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Metal-insulator transition in approximants to icosahedral Al-Pd-Re
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The electronic structure of icosahedral Al-Pd-Re alloys has been calculated for a series of large approxi-
mants. For the 1/1 to 3/2 approximants with up to 2292 atoms/cell the electronic eigenstates have been
calculated self-consistently via diagonalization of the Hamiltonian in a tight-binding linear-muffin-tin orbital
representation. For the 5/3 and 8/5 approximants only the total and partial densities of states have been
calculated using the real-space recursion method. The electronic structure of Al-Pd-Re differs from that of
other icosahedral phases by~i! the appearance of a semiconducting gap for certain approximants and~ii ! by a
scaling behavior of the participation ratio of the states close to the Fermi level, indicating a possibly critical
character of the eigenstates.@S0163-1829~99!01510-6#
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Much attention has been paid to the face-center
icosahedral quasicrystals~QC’s! Al-Cu-Fe~Ru,Os! and Al-
Pd-Mn~Re! because of their highly anomalous electric tran
port properties.1,2 Among the outstanding observations ma
on this class of materials, those relating to icosahedral
Pd-Re are perhaps most exotic:~i! The resistivity is the high-
est ever reported for QC’s and is of the same order of m
nitude as that found in doped semiconductors.3–5 ~ii ! The
strong temperature dependence of the resistivity, chara
ized by values of the resistance ratioR
5r(4.2 K)/r(300 K) which may be as high asR;50.3,6,7

~iii ! With increasingR the magnetoresistance changes fro
giant positive values8 to a small positive or even negativ
values5,9,10 comparable to those registered in systems und
going a metal-insulator transition.~iv! Extrapolations of the
conductivity on a linear temperature scale fromT.0.4 K to
lower T suggest a vanishing conductivity at finiteT.3,10 How-
ever, the validity of these extrapolations has recently b
disputed.6 ~v! The frequency dependence of the optical co
ductivity has been interpreted in terms of transitions acr
an indirect gap of magnitude 0.24 eV.11 A gap ~or at least a
very deep pseudogap! of comparable width is also confirme
by tunneling spectroscopy.12 ~vi! At low temperatures Al-
Pd-Re QC’s are diamagnetic, but the observed tempera
dependence of the susceptibility suggests the presence
paramagnetic component arising from local moments on
sites.7 Again the similarity with doped semiconductors h
been emphasized.~vii ! All electronic transport properties ar
found to be extremely sensitive to the structural quality
the icosahedral phase, as well as to small variations of
chemical composition and in the thermal treatment. It is g
erally believed that QC’s with higher structural perfecti
~produced at higher annealing temperatures! show higher
resistivities.8,7 Concerning the concentration dependen
Tamuraet al.16 have found the highest resistance ratios alo
a line of constant nominal electron-per-atom ratio~and hence
constant band filling!.
PRB 590163-1829/99/59~13!/8347~4!/$15.00
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While these observations might suggest that icosahe
Al-Pd-Re is on the insulating side of a metal-insulator tra
sition, this interpretation would contradict a number of oth
observations: ~i! The electronic specific hea
measurements3,13 show a finite density of states even fo
samples with high values ofR. The carrier concentration
estimated from Hall measurements also is in the delocali
regime. ~ii ! High-resolution photoemission experiments14

and soft x-ray emission and absorption spectroscopies15 ob-
serve no gap, but only a reduced density of states~DOS! at
the Fermi level.

For a stable QC with a not too high resistance ratioR
<10) the magnetoresistance and the conductivity can be
ted quite well on the basis of weak localization and electr
electron interaction theories.17–19 For samples with higher
resistance ratios, however, a description based on quan
interference effects breaks down.8,16 If one accepts the idea
that Al-Pd-Re QC’s with very largeR values are already on
the semiconducting side of a metal-insulator transition,
natural step seems to be to apply various hopping theo
that can account for the low-temperature transport theorie
doped semiconductors.20 However, while Basovet al.11

claimed that the optical conductivity of icosahedral Al-Pd-R
is well explained in terms of a variable-range-hoppi
~VRH! mechanism, Hondaet al.9 reported that VRH fails to
predict the temperature-dependence of the conductivity,
Gignoux et al.21 found that it is difficult to account for the
conductivity on the basis of nearest-neighbor hopping w
constant activation energies.

Hence one is driven back to the fundamental question
the electronic structure of icosahedral Al-Pd-Re, in particu
of the density and character of electronic eigenstates clos
the Fermi level. This problem we address in this paper.
present detailed self-consistent calculations of the electro
structure for a hierarchy of rational approximants to icosa
dral Al-Pd-Re, i.e., for crystalline structures with very larg
8347 ©1999 The American Physical Society
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8348 PRB 59BRIEF REPORTS
unit cells differing from ideal icosahedral lattice by imposin
a linear phason strain. We demonstrate that for a cer
phason-mediated rearangement of the atomic structure
electronic structure of Al-Pd-Re is either that of a narro
gap semiconductor or that of metal with a pseudogap at
Fermi level. The transport properties of any macrosco
samples will therefore depend on concentration and sp
distribution of phasons.

Our structural model for icosahedral Al-Pd-Re is based
the six-dimensional structure refinement of Boudardet al.22

for icosahedral Al-Pd-Mn and has been used in our previ
electronic-structure calculations for that material.23 The
model is based on complex atomic surfaces centred on
even, odd- and body-centered positions of the s
dimensional hypercubic lattice with an inner shell structu
that determines the chemical order on the face-centred ic
hedral lattice~for all details see Ref. 23!. The x-ray diffrac-
tion pattern calculated for 5/3 approximant of this mod
agrees very well with the pattern measured by Linet al.7 for
icosahedral Al70Pd22.5Re7.5. A rational approximant is con
structed by imposing a linear phason strain which results
formal replacement of the golden meant in the definition of
the base in the perpendicular space by the rational num
tn5Fn11 /Fn whereFn is a Fibonacci number. This create
a hierarchy of periodic structures approaching the icosa
dral phase in the limit of largen,tn→t. Each approximant is
characterized by an ordered distribution of phasons wh
concentration vanishes in the quasiperiodic limit. The tilti
of the basis vectors in perpendicular space causes a defo
tion of atomic surfaces and hence leads to system
changes in the stoichiometry. Lattice constants, numbe
atoms and composition of the lowest order approximants
given in Table. I. The space group of all approximants
P213.

For the 1/1 approximant with 128 atoms/cell the ele
tronic eigenstates have been calculated self-consistently
fine mesh of 176k points in the irreducible Brillouin zone
using the tight-binding linear-muffin-tin-orbital24,25 ~TB-
LMTO! technique. With a minimals,p,d basis the repeate
diagonalization of a 115231152 Hamiltonian matrix is re-
quired. The most striking feature in the electronic density
states is the narrow gap of;0.15 eV immediately below the
Fermi level, accompanied by a series of very de
pseudogaps in the region of the empty bands~see Fig. 1!. As
a consequence of this gap in the DOS, a minimal chang
stoichiometry~equivalent to a reduction of the number
valence electrons per cell from 604 to 600! decides whether
the 1/1 approximant is a bad metal or a narrow-gap semic
ductor with a gap of 0.15 eV~we note that this correspond

TABLE I. Number of atomsNatomand chemical composition~in
at. %! of the rational approximants to icosahedral Al-Pd-Re.

Approximant Natom cAl cPd cRe

1/1 128 68.8 15.6 15.6
2/1 544 68.4 22.8 8.8
3/2 2292 70.3 20.6 9.1
5/3 9700 70.6 20.7 8.7
8/5 41068 70.7 20.6 8.6
13/8 173936 70.8 20.6 8.6
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very well to the gap of 0.24 eV deduced from the analysis
the optical properties11 and from tunneling spectroscopy12!.
A very deep pseudogap is also found at;0.9 eV above the
Fermi level, for this pseudogap we note the striking simil
ity with our results for the 1/1 approximant to icosahed
Al-Pd-Mn.23 On the other hand the gap atEF in the Al-
Pd-Re has no counterpart in Al-Pd-Mn.

It is also important to analyze the character of the eig
states on both sides of the gap. The distribution of the p
ticipation ratio of the eigenstates shown in Fig. 2~a! demon-
strates that all eigenstates are delocalized and that there i
even the slightest indication for an onset of localization
either side of the gap. Hence if the Fermi level does not
immediately in the gap, our result is also compatible with t
conclusion from the Hall-effect measurements.7 Close to the
Fermi level, in the region where the Re-5d states dominate
the total DOS, we find the participation ratio of Al-Pd-Re
be strikingly different from our prior results for icosahedr
Al-Pd-Mn ~Ref. 23!: Whereas the states derived from th
atomic Mn-3d levels ~and also those derived from atom
Pd-4d states! have a low participation ratio ofpn;0.2 ~in-
dicating the more localized character of the 3d or 4d states
as opposed to the Al-s,p states!, the participation ratio of the
Re-5d states is aroundpn;0.60, i.e., of the same order o
magnitude as for the neighboring Al-s,p states. This shows
that spatial correlations between eigenstates dominated
the transition-metald states will be more long-ranged in Al
Pd-Re than in Al-Pd-Mn, in agreement with the observat
made above.

FIG. 1. Total and partial electronic density of states for 1
approximant to icosahedral Al-Pd-Re, calculated on a grid of 1
irreduciblek points.
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We have calculated also the electronic structure of hig
order approximants. The spectrum of the 2/1 approxim
has been calculated at four high-symmetry points in the i
ducible Brillouin zone, for the 3/2 approximant~2292 atoms!
only theG point has been used. For the 3/2 approximant
have used the point group symmetry of the approximan
reduce the 20628320628 Hamiltonian matrix into diagona
blocks. The size of the maximal matrix to be diagonaliz
has been thus reduced by a factor 4. For the 5/3 and
approximants we used the real-space recursion metho26

The potential parameters for the approximants up to 3/2 h
been calculated self-consistently for all topologically no
equivalent sites. The potential parameters for 5/3 and
approximants have been transferred from the calculation
the lower order approximants.

Figures 3~a!, 3~b! show the total electronic DOS of th
2/1 and 3/2 approximants;~c! shows the electronic DOS o
the 5/3 and 8/5 approximants. The overall features of
band structure are in good agreement with photoemissi14

and soft x-ray15 spectroscopy. Evidently the 3/2 approxima
is metallic, although we observe a very deep pseudogap
actly at the Fermi level. The same we observed also for

FIG. 2. ~a!–~c! Participation ratio of the electronic eigenstat
calculated for the 1/1, 2/1, and 3/2 approximants to icosahe
Al-Pd-Re. 176 irreduciblek points in the Brillouin zone have bee
used for the 1/1 approximant, four for the 2/1 approximant and o
the G point for the 3/2 approximant. The full lines represent t
participation ratio of states close to the Fermi level, averaged o
intervals ofE60.25 eV, the error bars represent the mean-squ
deviations at an energy of 0.1 eV. See text.
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2/1 approximant. The energy resolution of the recurs
technique is limited, with about 120 recursion levels and
total band width of 15 eV the resolution is of the order of 0
to 0.2 eV. Hence, although we observe a rather d
pseudopgap at the Fermi level, the possible existence
semiconducting gap in the higher-order approximants
neither be confirmed nor disproved. As for the 1/1 appro
mant we find the fine structure of the DOS to be very sen
tive to the details of the atomic structure: even small var
tions of the local chemical order can shift the mo
prominent pseudogaps on the energy-scale without, howe
affecting the general spikiness of the spectrum.

Figures 2~b! and 2~c! show the participation ratio of the
2/1 and 3/2 approximants. The participation ratio sugge
again a delocalized character of the eigenstates, but on a
age the participation ratio of the eigenstates in the ran
21 eV<E<0.5 eV is reduced from̂pn&;0.55 to 0.64 for
the 1/1 approximant tôpn&;0.45 to 0.49 for the 3/2 ap
proximant. The calculated variation of the participation ra
pn with increasing order of the approximant is compatib
with the scaling behavior of critical eigenstates.27,28 To im-
prove the statistics, we estimate the scaling behavior fr
the participation ratio averaged over energy intervals (En

20.25 eV,En10.25 eV). For the participation numberP
5p•N we find a scaling according toP}Nb with an expo-
nent b50.960.02. For the eigenstates this would corr

al

y
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FIG. 3. ~a!, ~b! Total electronic densities of states calculated
the 2/1 and 3/2 approximants via exact diagonalization of
Hamiltonian, using four high-symmetry points and theG point, re-
spectively.~c! Total and partial electronic densities of states calc
lated using the recursion method for the 8/5 approximant~full line:
total DOS, dashed line: Al, dot-dashed line: Pd, dotted line: R
DOS!.
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8350 PRB 59BRIEF REPORTS
spond to a power-law decay,c(r )}r 2a, with a;0.825
60.015. This is of the same order as the exponents ca
lated by Rieth and Schreiber28 for the vertex model of a
two-dimensional Penrose tiling, but indicates a weaker de
than observed by Fujiwaraet al. for decagonal Al-Cu-Co
~whereb was found to vary between 0.6 and 0.9!. Again this
contrasts with the result for icosahedral Al-Pd-Mn where
most no variation in the participation ratio was found
going from the 1/1 to the 2/1 approximant.23

Altogether we find that the electronic structure of icos
hedral Al-Pd-Re is outstanding in two respects.~i! The spec-
trum of all approximants is characterized by deep gaps
pseudogaps around the Fermi energy. For a certain 1/1
proximant we have even found a real gap immediately be
the Fermi energy. Deep pseudogaps have been predicte
many quasicrystalline approximants, but none of these s
ies predicted a real gap. If we allow for a fractional occ
pancy of even a small number of sites~such as it often occurs
in quasicrystalline structures!, the Fermi energy can b
placed into the gap, creating an insulating phase. A perio
u-

y
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-

d
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w
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-

ic

approximant can be constructed by imposing a linear pha
strain. This indicates the possibility that even minimal stru
tural rearrangements in the icosahedral phase describab
terms of inhomogeneous phason strains induce a me
insulator transition.~ii ! The participation ratio of the eigen
states in the region of the Re-5d band suggests scaling be
havior indicative of a critical character of the eigenstates
in contrast to the behavior observed in icosahedral Al-Pd-
where the participation ratio of the Mn-3d dominated states
hardly varies in the low-order approximants. To our know
edge, scaling behavior has not been observed to date in
alistic icosahedral quasicrystals. Our observation supp
the scaling approach to electronic transport in highly res
tive quasicrystals.
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