong-range order and deviation of the rpap the present spin system is mapped to a hard-core boson
sublattice magnetization from the classical value is small. B%ystem and we can recognize thaud ordered state as a
the way, the total magnetizatic_)n in thaiud orcliered state  Mott insulating state with charge-density wal@DW). Note
does not change from the classical valens,= 3 by quan- ¢ this density wave can be ordered by repulsion between
tum (Zeffects. Note that the expectation values of spin salisfy,aricles on nearest- or next-nearest-neighbor pairs of sites,
2i(0712)IN=(3x0.45-0.35)/4=1/4. The spin-wave analy- \hich originates from the four-spin exchange interaction. In
sis also does not give any quantum correction to the totahcompressible CDW, particles are insulating and charge-
magnetization in theiuud state. density excitations have a finite gap. And the compressibility
Magnetization plateaus of two-dimensional systems haves vanishing. Through the mapping, these features corre-
been observed both theoretically and experimentally. On thgpond to the finite excitation gap and the magnetization pla-
triangular lattice, a magnetization plateau was observed ggay of the original spin model. Thus the magnetization pla-
m/mg,=3_in the measurements of gEu (Ref. 24 and  teay can be understood as an insulating-conducting transition
CsCuCh,? and in theoretical studies of antiferromagnetsin the particle picture. We hence have an explanation for the
(with two-spin exchange’®~*° The plateau comes from the plateau from the particle limit§=%).32 As we mentioned in
three-sublatticeiud ordered state. The quantum correction togec. ||, the appearance of the plateau in$he limit origi-
the magnetizatiom/ms, 3 is also vanishing’**For MSE  nates from the rigidity of the collinear state. If the scenario in
models, a similar magnetic plateau was also observed ahe particle picture is valid, the mechanism for the appear-
m/mg,=3 by finite-size studies. Roger and Hetheringtonance of plateau is understood both from the classical limit
first discovered the magnetic plateau in a MSE model with(s_mo) and the particle limit $=3). Note that, in both
four-spin exchange on the square latfité” [In the mean- cases, thaiuudorder is the key property for the appearance
field approximation, the ground state of this plateau is alsgyf the magnetization plateau.
the uuud state(see Ref. 30] Recently Misguichet al. also The 1 plateau appears for a wide parameter region. In Fig.
observed a plateau in a model with two-, four-, five-, andg e show the phase boundary of the parameter region of
six-spin exchanges on the triangular lattice. We believe thage plateau. Except for weak magnetic field cases, the region
these plateaus in MSE models come from thwid ordered  of the m/mg,= % phase becomes wider in comparison with

state and that the four-spin exchange is the main cause f@he classical model. Quantum effects thus stabilize the pla-

FIG. 9. Size dependence of excitation energy of four low-lying
excited states in th&,=N/4 space for the model witi=—4
andK=1. The symbol for the third excited state almost overlaps
those for the first and second states.

the plateaus as well. - teau and enhance its appearance.
Next, we study the excitations in tH&f,,,=N/4 space.
Figure 9 shows excitation energy of up to fourth excited V. THERMAL EFEECTS

state. Three low-lying excited states have energy very close

to the ground-state one and they converge to the ground state It is also important to discuss thermal effects to the mag-
as the system size is enlarged. Above them there is a largeetization plateau for a comparison with experiments at finite
gap, which seems not to vanish in tNe-« limit. Thus four ~ temperatures. A favorable property of theudorder is that
states exist around the lowest level and are clearly separatéidaccompanies a phase transition at a finite temperature.
from other excited states. The number of low-lying levels,Since theuuud order is a discrete symmetry breaking, i.e.,
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FIG. 11. Magnetization process of the classical model With

FIG. 10. Temperature dependence of the specific heat of th& —4 andK=1 at finite temperaturés/K=0.25, 0.5, and 1.0. The
classical model withJ=—4, K=1, and xB=10. Monte Carlo magnetization process at zero temperature, which we obtained with

simulations were done on triangular lattices with finite shie the mean-field theoryRef. 19 is also shown for a comparison.
=122
finite-size (N=16) lattice. Similarly, in the Heisenberg anti-

the number of ground states is four under the magnetic fielderromagnet on the triangular lattice, the magnetization pla-
the symmetry breakdown occurs even at low but finite temi€au atm/mg,=3 was successfully observed at finite tem-
peratures in two dimensions. Theiudorder hence survives Pperatures in the measurements ofEG (Ref. 24 and
against thermal fluctuations and a phase transition occurs atGSCUCk,*° and in Monte Carlo simulatiorfS.
finite temperature(Note that this argument does not depend  The critical temperature is estimated Bs=1.%K for the
on whether the system is quantum or classidabrtunately, ~model withJ= —4K(<0) anduB=10K. For a weak mag-
the magnetization plateau survives even at low temperaturgtic field uB=5K, the estimate oT  is about 1.K. These
due to ordering of theiuud structure. Magnetization in the Vvalues can change due to quantum effects irhg model.
uuudordered state is close to/mg,~ 3 at low temperatures From the degeneracy of the ground states, the phase transi-
and it makes a plateator a shoulder near the half of the tion is expected to be of second order and to belong to the
saturated magnetization. This argument comes from only théour-state Potts universality class. The finite-size scaling
degeneracy of the ground states, using the aspect of univednalysis, however, shows that critical exponenis much
sality in phase transition. larger than the expected value=$ for the four-state Potts

To confirm the above argument, we study the finite-model*®> Moreover the distribution of energy histogram in
temperature properties in the classical limit using MonteMonte Carlo simulations has two peaks at the critical tem-
Carlo simulations. We believe that critical properties of theperature, which suggests that the phase transition is of first
phase transition at finite temperatures are governed by theprder. A similar deviation of the universality was also found
mal fluctuations and quantum effects do not change its uniin the phase transition of chiral symmetry breaking in the
versality, though the value of the critical temperature or or-model(1) for strongK.?***These deviations may come from
der parameter will deviate from the quantum one. Montefrustration effects or the singularity of four-body interac-
Carlo simulations were performed with tiveTRoPOLIsal-  tions. Critical properties of these phase transitions will be
gorithm. If a spin flip is rejected, we randomly rotate the spindiscussed further in a forthcoming paper.
about the local molecular field. We construct finite-size sys- The discrete symmetry of theuud order in a magnetic
tems with a unit cluster which has 12 sites. The system sizefeld accompanies two favorable properties that a sharp phase
are N=12L2 with L=4, 6, 8, 12, and 16 with periodic- transition occurs at a finite temperature and the magnetiza-
boundary conditions. After discarding the initial 30 000 tion plateau stably exists at low but finite temperatures. We
50000 Monte Carlo steps per spiICS) for equilibration, — expect that these properties make the experimental observa-
subsequent 8 10°—5x 10° MCS are used to calculate the tion of the magnetization plateau possible.
average.

Monte Carlo simulations were done for the model under a
magnetic field which realizes theuud ground state. Figure
10 shows specific-heat data for the cdse—4, K=1, and In this paper, we examined the appearance of the magne-
uB=10. The data show a sharp divergence arolirdl.9. tization plateau atm/mg,=3 in a 2D MSE model on the
We also found that theuudlong-range order exists below triangular lattice, which we predicted in our previous work.
the critical temperature. Near the critical temperature, théhis plateau appears when the two- and four-spin exchange
magnetization curve is still rounded and smooth. As lowerdinteractions compete strongly, which may be realized in 2D
ing the temperature, the slope of the curve decreases amow-density solid®He, and if the five and six exchanges are
becomes flat aroundh/mg,= 3, as shown in Fig. 11. Mis- not too strong. The four-spin exchange is important and rel-
guich et al® also demonstrated stability of the plateau atevant to make the plateau at/mg,=%. Since ordering of
finite low temperatures in the quantum MSE model on auuudstructure is breakdown of discrete symmetry, it accom-

VI. SUMMARY AND DISCUSSION
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panies a phase transition at a finite temperature. Then the
plateau would appear below the critical temperature. Experi-
mental observation of this plateau in the magnetization pro-
cess of the soli®He films will confirm that the four-spin
exchange is strong and important.

Finally we discuss possibility of observing plateau in ex-

\/ \/ \Va
periments. Comparing our results with measurements of sus- /\
ceptibility and specific heat, we estimate the effective ex-

Phoes and K \VAVATATAY

changesJ and K for low-density films. Susceptibility AVAVAY
" : VANSVAVANAVAVAVSVAVAVLVAVAVAVAVAVAVLIA
O At arromaanatoy =0, thoudh is oree i VA IAVAVAVAVAV AV ¥4 VAVAVAVAVAVATAVAY,
vanishi)ﬁg‘.1 In our model(1), theX effective coupling behaves #X#X#X#Xg{%X%X#X#X%XéAQXQXQX%Xexgxexe
VNN NN NNNNNNNNNNNNN

asJ,=2(J+6K) and hence we can estimate &s —6K.
Specific heat measurements indicate that ené&spiy) gap is
small or vanishing, where the system might be close to the S . . )
critical3p0int between the ferromagnetic phase and the liquid FIG. 12. Finite-size clusters which we used in the exact diago-
phase®® Since the critical point is around/K=—8 in the  nalization study.

model (1), the exchange parameters can be estimated as

= —8K from the specific-heat data. The valiik seems to ary condition which matches the four-sublattice structure.
be close to the boundary of the region whérplateau ap- Clusters are set on the triangular lattice as shown in Fig. 12.
pears(see Fig. 4, though two estimates are not consistent

with each other. In real systems, more than four spin ex-

changes may move the boundary to right or (@ftFig. 4). APPENDIX B: EVALUATION OF EXPECTATION

For quantitative argumentS, further studies will be needed on VALUES OF THE SUBLATTICE MAGNETIZATION

the effect of five- or six-spin exchanges. To make the plateau

stable and wider, we would need lower-density solid films The estimation of the sublattice magnetization from long-
and enlarge the four-spin exchange effect. It was reportedange orde(7) requires that we carefully consider symmetry
that, by preplating HD on grafoil’He atoms solidify at breaking. In the thermodynamic limit, translational symme-
lower density than double layeiHe films!®*® Thus solid try is spontaneously broken in a pure natural ground state
®He preplated HD may be a plausible candidate for obserwith uuudorder. But the ground states of finite-size systems
ing the magnetization plateau. In our model with=  become mixed symmetric ones because of finite-size effects.
—4K(<0), the lower critical field of the plateau is esti-  Here we write the mixed symmetric ground state in the
mated aboutK/u. Setting the parameter &s=1.0(mK) and SZ..=N/4 space ag¢). We also consider a stafes;) in
pu=2.13uy, where uy=0.366(mK/T), we estimate the \hich translational symmetry is broken and whose thermo-
lower critical field asB.=5[T]. (The value may be changed 4ynamic limit is the natural pure ground state. By the space

by other multiple-spin exchanges, i.e., six-spin exchange, ifangjation of the stat relates to other threauud or-
real systems$.Since this magnitude of the field is accessibledered states in the foﬁrﬁlﬁ

with the present experimental equipments, we expect experi-
mental verification of the magnetization process to be pos-
sible in 2D low-density solicHe. |2y =Raln), |¥a)=Roln), |¥ha)=RiRo|th1),

(B1)

PYAVAVAVAVAYAVASEY]
VAVAVAVAVAVAVAVAVAVAY
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It is expected that the symmetric mixed state can be decom- 1 1 2
posed into the pure states in the thermodynamic limit in the lim Wz(¢z|02|¢2>=( lim S (¢l O lﬂz))
form | )= (|¢1) + €| ¢r2) + €| hs) + €'%| )2, Where 6, N—ee N=e
¢, and ¢ denote arbitrary real numbers. The following rela- 1 2
tion hence holds in the largd limit: :[Z(ml+ my); . (B9)
1 2 1 2 2
2 (PO 8= 20 (Yl OP ) + (2] O ) In the same way,
+ (] O ha) + (s O ). (B6 1 1
From the numerical calculations in Sec. IV, we have N—ee N—oo
1 1 2 1 2
lim ﬁz<¢|(92|(,5)=o.03+(§) : (B7) =1z (mtmy) . (B10)
N— o
For the pure state, the clustering property of the state leads {r?serting these relations into E@6) and using Eq(B5), we
ave
o1 X o1 2
lim Sz (Yl O ¢} =| lim (| Ol ¢n) 48m%— 24m, +1.08=0 (B11)
N— o N— oo 1
1 2 and then we obtain two solutionsng,m,)=(0.45/~0.35)
=(Z(3m1—m2)} : (B8)  and(0.005,0.98% From the constraintam,|<0.5 and|m,)|
=<0.5, we conclude that the former one is the physical solu-
and tion.
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