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The Heisenberg model with Dzyaloshinsky-Moriya interactighe constant Dzyaloshinsky vectd@
=Dz, D is a real numbgrand the growth modell¥ is a complex numbérare investigated in the framework
of the quantum inverse scattering method. The Lax pair and the correspdRdiragrix satisfying the Yang-
Baxter relation are obtained. These models are also solved by means of the algebraic Bethe ansatz. The
eigenvalues and the Bethe ansatz equations are def5@i63-18209)05013-4

In recent years, much attention has been paid to thé equivalent to the equation of motion of the model. After a
Dzyaloshinsky-Moriya(DM) interaction (i.e., an antisym- direct but tedious calculation, we find that the Lax pair asso-
metric spin-spin interactioh? in the Heisenberg magnetic ciated with the Hamiltoniaril) has the form
systems because of its important role in describing spin
glassed and in studying the weak ferromagnetism of the atpBs;, S,
low-temperature phase of all lameblar copper oxide Ln= st e+ OS2
superconductors, phase transitioR, nonlinear spin " "
excitations: etc. The Heisenberg model with DM interaction where

is given b
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+iA3(25(S, 1~ S~ S, 1) +iAo,
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whereS"¥* are the components of spineperator at sité, J M2l= —iC,S' %, —iC,S2S! | +iB,S +iB3S _,,
is the exachange integral(+# 0) is the exchange anisotropic
parameter, anf? is. the con§tant Dzzyalxosrzlinsky vector. Here, M ﬁzz iD1(Si S _1+SS_1)+Dx(SS_;—FS:_)
we use the periodic conditionS}';=S}""'* and assume that

D=Dz D is a real number. The Hamiltoniafl) was +iA3(25:S_1+S,+S,_1) + Do,
solved by relating it to theXXZ model with a suitable . )
boundary conditiorf. However, whenD is an imaginary B(J—iD) 6(J+iD)

A== (2e+ 0B+ 5 o =

number, the Hamiltonian(l) is related to the growth
model§~° of the Kardar-Parisi-Zhang universality cl&ss
and was solved by the coordinate Bethe an$&tan Ref. B(J—iD) 6(J+iD)
12, using the algebraic Bethe ans&z}> Bogoliubov and Ao=(2et0)Bst — T
Nassar also diagonalized the Hamiltoni{@m with D=i and

A =1, which has the sanfe matrix with the phase-difference JA

model. In the present paper, we prove that the Hamiltonian Az= 1
(1) with complex numbeD is completely integrable in the 2—(2a—pB)| e+ —0)
framework of the quantum inverse scattering method and 2

solve it by means of the algebraic Bethe and&t?®

A model is said to be integrable if there exists a Lax pair A :( _ E )B _( " 30 B,—iD
L, andM,, such that the Lax equation 0=| @~ 3B|Bs—| et 50]Bam1Do,
dL, 2(J+iD)

=Mp+1bn— LMy 2 B1=2B3+

dt 2e—0 '
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a==io0, =—2ice, e=—ziu+—, 0O=u,
2 B 2o
(8

whereo=\(J—iD)/(J+iD).

(iv) WhenD # *iJ and +J\JAZ—1, then

a=ce, B=-06, e=asinu, 6H=bcosu, (9
where

1 [ 2(3+iD) i be 2(J+iD)
8= 2V suriD)—aa M= NGGTiD)+IA”

We have obtained the Lax pair of the Hamiltoniél),
which assures the complete integrability of the quantum sys-
tem. In the following, we compute the matrix correspond-
ing to theL operator(3) with (i)—(iv), which satisfies the
Yang-Baxter relation

R(U,0)L(W)®L(v)=L,(v)®L(WR(U,v).  (10)

Here, S, =S, =iS), Dy is an arbitrary constant, and the Substituting the expressions &f,(u) into Eg. (10), we fi-

constantsy, B, €, and@ are subject to the constraints
JA(4a?—B%)=(J—iD)(4ae—BO—-2),
JA(4€’— 0?)=(J+ID)(4ae— BO—2). (5)

Explicitly, Eqg. (5) can be parametrized as follows)
whenD=—iJ, then

1 1 1 1 6
a_Eu: B_u! 6_KU_Z| 0__a! ( )
whereu is an arbitrary constant that plays a role of spectral
parameter.
(i) WhenD =iJ, then
1 1 1 1 B .
o ZU_E' __G E—EU f=u ()

(iii) WhenD=*+JyA%—1, then

2
(1+i)v+\/:
g

Ro»=Ras=

nally have
1 0 0 0
0 Rpu,v) Rp(up) O
R(UV)=|0 Ry uwv) Rayup) 0f (A1
0 0 0 1
where (1) whenD=—iJ, then
U2—1)2
Rao=Ras=( Rag=——=—, R=0, (12
(ii") whenD=iJ, then
u v2—u?
Roo= Rssza: Ra2s= 5 R32=0, (13

v

(i ") whenD=+*JyA%2—1, then

(iv') whenD# *+iJ and +J\A?—1, then

1
asinv — Ebcos:;
Ry;=R33=

(I+ihu+ \/—+ \/z(u—v)| (i—Lv—\/—
o 2 T

(o
» Rog=—Rg= \/;(U— v)Ry2, (14)

asinu—zbcosu+ oabsin(v —u)

Define the monodromy matrix

T(u)=Ln(u)Ly—q(u)---

s R23: R32: O'abSirKU - U) R22. (15)
asinv + —bcos:;)
2
_(A(u) B(u))
Ly(u)= C(u) D)) (16)
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Combining Egs(10) and(16), we have D(U)B(v)= R23(1u 5 B(v)D(u)— EZEEZ; (W)D(v).

R(U)T(WeTw)=T)®T(WRU,).  (17) (18)

Here, we present some commutation relations used below:Then the transfer matrix(u)= Tr T(u)=A(u) + D(u) sat-
isfies the commutation relation

[A(u),A(v)]=[B(u),B(v)]=[C(u),C(v)]=[D(u),D(v)]
=[A(u),D(v)]=0, [7(u),7(v)]=0. (19

A(u)B(v)=|Rgy(u,v) —

Raa(U,v)Ra3(u,v) B(o)A
(v)A(W) Obviously, the transfer matrix plays a role of the generating

Ra3(U,v)
functional of an infinite number of conserved quantities. The
Ras(u,v) B(WA(v) Hamiltonian (1) is one of these conserved quantities. From

Rys(u,v) Egs.(3), (6)—(9), and(16), we find
|
1 3/2 J 1 .
EJA %InT(U”u:\;K_ZNJA for D==+iJ
iJA 9 ,
H={ T2g —InT(W)|y—i- 125~ NJA for D=+J\JAZ—1 20
2abJA ¢ 1
—bzﬁul N7(U)] - arctarbiza™ 7 NIA for D#=iJ and +JJAZ-1.

Define the pseudovacuuf@) asS;|0)=0, then

1 N 1 N
C(uw)[0)=0, A(u)0y= a(U)+§B(U) |0), D(w)|0)= e(U)+§0(U) |0). (21)

B(u) is the creation operator of the particles excited. Mhearticle (i.e., M spins down eigenstates of the transfer matrix
7(u) can be constructed as

M
|¥(uy,Up, ..., uM)>=Hl B(u;)[0). (22)
j=
Using Egs.(18) and(21), we get the eigenvalues of the tranfer matriacting on the stateldV (uq,u,, ... uy)) Eq.(22) as

T(U)|‘P(U1,U2, LC ,UM)>:A(U)|\P(U1,U2, LC 1UM)>1

1 NE RedU ) Ra(U,Uy) | T
A(u)=|a(u)+ zB(u R3x(U,U;) — : ' u+ = ﬁu 23
(=] a(w)+ 38| 11 | Reuu) ===~ F 5 ew+zow| 11 Rzg(uu) (23
where the spectral parameterssatisfy the Bethe ansatz equation
1 N
a(u)+ EB(UO 1
—_— | = . (24)
1 j#1 Rog(Uy,Uj)Ra(Uy,Uj) — Rox(Uy ,Uj) Ras(Uy , uj)
e(u)) + EH(UI)
From Egs.(19) and(20), we have
[H,7(u)]=0. (25)
Therefore,H can be also diagonalized in the staf@u,,u,, ... ,uy)). Its eigenvalue€,, are determined by using Egs.

(20) and(23). Here, we present explicitly the energy eigenvalues and the Bethe ansatz equations



8382 BRIEF REPORTS PRB 59
1
——JA3’2 SaA W= NJA +—NJA,
2 ( )|Ll \K JZl u —A 4
N M 2
1 1
B M- Yi
X ufl =(-p" L r (26)
for D==*iJ;
J 1 M 2JA 1
En=— —INAU)|y—(i—1yas— - NIJA=—D> ———————— + —NJA,
M \/% Ju ( )|U (@i 1)/V2 4 jgl (\/%UJ‘F]-)Z_I—]- 4
21" 2117
(1—i)u,—i\ﬁ [(1+|)u|+\[ \/7(u, u){ Dy; \ﬁ]
i M-1 N 7
| SV H . e 27)
(1+i)u|+i\ﬁ —o(u—uj?+1 (1+i)u,~+\ﬁ
T 2 o
for D=+JJA?—1 and
2abJA al A NJA 2 J2+D2-J%A2 +1NJA
M —bZﬁun (U)|u arctanb/2a = JA— 0‘(J+ID)COE{2U)
1 N 1 2
asinu,— —bcosu, M asinu|—Ebcosu|+oabsin(uj—u,)<asinuj+Ebcosuj”
1 —a—N_Hl 1 > (29
j=
asinu,+—bcosu, [o%a®b?sin?(u;—uy) — 1]| asinu;— —bcosu;
2 2

for D# +iJ and +JJAZ—1.

In summary, we have proved the integrability of the Heisenberg model with DM interaction and the growth model
described by the Hamiltonia¢l) with the real numbeD and the complex numbdD, respectively, and have solved these
models by means of the algebraic Bethe ansatz. We note that svkdhandD = —iJ, the results of the present paper are
nothing but the ones given in Ref. 12. Whérn=*iJ, the R matrices(12) and (13) are independent of the exchange

anisotropic parametek, and the energy eigenvalues and the Bethe ansatz equations are the same at the two points.
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