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Unrelaxed vacancy formation energies in group-IV elements calculated by the full-potential
linear muffin-tin orbital method: Invariance with crystal structure

O. Le Bacq and F. Willaime
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A. Pasturel
Laboratoire de Physique Nume´rique des Systemes Complexes, Maison des Magiste`res, CNRS BP 166, 38042 Grenoble, France

~Received 10 November 1998!

The unrelaxed vacancy formation energies have been calculated for group-IV elements~Ti, Zr, Hf! in the
hexagonal close packed~hcp! and body centered cubic~bcc! structures within the local density approximation
to the density functional theory using the full-potential linear muffin-tin orbital method. In hcp-Hf the calcu-
lated value of 2.37 eV is in excellent agreement with the experimental value of 2.4560.2 eV. The results
found in hcp-Ti and hcp-Zr, i.e., 2.14 eV and 2.07 eV, respectively, can therefore be considered as reliable
predictions. In the more open bcc structure, after very conclusive validations of the present procedure in Mo
and W by comparison with experiments and otherab initio calculations, vacancy formation energies of
2.2–2.4 eV are obtained in Ti, Zr, and Hf. These energies, which are very similar to those in the hcp structure,
are significantly larger than the experimental activation energies for self-diffusion in the bcc structure. Assum-
ing that the monovacancy mechanism is dominant inb-Ti,b-Zr, andb-Hf, this demonstrates that structural
relaxations with particularly large amplitudes are expected around the vacancy.@S0163-1829~99!00313-6#
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I. INTRODUCTION

Group-IV elements~Ti, Zr and Hf! are known to exhibit
very similar self-diffusion behaviors characterized by
strong crystal-structure dependence between thea-phase,
i.e., the low temperature hexagonal close packed~hcp! struc-
ture, and theb-phase, i.e., the high temperature bod
centered cubic~bcc! structure.1 When plotted on a normal
ized Arrhenius plot, the self-diffusion coefficients are inde
almost identical for the three elements in a given structu
and change by several orders of magnitude from one st
ture to the other at the transition temperature~see Fig. 1!.
The intrinsic self-diffusion coefficient measurements c
now be considered as reliable for these three element
both phases, after the important improvements m
recently,2,3 but very little is known about their defect param
eters, such as defect formation and migration enthalpies4

The vacancy mechanism is confirmed to be dominan
face centered cubic~fcc! metals at low temperatures; it i
therefore expected to be also the case in hcp-metals, bec
of the strong similarities between these two structures. A
matter of fact, there is compelling evidence that intrin
self-diffusion ina-Ti,a- Zr anda-Hf, characterized by ac
tivation energies,Q, respectively of 3.14 eV, 3.17 eV, an
3.72 eV, is normal and vacancy controlled.2,3,5 This mecha-
nism is supported by the value of the vacancy format
energy, i.e., 2.4560.2 eV, which was deduced from pos
tron annihilation spectroscopy measurements of the vaca
concentrations ina-Hf.6 Such studies are not possible in
and Zr due to the limited temperature range available for
a-phase. The determination of vacancy formation and mig
tion enthalpies,H f and Hm , are therefore needed in thes
elements to validate and characterize the vacancy me
nism. The situation is more complex in the bcc structu
PRB 590163-1829/99/59~13!/8508~8!/$15.00
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where the self-diffusion is commonly regarded as anomal
in these elements, because the activation energies—ded
from the slopes of the Arrhenius plot of the self-diffusio
coefficients—normalized to the melting temperatures
two-to-three times lower than expected fornormaldiffusion,
and the self-diffusion coefficients when extrapolated to h
the melting temperature are more than five orders of ma
tude larger than in other bcc transition metals.7 Several mod-
els have been proposed in the past to interpret the very w

FIG. 1. Arrhenius plot for the experimental tracer self-diffusio
coefficients for group IV elements in their low temperature h
structure and high temperature bcc structure: Ti~full line!, Zr
~dashed line!, and Hf ~dotted line!. The inverse temperature is no
malized to the melting temperature,Tm .
8508 ©1999 The American Physical Society
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PRB 59 8509UNRELAXED VACANCY FORMATION ENERGIES IN . . .
spreading of self-diffusion behaviors among the vario
elements.7 Diffusion via monovacancies remains the mo
likely mechanism. In this context any information about th
defect parameters may give the key to understand their
usual diffusion behavior. For the vacancy mechanism to
dominant in both structures, a large difference between
two structures in vacancy diffusion, i.e., in vacancy mig
tion energy, is not sufficient, and a large difference in v
cancy concentration, i.e., vacancy formation energy, is
quired.

The studies of defect properties with empirical potenti
are not very conclusive in these elements. When based
pair potentials their predictive character is uncertain,8 and
when more realistic many-body potentials—EAM or seco
moment approximation~SMA! type—are used, they suffe
from the fact that the vacancy formation energy is most of
one of the fitted quantity. The experimental values wh
were taken for the latter are now known to be incorre
However one study, which does not have this drawback,
formed in zirconium, shows that the unrelaxed vacancy f
mation energies are almost identical in both structu
(2.14 eV and 2.10 eV in the hcp and bcc structures, resp
tively! and that the relaxation energy is particularly large
the bcc structure, with a value of 0.67 eV.9 One can now
take advantage of first principles electronic structure ca
lations, which have recently shown to be very efficient
quantitative defect studies, to provide new data for und
standing self-diffusion in these elements. The vacancy
mation energies have indeed been successfully calcul
within the local-density approximation to the density fun
tional theory, in metals with cubic structure like aluminum10

lithium,11 sodium,12 and a series of transition metals.13–17

The purpose of the present paper is to perform similar
culations in Ti, Zr, and Hf, both in the hcp and the b
structures. The very specific self-diffusion behavior comm
to these three elements is indeed believed to originate f
their similar electronic structure, as is the case for their ph
diagrams. The full-potential linear muffin-tin orbital~FP-
LMTO! method18 has been adopted here because~i! it allows
to handle large supercells~up to 54 atoms in the presen
study! at a reasonable computational cost and~ii ! to treat
equally metals of the 3d,4d and 5d series making possible
systematic in group IV ; and~iii ! it avoids the difficulty of
the generation of pseudopotentials. Because it is not pos
to calculate forces within the present implementation of
FP-LMTO method, the structural relaxations around the
cancy are not taken into account in this work. The aim of
present calculations is therefore to look whether there is
intrinsic effect of the crystal structure on the unrelaxed
cancy formation energy, and to provide referenceab initio
data for these energies in both structures. In the hcp struc
the relaxation effects are expected to be small, making
calculated vacancy formation energies highly predicti
while the relaxation effects in the bcc structure are a qu
open issue.

The organization of the present paper is as follows. T
main characteristics of the present FP-LMTO calculatio
and the computational procedure are described in Sec
They are then validated in Sec. III by comparing with expe
ments and otherab initio calculations the vacancy formatio
energies in reference systems, namely Cu, Mo, and W.
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results concerning the vacancy-formation energies and
umes in the hcp and bcc structures of group-IV elements
presented and discussed in Sec. IV.

II. TECHNIQUES AND DEFINITIONS

The electronic states and the total energies presented
are calculated using the density-functional theory~DFT!
within the local density approximation~LDA !.21–23 The
Kohn-Sham equations are solved using a fast full poten
version of the LMTO method24 proposed by Methfessel,18

which has been described in Refs. 18–20,25. Within t
scheme the potential and charge density are treated wit
spherical-shape approximation inside the nonoverlapp
muffin-tin spheres, and they are obtained by an interpola
technique in the interstitial region. In the present calcu
tions, three LMTO envelopes of Hankel functions with k
netic energies20.01 Ry, 21.0 Ry, and22.3 Ry were
used. For all elements, the wave-function basis set consi
of s,p, andd orbitals from the first and second envelope
and s and p orbitals from the third envelope. For Hf, thef
orbitals were added in the first and second envelopes and
d orbitals were added in the third one. Hankel functions w
kinetic energies of21 Ry and23 Ry were used for the
interstitial fit and the density and potential were expanded
spherical harmonics up to angular momentuml max54 inside
the spheres. The extended 3p ~respectively 4p and 5p)
states of 3d ~respectively 4d and 5d) metals were treated a
a semicore by performing a separate diagonalization at e
iteration according to the two panel treatment.25 All calcula-
tions are performed in the scalar relativistic approximatio
The number ofk points,nk , used in the Brillouin zone inte-
gration will be specified in the text for the various calcul
tions. They are taken on normal meshes, except for the
culations with 54 atomic sites, where 10 special points w
used.26 The k-point meshes used for the second panel
taken here to be approximately eight times less dense
for the first panel. Standard values are taken for the radi
the muffin-tin spheres, i.e., 0.84, 0.88 and 0.876 times
Wigner-Seitz radius respectively for the bcc, fcc, and h
structures. The empty spheres used for the vacancy calc
tions are identical. The summation over eigenstates is
formed using the Hermit-Gaussian smearing techniqu27

with a smearing widths520 m Ry.
The equilibrium volumes,V0 , and bulk moduli,B, are

obtained by fitting Birch-Murnaghan’s equation of states
ing 195k points in the irreducible part of the Brillouin zon
~BZ! for bcc and fcc structures, and 270k points for the hcp
structure. They are summarized in Table I, together with
c/a ratios for the hcp structure. Their agreements w
experiments28,29 are as expected within LDA, i.e.,V0 andB
are respectively slightly underestimated and overestima
The comparison with previous FP-LMTO calculations
group IV shows some small scatter due to differences in
basis set for hcp-Ti and hcp-Zr~Ref. 30! and in the imple-
mentation of the FP-LMTO method for hcp-Hf.31 Finally, the
bulk properties from the previous vacancy studies, wh
will be discussed in the following, are also reported in Tab
I for comparison, namely the FP-LMTO calculations in M
W, and Cu~Ref. 15! and the pseudopotential calculations
Mo ~Ref. 16! and W.17
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TABLE I. Calculated and experimental equilibrium volumeV0 , bulk moduliB, andc/a ratios for the six
metals studied in their equilibrium structures, as well as in the bcc structure for group IV elements
present FP-LMTO results are compared with other similar FP-LMTO computations as well as wit
pseudopotential~PP! values for previous vacancy studies. All calculations are within LDA. Experimental
for V0 andc/a are taken at room temperature from Ref. 28, while those forB are at low temperature from
Ref. 29. The volumes are expressed in Å3 and the bulk moduli in Mbar.

hcp-Ti bcc-Ti hcp-Zr bcc-Zr hcp-Hf bcc-Hf Mo W Cu

V0 present work 16.20 15.88 21.93 21.01 21.14 20.82 15.14 15.53 10
FP-LMTO 15.75a 21.85a 20.10b 14.76c 15.14c 10.94c

PP 15.37d 16.41e

expt. 17.67 23.28 22.41 15.58 15.85 11.7

B present work 1.25 1.18 1.02 0.96 1.20 1.10 2.87 3.26 1.8
FP-LMTO 1.14a 1.06a 2.64c 3.29c 1.92c

PP 2.77d 3.33e

expt. 1.10 0.97 1.11 2.65 3.14 1.42

c/a present work 1.585 1.621 1.580
FP-LMTO 1.589a 1.613a 1.594b

expt. 1.588 1.592 1.583

aReference 30.
bReference 31.
cReference 15.
dReference 16
eReference 17.
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The vacancy computations are performed by the supe
approach,32 using periodically repeated cells, with variou
numbers of atomic sitesN:N532,N536, andN527 and 54,
respectively, for the fcc, hcp, and bcc structures. The
cancy formation energies,Ef , were first calculated at fixed
supercell size according to

Ef5E~N21,1,NV0!2
N21

N
E~N,0,NV0!, ~1!

where E(N21,1,NV0) denotes the energy of a superc
with N21 atoms and one vacancy at volumeNV0 , and
E(N,0,NV0) is the bulk energy calculated forN atoms at the
equilibrium volume. In order to obtain a maximum accura
the bulk energiesE(N,0,NV0) were calculated with a super
cell and using the samek points as for the computation o
E(N21,1,NV0). These energies where found to differ b
less than 2 meV fromNE(1,0,V0), provided that the same
k-point density is used.

We have studied the effect of volume relaxation, by mi
mizing the energy of the supercell with a vacancy with
spect to homogeneous volume changes, leading to a con
tion denotedDV and a decrease in energy,DE. This allows
the calculation of the formation volume,V f5V02DV. The
formation enthalpy at constant pressure (p50) is given by
Ef2DE; its difference withEf vanishes whenN→` and
was found here to be less than 0.04 eV for group-IV e
ments forN527 and 36. These relaxation energies are rat
small, when compared to the results found in W~Ref. 17!
even in relative value, i.e., when normalized toEf or to the
cohesive energy,Ecoh. This behavior can be partly explaine
by the fact thatDE is proportional toBV0 through10
ell

-

,

-
-
ac-

-
er

DE'S DV

V0
D 2 BV0

2~N21!
. ~2!

BV0 indeed increases by more than a factor of two fro
group IV to group VI, andBV0 /Ecoh increases linearly
along the transition metal series. BecauseDE is negligible in
group IV, for simplicity the formation energies reported b
low will always correspond to calculations at constant sup
cell volume: they will be notedEf while H f will be used to
represent either results from fully relaxed calculations or
perimental values.

III. VALIDATION OF VACANCY CALCULATIONS
IN Mo, W, AND Cu

The aim of this section is to assess the reliability of t
present procedure, based on the FP-LMTO method, to ca
late unrelaxed vacancy energies both in close packed s
tures and in the bcc structure of transition metals. Go
beyond the atomic sphere approximation~ASA! is a prereq-
uisite for such calculations.33,14 As shown in the Appendix,
the value of the vacancy formation energy calculated w
the LMTO-ASA method is indeed too large by almost
factor of 2: we have reproduced this result in Cu and c
firmed it through hcp-Zr for the elements of interest in th
paper.

The present FP-LMTO results for test calculations of t
vacancy formation energy for two elements with the b
structure~Mo and W! and one with the fcc structure~Cu! are
reported in Table II. The result in Cu, 1.35 eV, is in exce
lent agreement with previous similar FP-LMTO
calculations:34,15 1.29 eV and 1.33 eV. The very goo
agreement with the experimental value of 1.28 eV,4 was
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TABLE II. Calculated values of the vacancy formation energies in Mo, W, and Cu. The experim
values are recalled in parentheses. The other FP-LMTO results are from Ref. 15, and the pseudopoten~PP!
results from Ref. 16 in Mo and from Ref. 17 in W. The calculations are at fixed supercell size and w
structural relaxation, except for the last line where fully relaxed results are reported.N is the number of sites
andnk the number ofk points. The energies are expressed in eV.

Mo W Cu
N nk (2.9560.25) (3.5560.25) (1.2860.05)

Present work 27 16 3.14 3.53
54 10 3.16 3.54
32 35 1.35

FP-LMTO 27 16 3.13 3.27
32 10 1.33

PP 54 4 3.16 3.68
PP relaxed 54 4 2.90 3.44
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are
expected since similar agreements were obtained by K
honenet al. within a systematic FP-LMTO study performe
over six fcc metals.15 This demonstrates that, in compa
structures:~i! neglecting the structural and volume rela
ations and using supercells with 32 atoms or more are v
good approximations and~ii ! the FP-LMTO method allows
to compute reliable vacancy formation energies.

For the bcc structure, Mo and W were chosen because
addition to experimental data, a large body of information
available for these elements from previous very conclus
DFT-LDA studies usingab initio pseudopotentials~PP!:16,17

the values of the fully-relaxed vacancy formation energ
are within the experimental error bars,35,36 and the gain in
energy due to volume and structural relaxations were fo
in both cases to be approximately 0.25 eV~see Table II!.
The FP-LMTO values for theunrelaxedvacancy formation
energies calculated here forN554 are in perfect agreemen
with the PP study in Mo, and differ by only 0.14 eV in W
~see Table II!. This suggests that the implementation of t
FP-LMTO method used here is also reliable in the bcc str
ture for the calculation ofunrelaxed vacancy formation
energies, even though the interstitial region—which
a priori treated with less accuracy than the region inside
spheres—is larger than in compact structures. Th
calculations were repeated with the same supercell sizeN
527) and number ofk points (nk516) than in the previous
similar FP-LMTO study of Ref. 15. The agreement is perf
in Mo, whereas in W the present value is larger by 0.26
leading to a significantly better agreement with experime
and PP results. This discrepancy can be attributed eithe
the fact that a more accurate basis set is used here with
additional Hankel functions—for thes andp orbitals—or to
the improved broadening scheme using Hermite Gauss
instead of Gaussians. Besides W, the unrelaxed vacancy
mation energies calculated with the FP-LMTO method fo
other bcc metals in Ref. 15 are found to be slightly to s
nificantly larger than the experimental values. The pres
implementation which includes the technical improveme
mentioned above, as well as the treatment of semicore st
is expected to improve the agreement with the exact D
LDA result, which can be one reason for this discrepancy
least for some elements. But the main reason is most p
ably the structural relaxation which was shown to be ev
larger in Ta than in Mo and W.37
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As a summary, the present procedure for calculating
relaxed vacancy formation energies with the FP-LMT
method which was already known to be reliable in comp
structures is shown here to be also reliable in the bcc st
ture with an estimated accuracy for transition metals
0.2 eV within the DFT-LDA. There is no reason to suspe
insufficiencies in the DFT-LDA itself. Therefore the resul
presented below in group IV, can be considered as relia
predictions for the unrelaxed values of the vacancy form
tion energies, and the only missing quantities for the dir
comparison with the exact values for the real material are
structural-relaxation energies, which will be the object
forthcoming papers.38,39

IV. GROUP-IV RESULTS

A. Formation energies in the hcp structure

The effect of supercell size on the determination ofEf
was investigated in hcp-Zr. Cells withN516 are clearly too
small to cancel the effect of vacancy-vacancy interactio
the value ofEf is larger by 0.25 eV than forN536. In view
of the excellent agreement with experiments obtained foN
532 in fcc metals,15 the results can be considered as co
verged within approximately 0.1 eV forN536 in the hcp
structure. The values ofEf obtained at fixed supercell siz
for N536 are displayed in Table III.

TABLE III. Vacancy formation energies for group IV element
The results are reported for constant supercell volume calculat
with N536 andnk528 in the hcp structure and for two differen
sizes in the bcc structures:N527 andN554 with respectivelynk

516 andnk510. The experimental values are taken from Refs.
and 6. In the hcp structure,Ef /Q corresponds to the calculate
vacancy formation energy normalized to the experimental value
the activation energy taken from Refs. 2, 3 and 5. The energies
expressed in eV.

Ti Zr Hf

hcp Calc. 2.14 2.07 2.37
Expt. >1.5 2.4560.2
Ef /Q 0.68 0.65 0.64

bcc Calc.N527 2.24 2.34 2.39
Calc.N554 2.20 2.30
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In Hf the present result,Ef52.37 eV, is in excellent
agreement with the experimental determination of the
cancy formation enthalpy ina-Hf,6 H f

exp52.4560.2 eV,
and in Zr (Ef52.07 eV) it is compatible with the experi
mental evidence from positron annihilation spectrosco
which leads toH f

exp>1.5 eV.40 The only ab initio data to
compare with were obtained using the full potential KK
method in the hypothetical fcc structure of Ti and Zr.41 The
result for Ti in Ref. 41,Ef52.13 eV, is extremely close to
the present value (Ef52.14 eV) whereas for Zr the differ
ence between the two values (1.77 eV and 2.07 eV, res
tively! is larger than expected for two similar structures. T
value predicted by the SMA potential of Ref. 9 for Z
namelyEf52.14 eV, agrees very well with the present r
sult. The energy decrease due to structural relaxation
tained in the latter study, namely 0.07 eV, suggests that
effect which is not taken into account here is very weak.

The calculated values ofEf in hcp-Ti, hcp-Zr, and hcp-Hf
can be considered as quite reliable in view of the gen
agreement with available experimental and theoretical d
discussed above. The results for these three metals are
sonant with normal values in the sense they match well w
the following correlation stated for metals:42,44

H f51023Tm eV K21. ~3!

The melting temperatures,Tm , of these elements43 indeed
lead respectively toH f51.9,2.1, and 2.5 eV. Moreover, th
ratio between the calculated value ofEf and the experimenta
values of the self-diffusion activation energy,Q, is remark-
ably constant for the three elements with a value close to
~see Table III!. This ratio is close to the usual observations
metals.40,6 We can therefore conclude that there is a perf
consistency between the present results, the experime
values ofQ, and the fact that self diffusion is vacancy co
trolled with normal defect parameters in the hcp structure
these metals.

B. Formation energies in the bcc structure

The calculations ofEf performed for N527 and N
554 in bcc-Ti and bcc-Zr show very weak size effects
namely only 0.04 eV. The calculation was therefore p
formed only forN527 in bcc-Hf. The results are summa
rized in Table III. A preliminary LDA PP study withN
516 in bcc-Hf yielded a slightly larger value,37 Ef
52.72 eV. The size effect probably accounts for part of
difference with the present result (Ef52.39 eV). There are
to our knowledge, no experimental determinations forH f ,
and no otherab initio data to compare with. Quite surpris
ingly the present results ofEf are remarkably close to th
values obtained in the hcp structure. Since the same abs
of crystal-structure effect was obtained from SM
calculations9 in Zr (Ef52.14 and 2.10 eV in the hcp an
bcc structures, respectively!, one can conclude that the ele
tronic structure, even when taken into account at the D
LDA level, does not favor the formation of vacancie
on a rigid bcc lattice. As a result, the present values
consistent—or even slightly larger than—the normal valu
expected from Eq.~3!. When structural relaxations are n
-
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included, group-IV elements therefore behave as the
other bcc metals which where shown to follow very well t
scaling law of Eq.~3!.44

The Arrhenius plots of self-diffusion coefficients i
bcc-Ti and bcc-Zr are strongly curved,45,46 and various val-
ues for the activation energies have been proposed dep
ing on the model adopted for the interpretation.47 The two
energies,Q1 and Q2 , deduced from a two-exponential fi
are good indications of slope ranges: in bcc Ti,Q1

'1.3 eV andQ2'2.5 eV and in bcc-ZrQ1'0.9 eV and
Q2'2.1 eV.47 Assuming that the monovacancy mechanis
is dominant at low temperatures, the sum of the format
enthalpy,H f , and the migration enthalpy,Hm , is normally
expected to be close toQ1 at low temperature.48 In bcc-Hf,
the reduced temperature range allows only a one expone
fit with Q51.65 eV.49 The various estimates of the migra
tion enthalpies in bcc-Ti, bcc-Zr, and bcc-Hf~Refs. 9 and 50!
indicate small but nonvanishing energies of 0.3–0.4 e
The unrelaxed vacancy formation energies calculated h
are twice or more larger than the difference betweenQ1 ~or
Q) and these estimated migration energies. This discrepa
can be understood within standard diffusion theory only
the structural relaxation energy is very large. The relativ
large relaxation found in bcc-Zr with SMA calculations
bcc-Zr, namely 0.57 eV, indeed goes in this direction. T
implementation of the FP-LMTO method used here is n
very well suited for performing relaxation: the computatio
of the forces is not accessible and the method has not b
tested for such cases. It is therefore more convenient to re
to plane-wave/pseudopotential techniques to investigate
relaxation effect within DFT-LDA.38,39

The large relaxation effect is the only explanation co
patible with the vacancy mechanism and standard diffus
theory. Otherwise, if the relaxed vacancy formation energ
are normal, the vacancy mechanism is possible only if
migration is anomalous, i.e., for instance if the migrati
energies are vanishingly small, such as in the omega-em
model,51 making invalid application of the transition sta
theory. The fact that the self-diffusion coefficient increas
by three orders of magnitude when going from the hcp-ph
to the bcc-phase, is also compatible with these two expla
tions: either a strong decrease in the activation energy,
strong difference in the vacancy diffusion due to an anom
lously large and temperature dependent prefactor in the
structure.

C. Formation volumes

The formation volumes,V f , calculated according to the
procedure described in Sec. II—using cells containingN
536, 27, and 32 sites, respectively, for the hcp, bcc, and
structures—are reported in Table IV for hcp-Ti, bcc-Ti, hc
Zr, bcc-Zr, hcp-Hf, and Cu. The uncertainty in the determ
nation of V f is rather large, i.e.,60.1V0 , because of the
difficulty to locate with sufficient accuracy the minimum o
energy with respect to volume. An indication of the error
V f is given by the fact that the decrease in energy,DE,
which is obtained differs by at most 10% from the val
expected from Eq.~2!. In the interpretation of the presen
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results, one should keep in mind that the effects of lo
range interactions and of structural relaxations are not ta
into account here.

The result in Cu,V f50.67V0 , is in good agreement with
the experimental value ofV f

exp50.75V0.4 The calculated
values in the hcp structure are therefore believed to be q
reliable, although the experimental value reported ina-Zr,
V f

exp50.95V0
4 is substantially larger.

The formation volumes obtained in the bcc structure~0.64
and 0.7V0) are very similar to the LDA results in other bc
transition metals16,17 (0.6V0 in Mo and 0.62V0 in W!. As
for the energies, no significant crystal-structure effect is
ticed. The experimental determination ofactivationvolumes
in group IV yielded much smaller values:52,53 Va50.33V0
in b-Ti andVa'0.2V0 in b-Zr. Three explanations are pro
posed for the large and negative difference,Va

exp2Vf
calc, if a

vacancy mechanism is assumed:~i! a strong coupling be-
tween structural and volume relaxations;~ii ! negative migra-
tion volumes: the LDA result in Li ~Ref. 54! (Vm5
20.2V0) indeed shows that this is possible; or~iii ! strong
temperature dependence ofVa , which was indeed shown to
increase by 0.03V0 when the temperature is decreased fro
1423 K to 1273 K inb-Zr.53 The present results are ther
fore not incompatible with the experimental determinatio
of Va , but further investigations are required.

D. Charge distribution

We have analyzed the charge redistribution close to
vacancy. For each site, the charge inside the muffin
sphere is compared to the bulk value for the atoms and
zero for the vacancy site. The results are reported in Tab
for hcp-Zr and bcc-Zr. The charge redistribution affects o
the nearest neighbors of the vacancy: each atom loses 0.
0.06 electron from its muffin-tin sphere. This can be co
pared to what occurs at metal surfaces, where the same
ance yielded a charge transfer of approximately 0.1 elec

TABLE IV. Calculated vacancy formation volumes. The gain
energy,DE, due to volume relaxation starting from a supercell
volumeNV0 is given forN536, 27, and 32, respectively, for th
hcp, bcc, and fcc structures.

hcp-Ti bcc-Ti hcp-Zr bcc-Zr hcp-Hf Cu

V f(V0) 0.60 0.64 0.57 0.70 0.65 0.67
DE(eV) 0.03 0.03 0.04 0.02 0.03 0.02

TABLE V. Charge redistribution around the vacancy in hcp-
and bcc-Zr. The charge balance is performed inside the muffin
spheres centered respectively on the vacancy, and a first, se
and third nearest neighbor site. The reference is an empty sphe
the vacancy and a bulk sphere for the atoms. A positive sign i
cates an excess of valence electrons.

hcp-Zr bcc-Zr

vacancy 0.788 0.671
first neighbor 20.052 20.065
second neighbor 0.001 20.007
third neighbor 20.015 0.002
g
n

ite

-

s

e
n
to
V
y

to
-
al-
n

per surface atom.55 Here, this charge is essentially redistri
uted on the vacancy site, which in turn has an excess ch
of 0.79 and 0.67 electron inside the sphere respectively
hcp-Zr and bcc-Zr. Close to a defect in general, the co
monly admitted rule is that of local charge neutrality. T
above analysis based on the charge inside the spheres in
suggest that the atoms far from the vacancy remain neu
and that the nearest neighbors of the vacancy also cons
their charge, which is partially spread into the empty spa
left by the vacancy.

The local density of states~DOS! on the nearest neighbo
of the vacancy are compared to the bulk DOS: as expecte
has a smaller width, and a smoother shape~see Fig. 2!. The
local DOS obtained by projecting on the vacancy site cov
the same energy range and is characteristic of delocal
states.

V. CONCLUSION

It has been shown that the FP-LMTO method provid
reliable values for theunrelaxedvacancy formation energies
Ef , in bcc transition metals. This result, already admitted
compact structures~fcc and hcp!, was obtained by very con
clusive comparisons with previousab initio pseudopotential
calculations in Mo and W. The values ofEf calculated for
group-IV elements~Ti, Zr and Hf!, are invariant with crystal
structure, hcp or bcc, and are consistent with normal val
expected for metals. In the hcp structure, where struct
relaxations are believed to be small, this paper provides
liable predictions forH f in a-Ti and a-Zr, and confirms the
experimental value ina-Hf. In the bcc structure, the calcu
lated values ofEf are much larger than the experimentin
nd,
for
i-

TABLE VI. Comparison between LMTO-ASA and FP-LMTO
methods for the calculation of unrelaxed vacancy formation en
gies at constant cell volume. The calculations are performed foN
532 andnk535 in Cu ~fcc structure!, and N536 andnk528 in
hcp-Zr. Energies are expressed in eV.

Method Cu hcp-Zr

LMTO ASA 2.32 3.68
FP-LMTO 1.35 2.07

FIG. 2. Local density of states for a bulk atom~dotted line!, a
first neighbor of the vacancy~dashed line!, and the vacancy site
~full curve! in hcp-Zr.
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activation energies deduced from the slope of self-diffus
Arrhenius plots. The symmetry of the bcc structure—wh
the vacancy is introduced on a rigid lattice—is therefore
sufficient to account for the anomalously low values ofH f
expected for the vacancy mechanism to be domin
The alternative explanation which is suggested is the
fore a crystal-structure effect entirely due to structu
relaxations.38,39

The calculated formation volumes range from 0.57
0.70 V0 , without any significant dependence on the crys
structure. The charge redistribution is such that the tail of
charge from the first neighbors of the vacancy extends
the vacancy site, while further neighbors are not affected
remain neutral.
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APPENDIX: COMPARISON BETWEEN LMTO-ASA
AND FP-LMTO

The LMTO method in the atomic sphere approximation24

~ASA! has a significantly lower computational cost than t
FP-LMTO method.18 However LMTO-ASA calculations in-
cluding combined correction terms, yield large discrepanc
with respect to FP-LMTO. The results of the computatio
performed under similar conditions using both methods
compared in Table VI for hcp-Zr and Cu. The LMTO-AS
values are larger by almost a factor of 2. There is a mi
difference in the set up of the calculations, because the se
core panel has been included in the FP-LMTO computati
but not in the LMTO-ASA case. We checked in hcp-Zr, th
the FP-LMTO result is very similar when only one panel
used (Ef is lower by less than 0.01 eV).
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