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Lattice dynamics of single-walled carbon nanotubes

V. N. PopoV and V. E. Van Doren
University of Antwerpen (RUCA), Groenenborgerlaan 171, B-2020 Antwerpen, Belgium

M. Balkanski
UniversitePierre et Marie Curie, 4 Place Jussieu, F-75252 Paris Cedex 05, France
(Received 14 May 1998

In this paper, the theory of lattice dynamics of single-walled carbon nanotubes is presented. The screw
symmetry of the system is used to reduce the rank of the dynamical matrix to six, independent of the number
of atoms in the unit cell. Calculations of the lattice dynamics are carried out within a valence force field model
and of the Raman intensity—within a bond-polarizability model. It is found that the breathing mode frequency
is inversely proportional to the radius of the tube that can be used for the characterization of the samples on the
basis of Raman-scattering data. The results for the Raman intensity are compared to available Raman spectra.
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The carbon multiwalled nanotubes were first discoverearigin and another on®’ with indicesL=(L,L,). A tube

as a by product of the fullerene production in an electric arGs uniquely specified by the pair of integells( L) or by its
between two graphite rodsintroducing transition metals in  radiusR and chiral angle). The latter is defined as the angle
the graphite electrodes of the electric arc, it was made poS5atween the vectdd©’ on the sheet and the nearest zigzag
sible to produce single-walled nanotubiésrther on, called ¢ ~arbon-carbon bonds with values in the intervat @
just “nanotubes” or “tubes’).? Recently, a high yield of _ 6 The tubes are called achiral o0 (“zigzag” type)
nanotubes, forming bundles of parallel tuli&opes™), has and 6= 7/6 (“armchair” type), and chiral for60, /6.

been obtained by laser ablation of a graphite tatdetthis All the atoms of a tube can, be reproduced by t,he use of an
case, the x-ray diffractionXRD) measurements yielded ,,mic pair and two different screw operafSrésee Fig. 1
13.8+0.2 A for the mean diameter of the tubes. Transmis-s gerey operatof St} rotates a position vector of an atom at
sion electron microscopelEM) probes of similar samplés | angle¢ about the tube axis and translates it a vedtor
revealed that the tube diameter distribution was consiste%kmg the same axis. Thus, the equilibrium position vector
with the range of armchair tubes (8,8), (9,9), (10,10), anGz(y of the kth atom of thelth pair of the tube is obtained

(11,11). Later, scanning tunneling microsco@IM) stud- ¢ " Rik)=R(0K) using two screw operatorS: [t} and
ies on ropes of nanotubes, synthesized by the same grouilsz“z}( )=R(0K) g P it

showed thar%(r;anotubes with a wide range of chiral angle
were present. _ I [ —dligl2

In view of the possible technological applications of the RO ={S1[t{Saltz} 2R(k) SIS ROt + ot '(1)
nanotubes, it is therefore of primary interest to make a pre-
cise characterization of the synthesized samples. Since the
direct measurement of the structural parameters of the nano-
tubes is a rather time consuming and expensive procedure, it
is highly desirable to use, for this purpose, alternative meth-
ods such as Raman-scattering spectroséopy.

In this work the theory of the lattice dynamics of nano-
tubes is developed. The screw symmetry of the system is
used to reduce the size of the dynamical matrix to six for all
tube types, which allows one to study the vibrations of arbi-
trary nanotubes and, more generally, on any helical structure.
In this respect the model differs from the zone-foldiidr)
method’ The calculations of the phonons are accomplished
within a valence force field/FF) model with model param-
eters taken over from graphite. The Raman intensity is esti-
mated using a bond-polarizability modelThe breathing
mode frequency is found to be inversely proportional to the
tube radius, which can be helpful for the characterization of £ 1. A front view of a nanotube. The closed dashed line is
nanotube samples on the basis of Raman-scattering data. the circumference and the straight dashed line is the axis of the

Following Refs. 9—11, a nanotube can be viewed as conube. The nanotube can be constructed by mapping the two atoms of
structed by rolling up a graphene sheet into a seamless cylhe unit cell(depicted by empty pointsunto the entire cylindrical
inder leading to the coincidence of the lattice pdihtat the  surface using two different screw operators.
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Herel=(l,,l,), |; andl, are integers labeling the atomic 300
pair, andk=1,2 enumerates the atoms in the pair. It is con- ]
venient to adopt the notation S(I)=§11$J?2 and 250
t(l)=I1t;+15t,, and to rewrite Eq(1) as ]
200

R(Ik) =S(I)R(k) +t(l). 2 ]
For small displacements(lk) of the atoms from their 1907
eqiulibrium positions, the harmonic approximation may be ]
used for the potential energy of the tube and the resulting 101
equations of motion are derived in the form ]

frequency (cm-1)

50

MUK == 2 ®,5(0k,1"k ) ug(l'k’). 3 ]
I".k".B 0 e e e e S S

0 10 20 30° 40 50 60
Here, ® ,4(lk,1'k") are the force constants. radius (A)
The helical symmetry of the nanotube suggests that we ) ,
search for solutions to Eq3) of the type FIG. 2. The frequency of the breathing mode as a function of the
radius of the nanotube.
Ua(lk)= =2 S,p(heg(klmexdiq-l-iw(t], @) 2(Li+Lo+L4Lo)
NG n= 5 . (9

representing a wave with wave vectge=(qq,q,), — 7
<(Q,,9,<m, and angular frequency(q).

Substituting Eq(4) in Eq. (3), we get a system of linear
equations that can be cast in the form

The translational periodicity of a tube leads to a Bloch type
of displacement field with a one-dimensional wave vector

g=01N1+daNs. (10

w*(@)eq(Kla)= 2 D,p(kk |a)es(k’|a), (5)  Itcan be shown that for eaahthere are & eigenvectors but
k'8 lesser eigenvalues due to the degeneracy of some of the
modes.

The force constants are invariant under infinitesimal
translations along and perpendicular to the tube axis that
S @, (0k,I'k)S, 4(1I exp(ig-1"). leads to the translational sum ru_Ie_s a_nd to thre_e zone-center
N v 78 zero-frequency modes. The infinitesimal rotational invari-

(6)  ance condition imposed on the force constants gives rise to a
rotational sum rule and to an additional zero-frequency
mode.

The theory of the lattice dynamics of carbon nanotubes

, 2 _ can be used now to calculate the phonon dispersion curves
ID (kK |0) = () S die| =O- @ for arbitrary g within a phenomenological model. The ex-
Using the eigenvalues?(qj), one can obtain from Eq5) perimental measurements do not provide enough data on the
the corresponding eigenvectors,(k|qj) (j=1,2,...,6). structural parameters of the tubes such as bond lengths and
From Eq(6) it can be proven thaD(q) is Hermitian and, bond angles, but the results ab initio calculations of the
therefore,w®(qj) are real ance,(k|qj) may be chosen or- Optimized structures of nanotubes show that these quantities
thonormal. differ only by a few percent with those in graphite and that

The rotational boundary condition(I+L,k)=u(lk) im-  the ca'rb'on atoms do not lie on cylir?drical'surfa&&low—
poses the constrairg;L;+q,L,=27m (m is an integer ~ €Ver, it is found here that such minor differences do not
on theg-vector component.*2 The theory presented above Much affect the eigenmodes. Therefore, in the calculations
is valid for any helical structure and no translational period-Presented in this paper, it was accepted that for a given tube
icity was accounted for so far. It can be shdHthatin all (1) all bond lengths are equal to 1.42 A, the same as those
nanotubes such symmetry exists and the primitive translatiol the graphene sheef?) all bond angles are equal but, of
vector of a given tube connects the lattice point at the origirfourse, less than 120°, a8 all atoms lie on a cylindrical

where the dynamical matrix is defined as

DaB(kk,|q):

The eigenfrequencias(q) are solutions of the characteristic
equation

with another one with indicesl=(N;,N,) given by surface. The calculation of the eigenmodes in nanotubes is
carried out here within the VFF model with nearest-neighbor
L,+2L, 2L,+L, stretch, next-to-nearest neighbor stretch, in-plane bend, out-
1= 7 g Np=— —aq 8 of-plane bend, and twist interactioffs The results for the

phonon dispersion curves will be given in detail elsewhere.
Hered is equal to the highest common divisdt of L; and ~ From them it follows, in particular, that the frequeney of
L, if L;—L, is not a multiple of 3’ ord is equal to @’ if = the zone-center in-phase radigbreathing”) mode is in-
L,—L, is a multiple of 31’. The total numben of atomic  versely proportional to the radit® of the tube(Fig. 2) and
pairs in the unit cell is that in a wide region, 4 AR<55 A, it can be approxi-
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mated by 1147.8R*18L(in cm™1). However, wy, is not

found to be dependent on the chiral angle. The Raman spec-
tra calculated in this paper exhibit a peak of high intensity
due to the breathing mode that dominates the low-frequency
region of the spectra. Therefore, tRedependence ab,, can

be used for direct determination of the average radius of
nanotubes on the basis of Raman data only. TRedbpen-
dence ofw, can also be deduced from a simple force-
constant model. Let us consider a zigzag monoatomic chain
with bond lengthsa and bond angles of 120°, which is bent
in a cylinder with radiusk, and let us assume only bond-
stretching interactions with force constakt For simulta-
neous radial displacement of all atoms with a distafné®

the restoring force acting on an atom is given by
(3xa?/2R?)AR. The frequency of the breathing motion of
the chain can be found from this expression to be
(3x/2m)¥2a/R=1/R (m is the atomic magshat reproduces
the VFF results within a few percent if in both cases one uses
the valuex=3.44 mdyn/A taken from Ref. 14.

Recently, resonant Raman-scattering spectra of nanotubes
have been obtainétdThe TEM and XRD measurements on
the samples revealed that the tubes were exclusively of arm-
chair type and it was estimated that only types (8,8), (9,9), —
(10,10), and (11,11) were consistent with the measured di- 1520 1540
ameter distribution. In these experimental Raman spectra
only two strong bands have been observed. The high-
frequency doublet at 1567-1593 E'ln_ was ascribed to FIG. 3. Calculated Raman spectrum in the region
carbon-carbon bond stretching motions and the 10w-1520-1640 cm! for parallel scattering configuration and for a
frequency one, at about 170 ¢t to breathing motions of sample consisting of randomly oriented tubes@farmchair type
the tubes. The assignment of the separate peaks in boHnd (b) all tube types with weight factors as described in the text.
bands was made using the results of a ZF model of the lattice
dynamics® While an overall fair agreement was achievedtion must be very low. It is clear that additional precise Ra-
between the theoretical estimations and the Raman data, ritan measurements are needed in order to check the validity
has to be noted that the peak at 1567 “éndoes not corre-  of the model predictions and to derive the distribution of the
spond in frequency to any predicted zone-center phonon. Itube types in a given sample by fitting the calculated spectra
an attempt to explain the appearance of this peak, we calcte the measured ones.
late the Raman intensity for a parallel scattering configura- The five Raman spectra in Fig. 3 of Ref. 4 show major
tion of a sample of randomly oriented tubes of armchair typedifferences mainly in the low-frequency region. The spec-
adopting one and the same full width at half maximum oftrum measured at the off-resonance excitation with wave-
6 cm ! for all Raman lines. In the case of tube types fromlength A =1320 nm exhibits only the band at 1600 th
(8,8) to (11,11), the high-frequency region of the obtainedThe one at =780 nm is not clearly a resonant one because
spectrum consists of a single broad peak centered ahe peak positions in the band at about 170 éncorre-
1593 cm!, and its shape does not change qualitatively ifspond to the theoretical predictions and to the tube types
armchair tubes of larger diameters are also accounted fodistribution in the samplésee Table 1 in Ref.)4In the other
When tube types (5,5), (6,6), and (7,7) are included in thehree spectra measured Xt 1064, 647.1, and 514.5 nm,
calculations, additional steps appear in the spectrum at abotlie intensity and the position of the low-frequency peaks
1567, 1578, and 1584 cm, correspondingly. Furthermore, change with, which is evidence for the resonant character
a qualitative agreement with the experimental spectra in Rebf the scattering. The reason for the appearance of resonant
4 is reached if tubes of types (8;8)11,11) with a Gaussian scattering is the closeness of the laser photon energy to the
weight exp—(L,—9.5)] are taken into account together energy difference between spikes in the electron density of
with the same total number of (5,5) tudesee Fig. 8a)]. The  states. A comparison of the laser photon energy with the
latter have the same diameter as thg @olecules and are measuret® and with the calculatéd gaps in the electronic
found to be of high stability. Thus, they are likely to be density of states (DOY yields that A
always present in the samples irrespective of the method of 1064 nm (1.17 eV) corresponds to the secondary gap in
synthesis. Finally, if all tube types are included with the semiconducting tubes,=647.1 nm (1.92 eV) to the pri-
same weight function, the high-frequency doublet is partiallymary gap in metallic tubes, and=514.5 nm (2.41 eV) to
smeared oufFig. 3(b)] On the basis of the high-frequency the secondary gap in metallic tubes. This conclusion, how-
region of the calculated spectra it can be concluded that eveswver, does not support the results of previous calculations of
if tubes of other types are also present in the samples, as wése electronic DOS.
suggested in recent STM measureméfitsheir concentra- Just before submitting this paper for publication, calcula-

Raman intensity
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tions of the Raman intensity using a bond-polarizability sample within a purely phenomenological approach are used
model were reportetf. These authors calculated the phononto explain the appearence of the high-frequency doublet ob-
dispersions within a force-constant model but the screw symserved in the Raman spectra. The dependence of frequency
metry of the tubes was not included explicitly. Instead, theof the breathing mode on the tube radius can be applied to
force-constants matrix was deduced by bond rotations and byharacterize the synthesized samples.
making additional corrections of the various force constants
in order to satisfy the rotational acoustic sum.RAdepen- .
dence ofwy,, but for the range from 3 to 7 A, similar to the This work was supported partly under Grant No.
one shown here, was also derived. Additionally, the Ramai$2131.94 of the Flemish Science Foundation, partly by the
intensity for several tube types, as well as averaged ondgoncerted Action of the University of Antwerp GOA-
over the orientation of the sample, was also calculated. ~ BOF-UA Nr.23, and partly under Grant No. F-423 of the
In conclusion, in this work the lattice dynamics of nano- Bulgarian National Science Fund. The authors would like to
tubes is presented. Essential simplification of the theory ishank C. T. White and J. W. MintmiréNRL, Washington,
obtained using the screw symmetry of the system. The reDC) for useful discussions and for communicating their
sults of the calculations of the Raman intensity of a nanotub&ork to us prior to publication.
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