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External pressure influence on ferroelectrics and antiferroelectrics of the KH2PO4 family:
A unified model

I. V. Stasyuk, R. R. Levitskii, and A. P. Moina
Institute for Condensed Matter Physics, 1 Svientsitskii Street, UA-290011, Lviv, Ukraine

~Received 20 August 1998!

Within the four-particle cluster approximation for the proton ordering model, we study effects of external
pressures which do not lower the crystals symmetry on deuterated ferroelectrics and antiferroelectrics of
KH2PO4 family. The theory provides a satisfactory description of the available experimental data for transi-
tion temperature and static dielectric properties of the crystals and the experimentally observed universality of
the transition temperature vs D-site distance dependence. Importance of the D-site distance in the phase
transition and dielectric response of the hydrogen bonded crystals is shown.@S0163-1829~99!00813-9#
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Potassium dihydrogen phosphate KH2PO4 ~KDP! is a
prototype for a well-known family of hydrogen bonded cry
tals undergoing ferroelectric or antiferroelectric structu
phase transitions. For years, since the so-called proton o
ing ~or tunneling! model was proposed in 1966,1,2 it has been
generally accepted that these phase transitions are trigg
by ordering of protons on hydrogen bonds. This order
leads to displacements of heavy ions, hence the spontan
polarization arises. The tunneling model also easily expla
the observed isotope effects in these crystals—an increa
the transition temperature with deuteration—ascribing it t
decrease in tunneling integral as protons are replaced
deuterons. The subsequent results of Raman scatte
experiments,3,4 however, raised serious doubts about the
lidity of the proton ordering model. Another approach w
proposed,5 according to which not just protons, but the who
H2PO4 groups, play the role of ordering units. There is a
the theory of the so-called geometric isotope effect, in wh
the shift in the transition temperature with deuteration is
tributed not to the decrease in tunneling, but to the chan
in the geometry of hydrogen bonds, namely, to an increas
the separationd between two possible hydrogen sites on
bond and/or in H-bond length. Nevertheless, the tunne
model still remains the most elaborated and widely used
proach to the description of the phase transitions in the K
family crystals, including also mixed crystals o
Rb12x(NH4)xH2PO4 type6,7 where the spin-glass phase
found.

Naturally, the high-pressure studies are not able to un
biguously establish the mechanism of the phase transition
these crystals. However, since they are the only mean
continuously vary the hydrogen bonds parameters as we
the interparticle interactions in the system, the pressure s
ies happen to be the best tool to study the dependence
crystal characteristics on the H-bond geometry and, ther
to explore the role of hydrogen bonds subsystem in the ph
ics involved.

For instance, it is known that hydrostatic pressure redu
the transition temperatures in all KDP-type crystals,8 as well
as the H-site distance and the H-bond length.9,10 By means of
neutron-scattering technique, Nelmeset al.11 found out that
in four crystals of this family having a three-dimension
PRB 590163-1829/99/59~13!/8530~11!/$15.00
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network of hydrogen bonds, namely KDP, KD2PO4

~DKDP!, and two antiferroelectrics NH4H2PO4 ~ADP! and
ND4D2PO4 ~DADP!, the dependences of transition tempe
tures on H-site distances almost coincide, that is, the isot
effect in these crystals is suppressed whend is kept constant.
Furthermore, it was asserted that in crystals with o
dimensional (PbHPO4), two-dimensional ~squaric acid
H2C4O4), and three-dimensional~the above-mentioned
KDP, DKDP, ADP, and DADP! H-bonds network, transition
temperature falls to zero at the same value ofd of approxi-
mately 0.2 Å.

Usually, the decrease in the transition temperature in K
family crystals with pressure is explained within the prot
ordering~tunneling! model in the mean-field approximatio
assuming a decrease in the parameter of hydrogen-hydr
interactionJ and an increase in the tunneling integral~see the
book by Blinc12 and Samara’s review8!. A more adequate
description of pressure effects in these crystals has been
tained in the four-particle cluster approximation by Blinc13

and Torstveit.14 The derivatives of transition temperatur
spontaneous polarization, and Curie constant with respe
hydrostatic pressure for KDP and DKDP were successfu
described. However, since then a lot of new experimen
data on the pressure effects has become available for o
crystals of KDP family15–20and for uniaxial pressures,21 not
to mention the observed universality of theTC vs d
dependence.11

Therefore, it seems worthwhile to re-examine the abil
of the conventional proton ordering model to consisten
describe pressure effects on several ferroelectric and ant
roelectric crystals of KDP family. Particularly, studies
uniaxial pressures may give a better insight into the prob
of phase transition and/or polarization mechanism in th
crystals. For the sake of simplicity we restrict our consid
ation with deuterated crystals strained by pressures which
not lower the crystals symmetry: hydrostatic and uniaxiap
52s3 . In order to study the pressure dependences of st
dielectric properties, simple models of dipole moment fo
mation in these crystals are suggested. We shall also ve
whether the universality of the transition temperature
D-site distance dependences observed in KD2PO4 and
ND4D2PO4 strained by hydrostatic pressure can be
8530 ©1999 The American Physical Society



he
re

es
ca

us

ib
no
ide
try
-

s-
nt
ut
a

ng

ng
he

-
a

y-

e
a

n-
e

at
ys
ar

b

for

-

s,

ible

flu-
in-

o the
-

PRB 59 8531EXTERNAL PRESSURE INFLUENCE ON . . .
counted for in this model and whether it is obeyed by ot
crystals of this family under hydrostatic or uniaxial pressu

I. THE MODEL

We consider a deuteron subsystem of a ferroelectric~FE!
or an antiferroelectric~AFE! crystal of KH2PO4 family
with a general formula MeD2XO4, where Me
5K,Rb,ND4, X5P,As. The crystals are assumed to poss
the tetragonal symmetry in the paraelectric phase. In our
culations we use the model of strained KH2PO4-type crystals
by Stasyuket al.,22 as well as some ideas of the previo
theories by Blinc13 and Torstveit.14 In Refs. 22 and 23, the
influence of the B1 symmetry uniaxial pressures12s2 on
the DKDP-type ferroelectrics was considered, and a poss
ity of the pressure induced phase transition within a mo
clinic phase was shown. In the present work, we cons
only pressures which do not lower the system symme
hydrostatic or uniaxialp52s3 applied along the ferroelec
tric axis c.

We perform our calculations within the four-particle clu
ter approximation which allows one to take adequately i
account the strong short-range correlations between de
ons. The four-particle cluster Hamiltonian of the system h
the following conventional form:

Hq5VFsq1

2

sq2

2
1

sq2

2

sq3

2
1

sq3

2

sq4

2
1

sq4

2

sq1

2 G
1UFsq1

2

sq3

2
1

sq2

2

sq4

2 G
1F

sq1

2

sq2

2

sq3

2

sq4

2
2(

f 51

4 zq f
i

b

sq f

2
, ~1!

where two eigenvalues of the Ising spinsq f561 are as-
signed to two equilibrium positions of a deuteron on thef th
bond in theqth cell, tunneling being neglected. Dependi
on the choice of the theory parameters, Hamiltonian~1! can
describe both the ferroelectric and antiferroelectric orderi
The antiferroelectric ordering can be obtained only if t
long-range interactions are taken into account.24

Each PO4 tetrahedron in a crystal of the KH2PO4 family is
oriented such that two of its edges are parallel to theab
plane; an ‘‘upper’’ and a ‘‘lower’’ oxygen of two neighbor
ing PO4 groups are linked by a hydrogen bond with
double-minima potential well. Configurations with two h
drogens in potential wells being close to upper~or lower!
oxygens of a given PO4 group and with the hydrogens on th
two other bonds being close to the neighboring tetrahedra
called ‘‘up’’ ~or ‘‘down’’ ! configurations and assigned e
ergy«s . Configuration with two hydrogens close to an upp
and a lower oxygen, with only one~or three! hydrogens close
to a given group, and with four hydrogens~or without any!
are called lateral~energy «a), single ionized («1), and
double ionized («0), respectively. It is usually assumed th
the energies of up-down configurations in ferroelectric cr
tals and of lateral configurations in antiferroelectric ones
the lowest.

ParametersV, U, andF, different for ferro- and antifer-
roelectric crystals, describe the short-range correlations
tween deuterons. They are chosen such that Hamiltonian~1!
r
.
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reproduces the energy levels of the Slater-type model
KDP ~see, for instance, Ref. 12!—the Slater energies«, w,
and w1 («!w!w1), determined by the energies of up
down «s , lateral«a , single-ionized«1 , and double-ionized
«0 deuteron configurations:

FE

V52
w1

2
,

U52«1
w1

2
,

F54«28w12w1 ;

«5«a2«s ,

w5«12«s ,

w15«02«s ;

AFE

V5
«2w1

2
,

U5
«1w1

2
,

F52«28w12w1 ;

«5«s2«a ,

w5«12«a ,

w15«02«a .

The fieldszq f
i include the effective cluster fieldsDq f

i cre-
ated by the sites neighboring to theq f th site, external elec-
tric field Ei applied along one of the crystallographic axe
and the long-range deuteron-deuteron interactions~dipole-
dipole and indirect via lattice vibrations! taken into account
in the mean-field approximation

zq f
i 5bF2Dq f

i 1 (
q8 f 8

Jf f 8~qq8!
^sq8 f 8&

2
1mq f

i Ei G . ~2!

The Slater energies«,25,26 w,14 w1 , and the components
of the long-range interaction matrixJf f 8(qq8) are propor-
tional to the square of the separation between two poss
positions of a deuteron on a bond—D-site distanced. As-
suming the linear dependence of the D-site distanced in all
MeD2XO4 crystals on hydrostatic and uniaxialp52s3
pressure

d5d01d1p ~3!

~according to Refs. 9 and 10, the variation ofd with hydro-
static pressure in KD2PO4 is linear indeed, except thatd0
and d1 are temperature dependent!, we expand«, w, w1 ,
andJf f 8(qq8) in powers ofpressureup to the linear terms.
However, there can be other mechanisms of pressure in
ence on the energy parameters of the model, like, for
stance, changes in distances between the dipoles due t
lattice deformation affectJf f 8(qq8). We take these mecha
nisms into account by expanding«, w, w1 , andJf f 8(qq8)
in powers ofcomponents of lattice strain tensorup to the
linear terms, so that
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i 51
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S
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3

« j G1(
i 51

3

d2i« i , ~4!

w15w1
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j 51
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i 51

3

d3i« i ,
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Jf f 8~qq8!5Jf f 8
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~qq8!F12
2

S

d1

d0
(
j 51

3

« j G1(
j 51

3

c f f 8
j

~qq8!« j .

~5!
To avoid explicit dependence of the Hamiltonian on pr
sure, we expressed pressure in terms of the resulting s
«11«21«3 ; S5( i j Si j for hydrostatic pressure andS
5( jS3 j for the uniaxialp52s3 pressure;Si j is the matrix
of elastic compliances. The parametersc f f 8

i (qq8) are the
same for all nonlowering the system symmetry pressures
plied to a given crystal, whereas the ratiod1 /d0 is different
for hydrostatic and uniaxial pressures.

In Eqs.~4! and~5! we take into account only the diagon
components of the strain tensor. As symmetry analy
shows,22 these strains do not split degenerate energy lev
whereas the nondiagonal components of the strain tenso
partially remove this degeneracy.22 The changes in the Slate
energy levels caused by strains of different symmetries
presented in Table I.

Hereafter, we consider only a longitudinal electric fie
E3 in ferroelectric crystals and a transverse oneE1 in anti-
ferroelectric crystals. It brings about the following symme
of the quasispin mean values, effective dipole momentsmq f

i ,
and effective fieldszq f

i :
FE

h f[^sq1&5^sq2&5^sq3&5^sq4&;

m3[mq1
3 5mq2

3 5mq3
3 5mq4

3 ;

zf[zq1
3 5zq2

3 5zq3
3 5zq4

3 ;

AFE

hq13
a [2^sq1&5^sq3&,

hq24
a [2^sq4&5^sq2&,

m1[2mq1
1 5mq3

1 ,

mq2
1 5mq4

1 50,

zq13
a [2zq1

1 5zq3
1 ,

zq24
a [zq2

1 52zq4
1 .

TABLE I. Changes in the Slater energies due to the strains
different symmetries.~The strain symmetry is indicated in pare
theses.!

Level «4 ~E! «5 (E8) «6 (B2) «12«2 (B1)

« d16«6
« 2d16«6
w d25«5 2d27(«12«2)
w 2d25«5 2d27(«12«2)
w d24«4 d27(«12«2)
w 2d24«4 d27(«12«2)
w1
-
in

p-

is
ls,
an

re

The order parameter~mean value of the quasispin! of a ferro-
electric crystal is uniform, whereas that of an antiferroele
tric crystal should be presented as the sum of a spontan
modulated part and of a field-induced uniform part:

hq f
a 5h f

aeikZRq1h f E
a ,

ha52h1
a5h2

a5h3
a52h4

a ,

h13E
a [h3E

a 52h1E
a ,

h24E
a [h2E

a 52h4E
a .

Here kZ5(b11b21b3)/2; b1 ,b2 ,b3 are the basic vector o
the reciprocal lattice; the factor eikZRq561 denotes two sub-
lattices of an antiferroelectric.

Now we shall proceed with the conventional cluster a
proach calculations, excluding the effective fieldsD from z
by making use of the self-consistency condition. The con
tion states that the mean values of the quasispins calcul
with the four-particle Hamiltonian~1! and with the one-
particle Hamiltonian

Hq f
~1!52S zq f

i

b
2Dq f

i Dsq f

2
~6!

must coincide. We obtain

FE

zf5
1

2
ln

11h f

12h f
1bnc~0!h f1

bm3E3

2
,

AFE

zq13
a 5

1

2
ln

11hq13
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12hq13
a

1bFna~kZ!haeikZRq

1na~0!h13E
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2 G ,
zq24

a 5
1

2
ln

11hq24
a

12hq24
a

1b@na~kZ!haeikZRq1na~0!h24E
a #,
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nc~0!5
1

4
@J11~0!12J12~0!1J13~0!#
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0~0!F12

2

S

d1

d0
(
j 51

3

« j G1(
i

cci~0!« i ,

na~k!5
1

4
@J11~k!2J13~k!#

5na
0~k!F12

2

S

d1

d0
(
j 51

3

« j G1(
i

cai~k!« i

being the eigenvalues of Fourier transforms of the lon
range interaction matrices.

Now the free energy of strained crystals can be calcula
~hereEi50).

f
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FE

f f5
v̄
2(i j ci j

~0!« i« j22w12nc~0!@h f #2

12T ln
2

~12@h f #2!D f
,

AFE ~7!

f a5
v̄
2 (

i j
ci j

~0!« i« j22w1«12na~kZ!@ha#2

12T ln
2

~12@ha#2!Da
;

ci j
(0) are the so-called ‘‘seed’’ elastic constants of a crys

describing the elasticity of a ‘‘host’’ lattice—a fictitious la
tice without deuterons;v̄5v/kB ; v is the unit cell volume,
and

D f5cosh 2zf14b coshzf12a1d,

Da5cosh 2za14b coshza1a1d11,

a5exp~2b«!,

b5exp~2bw!,

d5exp~2bw1!.

Terms likeS66h36
2 P3

2 and( iqi3« i P3
2 , which usually occur in

the free energy when one considers the piezoelectric c
pling and electrostriction effect (h36 is the piezomodule, and
qi3 are the electrostriction coefficients!, are taken
into account in our expressions by 2nc(0)@h f #2 $or
2na(kZ)@ha#2%.

The order parameter and lattice strains are to be de
mined from the thermodynamic equilibrium conditions

1

v̄

] f

]h
50;

1

v̄

] f

]« i
52pi ,

pi5(p,p,p) for the hydrostatic pressure, andpi5(0,0,p) for
the uniaxial pressurep52s3 , leading to the following sys-
tem of equations:

h f ,a5
1

D f ,a
~sinh 2zf ,a12b sinh zf ,a!, ~8!

2pi5(
j 51

3

ci j
~0!« j2F f ,a

i S « i ,h f ,a,
d1

d0
D , ~9!

where
l,

u-

r-

F f
i 5

2

v̄ S d2i2
2

S

d1

d0
w0D 2

2

v̄ S cci~0!2
2

S

d1

d0
nc

0~0! D @h f #2

1
2

v̄D fF4bS d2i2
2

S

d1

d0
w0D coshzf

12aS d1i2
2

S

d1

d0
«0D1dS d3i2

2

S

d1

d0
w1

0D G ;
Fa

i 5
2

v̄
S d2i2

2

S

d1

d0
v0D2

1

v̄ S d1i2
2

S

d1

d0
e0D

2
2

v̄
S cai~kZ!2

2

S

d1

d0
na

0~kZ! D @ha#2

1
2

v̄DaF4bS d2i2
2

S

d1

d0
w0D coshza

1aS d1i2
2

S

d1

d0
«0D1dS d3i2

2

S

d1

d0
w1

0D G
are the contributions of deuteron subsystems to crystals e
ticity. Since determination of these contributions lies beyo
the scope of the present paper, we may consider instea
Eq. ~9! the system

2pi5(
j 51

3

ci j « j ; ~10!

electrostriction is neglected;ci j are the elastic constants o
the whole crystal, being determined from an experiment.

The first-order phase transition temperature can be fo
from the following condition on the values of the thermod
namic potentialg(h,T,p)

g„h f~or ha!,TC~or TN!,p…5g„0,TC~or TN!,p…. ~11!

It is assumed that the polarization of the crystal, trigge
by deuteron ordering, is related to the mean values of q
sispins as

Pi5(
f

mq f
i

v
^sq f&

2
,

with summation going over all sites of a unit cell~summa-
tion over a primitive cell would give a sublattice polariz
tion!. Taking into account the system symmetry, we c
write that

FE

P35
4m3

v
h f ,

AFE ~12!

P15
2m1

v
h13E

a .

It is the variation of the effective dipole momentsm i with
pressure that governs the pressure dependences of diel
characteristics of the crystals. Determination of this variat
will be deferred till the next section.
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TABLE II. The theory parameters for the considered crystals.

TC0 ]TC /]p d1 /d0 «0 w0 n0 a c1
2 a c2

2 c3
2 c1

1 c3
1 f 0 b m3

02/v
Crystal ~K! ~K/kbar! (1023 kbar21) ~K! (mC/cm2)

KD2PO4 220 22.0 Ref. 16 26.4 92.0 830 38.0 130 1102560 120 2560 76
KD2PO4 220 22.5 Ref. 15 27.4 92.0 830 38.0 130 1102560 120 2560 1.55
K(H0.13D0.87)2PO4

c 210 212.5 Ref. 21 235.0 87.6 785 37.05 120 1002545 110 2545 1.49
K(H0.16D0.84)2PO4

d 208 23.0 Ref. 15 29.3 87.6 785 36.0 110 902545 100 2545
RbD2PO4 207.3 23.7 Ref. 18 210.7 95.9 828 29.9 110 902450 100 2450 13.5
KD2AsO4 159.7 21.6 Ref. 19 26.0 73.0 800 21.6 80 602220 70 2220
RbD2AsO4 169.8 22.7 Ref. 19 28.5 77.8 795 23.3 100 802210 90 2210
ND4D2PO4 235.0 21.4 Ref. 39 24.9 77.0 709 85.75 310 2902500 290 2560
ND4D2AsO4 286.3 21.4 Ref. 20 24.4 105.0 810 103.65 380 3602680 370 2680 1400

an05nc
0(0) andc i5cci(0) for ferroelectrics;n05na

0(kZ) andc i5cai(kZ) for antiferroelectrics.c i
2 andc i

1 are the values of the defor
mation potentials below and above transition point, respectively.

bf 05(m3
0)2/v for ferroelectrics andf 05(m1

0)2/v for antiferroelectrics.
cValues of]TC /]p andd1 /d0 for this crystal correspond to uniaxial pressurep52s3 .
dValues of deuterationx for K(H12xDx)2PO4 crystals are nominal.
ld
o

s

to

m-

,
ac-

eric

ure

the

rys-

ra-
nd
the
hey
ues
-
ra-

re
eter
ys-

po-

t

Differentiation of Eq.~12! with respect toE3 or E1 at
]« i /]Ej50 ~the strains are independent of the electric fie!
yields the expressions for static dielectric permittivities
clamped crystals.

FE

«3
f ~T,p!5«3`

f 14p
bm3

2

v

4¸3
f

D f22w3
f ¸3

f
,

AFE ~13!

«1
a~T,p!5«1`

a 14p
bm1

2

v S ¸1
a

Da22¸1
aw1

a
1

¸2
a

Da22¸2
aw1

aD ;

« i` are high-frequency contributions to the permittivitie
and

¸3
f 5cosh 2zf1b coshzf2@h f #2D f ,

¸1
a511b coshza,

¸2
a5cosh 2za1b coshza2@ha#2Da;

w3
f 5

1

12@h f #2
1bnc~0!,

w1
a5

1

12@ha#2
1bna~0!.

It should be noted that at ambient pressure aboveTN0 , if w
→` and w1→` the obtained expression for«1

a coincides
with that of Havlin.27

Permittivities of mechanically free crystals are related
those of clamped crystals by

«̃3
f ~p,T!5«3

f ~p,T!14pS (
i 51

3

e3id3i1e36d36D ,

«̃1
a~p,T!5«1

a~p,T!14pd14
2 c44;

di j andei j are crystal piezomodules.
f

,

II. THE FITTING PROCEDURE

We need to set the values of the following theory para
eters for each of the consideredMeD2XO4 (Me
5K,Rb,ND4, X5P,As) crystals:

• Slater energies«0,w0,w1
0 for both FE and AFE crystals

eigenvalues of Fourier transforms of the long-range inter
tion matricesna

0(kZ) for AFE andnc
0(0) for FE ~these pa-

rameters describe the unstrained state of crystals!;
• the eigenvaluena

0(0) for AFE crystals, the effective
dipole momentsm i

(0) for FE and AFE crystals~they deter-
mine magnitudes of dielectric characteristics at atmosph
pressure!;

• the elastic constantsci j ;
• the ratiod1 /d0 and so-called deformation potentialsd i j

for both types of crystals,cci(0) for FE crystals andcai(kZ)
for AFE crystals~these parameters determine the press
dependence of the transition temperatures!;

• the slopes]m i /]p for both types of crystals,cai(0) for
AFE crystals~they determine the pressure dependence of
dielectric properties!.

Values of the parameters relevant to the unstrained c
tals have been found earlier.28–30 They provide quantitative
description of experimental data for the transition tempe
tures, spontaneous polarization, dielectric permittivities a
specific heat of the crystals at ambient pressure. In
present work, those values were slightly adjusted so that t
corresponded to the deuteration levels for which the val
of ]TC/]p or ]TN /]p were available. Everywhere we ne
glected contributions of double-ionized deuteron configu
tions, puttingw1

0→` andd3i50.
The ratio d1 /d0 describing the rate of the pressu

changes in the D-site distance is the only theory param
different for hydrostatic and uniaxial pressures. For all cr
tals and pressures, we treatd1 /d0 as a free parameter. In
the case of KD2PO4 with TC05220 K and ]TC/]p5
22.5 K/kbar, for which the dependence of spontaneous
larization on hydrostatic pressure is reported,15 the adopted
value of d1 /d0 ~see Table II! is more or less close to tha
calculated with the available structural data by Nelmes9 cor-
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TABLE III. Elastic constants~units of 105 bar) of the considered crystals.

Crystal TC0 c11
1 c12

1 c13
1 c33

1 c11
2 c12

2 c13
2 c22

2 c23
2 c33

2

KD2PO4 220 6.14 20.71 1.05 4.82 6.14 20.71 1.0 6.14 1.1 4.3
K(H0.13D0.87)2PO4 210a 6.93 20.78 1.22 5.45 6.8 20.78 1.0 6.99 1.0 5.3
RbD2PO4 6.85 20.1 1.3 5.2 6.85 20.1 1.3 6.85 1.2 5.2
KD2AsO4 6.5 0.8 1.36 4.9 6.6 0.8 1.33 6.5 1.37 4.9
RbD2AsO4 4.9 21.92 0.48 3.8 4.98 21.92 0.48 4.978 0.48 3.8
ND4D2PO4 6.28 0.39 1.9 3.25 6.28 0.39 1.6 6.28 1.59 3.
ND4D2AsO4 6.4 0.9 2.4 3.85 6.4 0.9 2.4 6.3 2.2 3.8

aDifference between elastic constants of K(H0.13D0.87)2PO4 and K(H0.16D0.84)2PO4 crystals with TC0

5210 K andTC05208 K, respectively, is neglected.
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responding to a sample withTC05222 K, and]TC/]p5
22.9 K/kbar.

In our calculations, the deformation potentialsd i j were
equal to zero. It means that the contribution of lattice stra
to the pressure dependence of the Slater energies wa
glected, and the latter was assumed to result mainly from
pressure-induced changes in the D-site distanced. That ac-
cords with the earlier theories13,14where no other mechanism
of pressure effects on the Slater energies was taken into
count.

Unlike the Slater energies, the parameters of the lo
range interactions are essentially influenced by the lat
strains. To estimate the values of the deformation poten
cc j(0) andca j(kZ), which describe this influence, we us
the fact that, loosely speaking, the dipole-dipole part of
long-range interactions, and the part which describe the
tice mediated interactions are proportional toa23 anda26,
respectively25 (a is the lattice constant!. This yields
( icci(0)« i.2(346)nc

0(0)«1 , depending on the relative
weights of the two parts of long-range interactions. The b
fit to the experimental dependence of the transition temp
ture of KD2PO4 on hydrostatic pressure is obtained if

2cc1~0!1cc3~0!

(
j

S3 j

(
j

S1 j

.28nc
0~0! ~14!

above the transition point. For the other crystals the value
cci(0) or cai(kZ) can be set consistently, using the relatio

cc1~0! @or ca1~kZ!#~MeD2XO4!

cc1~0!~KD2PO4!

5
nc

0~0! @or na
0~kZ!#~MeD2XO4!

nc
0~0!~KD2PO4!

, ~15!

whereascc3(0) @or ca3(kZ)# can be found from Eq.~14!.
Since the crystals for which the experimental]TC/]p are
known might be of different, although high, deuteration le
els, the adopted values of deformation potentialscci(0) @or
cai(kZ)(0)] slightly differ from those calculated with Eq
~15!.

Since values of the transverse dielectric permittivity of
antiferroelectrics are not very sensitive to small change
the parameter
s
ne-
e

c-

-
e
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e
t-
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a-

of
s
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in

na~0!5na
0~0!S 12

2

S

d1

d0
(

i
« i D 1(

i
cai~0!« i ,

for the sake of simplicity we assume thatcai(0)50.
Due to the lack of the necessary experimental data,

choice of values of elastic constants is not quite plain. F
instance, for K(H12xDx)2PO4 the elastic constants at amb
ent pressure are available only for deuterationsx50 andx
50.89 above the transition point.31,32 The required values o
ci j for the crystals with different values ofx were obtained
by linear extrapolation~interpolation! of the data of Ref. 31
for x50.89 and of Ref. 32 for an undeuterated sam
KH2PO4. It also should be mentioned that, usually, the el
tic constantsc11 andc33 are measured fairly accurately, an
the data of different sources are close to each other. As fa
c12 andc13, are concerned, their values are much lower th
those ofc11 and c33, and different measurements give di
ferent results ~see, for instance, Ref. 33!. Besides, for
KD2AsO4, ND4D2PO4, and RbD2AsO4 the data of only one
measurement are available~Ref. 34 for KD2AsO4, Ref. 35
for ND4D2PO4, and Ref. 36 for RbD2AsO4 ). Therefore, in
calculations for these crystals we fix the values ofc11 andc33
of Refs. 34–36, whereas the agreement with the experim
tal dependence ofTC(p) was obtained by varyingc12 andc13
around the experimental values.

For RbD2PO4 and ND4D2AsO4 the corresponding experi
mental data are available only for undeuterated forms.37,38

Taking into account the fact that elastic constants of deu
ated crystals are usually close to those of their undeuter
analogs, for RbD2PO4 and ND4D2AsO4 we obtain an agree
ment with the experimental dependenceTC(p) by slight
changingci j near that of the undeuterated crystals. Since
experimental data for the elastic constants of the crystal
the ordered phase is available, we calculated the trans
temperature of these crystals at different pressures and
ferent but close toci j

1 trial values ofci j
2 , choosing those

which provide the best fit to the experimental data.
The values of deformation potentials and elastic consta

yielding the best fit of theoretical dependences of transit
temperature on pressure to experimental data are give
Tables II and III, respectively. The number of varied para
eters could be reduced if we knew the elastic constants
the variation of the D-site distance with pressure in cryst
with the same deuterations as in the samples for which d
for the pressure dependences of other characteristics
available. However, we would like to emphasize that dev
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tion of the adopted values of the elastic constants from
experimental data is slight. Performed adjustment of the e
tic constants changes the theoretical values of the slo
]TC/]p within only a few percents, and is not necessary i
reasonable tolerance for]TC/]p is allowed. The theoretica
pressure dependences of transition temperatures are m
determined by the changes in the D-site distance~via d1 /d0)
and, to a lesser degree, by a lattice strains counterpart in
pressure dependence of the long-range interactions@via
cci(0) or cai(kZ)].

FIG. 1. Pressure dependence of transition temperature:~a! s,
Ref. 15: KD2PO4 ; n, Ref. 18: RbD2PO4 ~tetragonal!; KD2AsO4 ;
RbD2AsO4 ; ~b! h, Ref. 39: ND4D2PO4, and s, Ref. 20:
ND4D2AsO4 ; ~c! K(H12xDx)2PO4 with nominal values ofx:
0.87 (TC05210 K!~s!, Ref. 21, dashed line; 0.84 (TC05208
K!~h!, Ref. 15, solid line.
e
s-
es

inly

he

In numerical calculations we minimize the thermod
namic potential with respect to the order parameterh and
find the strains« i from Eqs.~10!; the transition temperature
is determined from the condition~11!. Results of the calcu-
lations are given in the figures below.

In Figs. 1~a! and 1~b! we plot the dependences of th
phase transition temperature of the sixMeD2XO4 (Me
5K,Rb,ND4, X5P,As) crystals on hydrostatic pressu
along with the experimental points. Naturally, a perfect fit
theoretical results to the experimental data is obtained.
experimental point for KD2AsO4 or RbD2AsO4 is presented,
but the theoretical slopes]TC/]p for these crystals agre
with the corresponding data of Ref. 19.

Transition temperature vs uniaxial pressurep52s3 line
is presented in Fig. 1~c! along with the experimental point
of Ref. 21 and a theoretical curve for the hydrostatic pr
sure. A rapid decrease in transition temperature with
uniaxial pressurep52s3 was detected;21 to describe it, a
negative value ofd1 /d0 was used in calculations. The fac
that variation of TC with uniaxial pressure is more pro
nounced than with hydrostatic is understandable, since
uniaxial pressure deforms the crystal stronger than the
drostatic pressure does. The unexpected outcome of the
ting process is the prediction that the uniaxial pressurep5
2s3 shortens the hydrogen bonds and D-site distan
(d1 /d0,0): one would rather expect the pressure appl
along thec axis to expand the D bonds lying in theab plane.
One of the possible explanations of this shortening is t
p52s3 pressure flattens PO4 tetrahedra along thec axis,
thereby enlarging their projection on theab plane and reduc-
ing the distances between oxygens of different PO4 groups.
Another reason for such elongation could be a rotation
PO4 tetrahedra around thec axis in a direction opposite to
the direction in which they rotate under hydrosta
pressure.9,10 However, these conjectures should await an
perimental verification.

Universality of the transition temperature vs D-site d
tance dependence is clearly manifested in Fig. 2. The va
of d are calculated using the values of the ratiod1 /d0 from
Table II, which provide the correct slopes]TC/]p and as-
suming a universalTC0(d) dependence for all these crysta
at atmospheric pressure. As one can see, the pointsTC(d)

FIG. 2. Transition temperature vs D-site distance depende
for several deuterated crystals of the KH2PO4 family.
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andTN(d) plotted for several ferroelectric and antiferroele
tric crystals of KH2PO4 family, strained either by hydrostati
or uniaxial pressure, lie on a single line. Therefore the pro
ordering model not only describes the universalTC vs d
dependence11 observed in KD2PO4 and ND4D2PO4 under
hydrostatic pressure, but also predicts that this dependen
obeyed also by the other crystals of the family strained
hydrostatic pressure as well as by the K(H0.13D0.87)2PO4
strained by uniaxial pressurep52s3 . This fact again em-
phasizes the importance of the D-site distance in the ph
transition in hydrogen bonded crystals and supports our
sumption that pressurep52s3 reducesd.

Now we shall discuss pressure effects on the dielec
properties of the crystals. The slopes]m i /]p can be deter-
mined without introducing into the theory any extra fittin
parameter on the basis of the following speculations. E
though these speculations are not quite rigorous, they
have two virtues: they are simple and their predictions ag
fairly well with the experiment.

It is believed that the deuteron ordering in the syst
results in displacements of heavy ions and electron den
which contribute to crystal polarization. Since, when o
dered, a deuteron shifts from its central position on a hyd

FIG. 3. Spontaneous polarization of KD2PO4 ~a! and
K(H0.13D0.87)2PO4 ~b! crystals as a function of temperature at d
ferent values of external pressurep(kbar): ~a! (TC0

5220 K, ]TC /]p522.5 K/kbar) 1 – 0.001; 2 – 2.07; 3 – 4.14
4 – 7.6; 5 – 15.0; 6 – 20.0.~b! (TC05210 K) 1 – 0.001; 2 – 0.2;
3 – 0.5. Solid and dashed lines correspond to hydrostatic
uniaxial p52s3 pressures, respectively. Experimental points
taken from Ref. 15 (h) and Ref. 40 (s).
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gen bond to the off-central one by a distanced/2, it seems
reasonable to assume that the heavy ions displacement
also proportional tod. This idea was used in the previou
theories.13,14 In the present work we also assume thatm i is
proportional to the corresponding lattice constantai , reflect-
ing an intuitively understood fact that the larger molecule
the greater dipole moment arises in it. This yields

d
e

FIG. 4. The temperature dependence of the inverse static lo
tudinal dielectric permittivity of KD2PO4 ~a!, RbD2PO4 ~b!, and
K(H0.13D0.87)2PO4 ~c! crystals at different values of external pre
sure p(kbar): ~a! (TC05220 K, ]TC /]p522 K/kbar) 1 –
0.001; 2 – 3.6; 3 – 4.7; 4 – 7.6;~b! 1 – 0.001; 2 – 1.1; 3 – 2.25
4 – 4.0; 5 – 6.63; 6 –7.76;~c! 1 – 0.001; 2 – 0.5, 3 – 1. Experi
mental points are taken from: Ref. 41 (n), Ref. 16 (s), Ref. 18
(d), and Ref. 42 (* ). Solid and dashed lines correspond to hydr
static and uniaxialp52s3 pressures, respectively.
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1

m i
0

]m i

]p
5

d1

d0
1

« i

p
. ~16!

In Fig. 3 we plot the temperature curves of spontane
polarization of K(H12xDx)2PO4 crystals at different values
of hydrostatic and uniaxialp52s3 pressures. As one ca
see, the model pressure dependence~16! of the effective di-
pole momentm3 provides a satisfactory description of a d
crease in saturation polarization with hydrostatic press
Since we accepted a negative value ofd1 /d0 for a uniaxial
pressurep52s3 , then, according to Eq.~16!, effective di-
pole momentm3 and thereby the spontaneous polarization
expected to decrease with this pressure. Unfortunately
direct experimental data for the uniaxial pressurep52s3
on the spontaneous polarization of KD2PO4 is available.

In Fig. 4 we present the temperature dependences o
inverse static dielectric permittivity of KD2PO4 and
RbD2PO4 crystals at different values of hydrostatic pressu
and of K(H0.13D0.87)2PO4 at different p52s3 pressures.
Difference between permittivities of clamped and free cr
tals is neglected. Unfortunately, experimental data for n
zero pressures are available only for the hydrostatic one.16,41

As one can see, the model dependences~16! well describe a
decrease in the Curie constant with hydrostatic pressure.
to the adopted negative value ofd1 /d0 , uniaxial pressure
p52s3 is expected to lower the Curie constant as well.

Hence, similarly to the pressure dependence of the tra
tion temperature, the pressure dependences of dielectric
mittivity and spontaneous polarization of these ferroelect
are also governed by the parameterd1 /d0 , indicating the
crucial role of the D-site distance in the dielectric response
the hydrogen bonded crystals.

Let us consider now the pressure effects on the dielec
properties of antiferroelectric crystals of the KH2PO4 family.
The antiferroelectric crystals of this family are characteriz
by the large values of transverse effective dipole moment
unit cell. The permittivity«1(T,p) of ND4D2AsO4 exhibits a
strong variation with pressure,20 and the slopes~16! describe
the experimental data only qualitatively. It means that
mechanism of dipole moment formation in these crystals
somewhat different from that described above for the fer
electric crystals, or rather there must be some other facto
addition to ion shifts due to the deuteron ordering. We
sume that there exists interaction between large dipole
ments of unit cells~we call this mutual polarization!, which
changes their magnitude and the character of their pres
dependence. Let us consider a simple model in which a
cell i is assigned a dipole momentdi ; the size of the dipoles
is much smaller than the distance between them. Up to
terms linear in external fieldE01, the transverse polarizatio
of an antiferroelectric crystal~naturally, induced by this ex
ternal field! reads
s
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P15
2m1

v

]h13E
a

]E01
E015

m1
2

v
x̃1E015

d1

v
, ~17!

where@see Eq.~13!#

x̃15
b¸1

a

Da22¸1
aw1

a
1

b¸2
a

Da22¸2
aw1

a
,

d1 is the transverse dipole moment of a unit cell.
We assume that the magnitude of the dipole momen

proportional to a complete electric field acting on it. Th
field differs from the external fieldE0 but include also the
internal field created by other dipoles of the crystal

dk5âS E01(
l

3~nkldl !nkl2dl

Rkl
3 D , ~18!

where â is the polarizability tensor;nkl is the unit vector
directed from thekth dipoledk to the l th dipoledl , andRkl
is the distance between the dipoles; summation goes ove
unit cell of a crystal. If all dipoles are directed along th
external field, and the magnitudes of the dipoles are all
same, then Eq.~18! can be solved, and, for instance, fo
transverse dipole moment we obtain

d15
a1E01

12a1K1
, ~19!

K15 (
n1n2n3

2a2n1
22b2n2

22c2n3
2

~a2n1
21b2n2

21c2n3
2!5/2

;

a,b,c are the lattice constants andn1 ,n2 ,n3 are integers
such thatn1

21n2
21n3

2Þ0. From Eqs.~17! and~19! it follows
that

m1
25

1

x̃1

a1

12a1K1
.

Differentiating this equation with respect to pressure a
choosing the value of the derivative]a1 /]p so that it corre-
sponds to the rate of the pressure changes in the squa
effective dipole momentm1

2 in the case when the mutua
polarization of dipoles is not taken into account (K150),
namely,

1

a1

]a1

]p
52S d1

d0
1

«1

p D ,

we obtain

1

m1
2

]m1
2

]p
5

1

a1

]a1

]p
~11x̃1K1m1

2!1x̃1m1
2 ]K1

]p
, ~20!

where
]K1

]p
p5 (

n1n2n3

a2n1
2~4R225r 1!«12~2R215r 1!~b2n2

2«21c2n3
2«3!

R7
,

R5Aa2n1
21b2n2

21c2n3
2, r 152a2n1

22b2n2
22c2n3

2 ,
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and the pressure dependence ofx̃1 is neglected. One can se
that the terms in]m1

2/]p describing the influence of mutua
polarization ~via K1 and ]K1 /]p) are proportional tom1

2

and, therefore, are unessential for crystals with small dip
moments such asm3 in KD2PO4 or RbD2PO4 .

The dielectric susceptibility should be now determined
a derivative of polarization with respect to a complete fie
E15E011d1K15E01/(12a1K1). Then, instead of Eq
~13!, we obtain

«1
a~0,T,p!5«1`

a 14p
m1

2

v
x̃1

11m1
2x̃1K1

. ~21!

Let us mention that the difference between Eqs.~13! and
~21! is the larger, the stronger the crystal lattice differs fro
a cubic one; ata5b5c, K1[0.

In Fig. 5 we plot the temperature curves of the transve
dielectric permittivity of ND4D2AsO4 ~DADA ! at different
values of hydrostatic pressure along with the experime
points by Gesi.20 In calculations, we usena

0(0)5235 K and
a value of the piezomoduled14 corresponding to an undeu
terated sample.38

The pressure dependence of the coefficientm1
2 calculated

with Eq. ~20! provides a fair description of a decrease in«1
a

in the paraelectric phase as well as of a slow increase in
antiferroelectric phase, showing thereby an importance of
mutual polarization mechanism in the dielectric response
these crystals. It should be noted that there can also be o
mechanisms of pressure influence on the dipole momen
hydrogen bonded crystals, neglected here: rotation of P4
tetrahedra around thec axis, shortening of N-H-O bonds in
antiferroelectrics, etc. It can also be important that the die
tric permittivity of DADA ~Ref. 20! is measured atn
5105 Hz, which belongs to the region of the piezoelect
resonance.

In a similar way, one describes also the variation w
hydrostatic pressure of the transverse dielectric permitti
of DKDP given by

«1
f ~T,p!5«1`

f 14p
bm1

2

v

2¸1
f

D f22¸1
f w1

f

@where¸1
f 5a1b coshzf and w1

f 5(12@h f #2)211bna(0)]
—a decrease with pressure in the paraelectric phase an

FIG. 5. The temperature dependence of the transverse stat
electric permittivity of ND4D2AsO4 at different values of externa
hydrostatic pressurep(kbar): 1 – 0.001; 2 – 2.62; 3 – 5.6; 4
7.68. Experimental points are taken from Ref. 20.
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increase in the ferroelectric phase observed recently by
A. G. Slivka of Uzhgorod State University.43

III. CONCLUDING REMARKS

We presented a unified approach allowing one to desc
the effects of hydrostatic and uniaxial pressures on the ph
transition and static dielectric properties of deuterated fe
electrics and antiferroelectrics of KDP family. We also stu
ied pressure influence on dielectric relaxation in these c
tals. Results of these studies will be published elsewhere

The calculations performed within the proton orderi
model in the framework of the four-particle cluster appro
mation confirm the ability of the proton ordering model
describe the behavior of KDP-type crystals under exter
pressure. It should be noted that the theory can be ea
generalized to the cases of other pressures, including th
which lower the crystals symmetry, in particular,23 s1
2s2 . The proposed scheme of choosing the theory par
eters allows one to describe the influence of different pr
sures on a transition temperature and static dielectric pro
ties of the crystals. The main parameter which determines
pressure dependences of the transition temperature, sp
neous polarization and static dielectric permittivities is t
ratio d1 /d0 , which is the rate of the pressure induce
changes in the D-site distance. Our calculations show
the universality of the transition temperature vs D-site d
tance dependence observed experimentally in some of
crystals deformed by hydrostatic pressure is obeyed also
the other crystals of the family and also under the uniax
pressurep52s3 . The theory predicts that this uniaxia
pressure should shorten the hydrogen bonds and the D
distance, even though this pressure is applied along the
perpendicular to the plane in which the hydrogen bonds
The suggested model pressure dependences of the effe
dipole moments of unit cells provide a satisfactory agr
ment with experimental data for the effects of hydrosta
pressure on the dielectric properties of the crystals. We sh
that for the antiferroelectric crystals of the family with larg
values of transverse dipole moments, one should take
account processes of mutual polarization of unit cell dipol
For the ferroelectrics with small longitudinal moments tho
processes are not important. Further dielectric and struct
measurements of the pressure effects, especially of unia
pressures, on the KDP family crystals will allow to ascerta
the values of the theory parameters, verify its predictio
about the possible changes in the H-bond geometry and
electric properties of the crystals.
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