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Cyclotron-Stark-phonon resonances in semiconductor superlattices under terahertz irradiation
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The influence of strong terahertz irradiation on quantum transport in semiconductor superlattices under
parallel magnetic and dc electric fields is studied within a quantum-kinetic approach. The consideration is
focused on field strengths at which Wannier-Stark and Landau quantization occur. The current density com-
prises two different contributions. One is due to scattering-induced delocalization of carriers. The other one is
negative, and results mainly from photon absorption processes. Within a microscopic as well as a simple
relaxation-time approach, the electric- and magnetic-field dependencies of combined cyclotron-Stark-phonon
and Stark-photon resonances are studied.@S0163-1829~99!06811-3#
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I. INTRODUCTION

The dynamics of charged particles in semiconductor
perlattices~SL’s! subject to a time-dependent external ele
tric field has been the subject of intense research. The ad
of free-electron lasers that are continuously tunable in
terahertz~THz! range allows a systematic study of effec
which result from alternating fields in the THz domain.
variety of time-dependent phenomena have been predicte
occur, such as Bloch oscillations,1 self-induced
transparency,2 negative differential conductivity,3 absolute
negative conductance,4 photon-assisted transport,5 and other
effects. Under the conditions that only the lowest miniba
of the SL is occupied and collisions can be neglected, ca
ers execute Wannier-Stark oscillations under the action
strong dc electric fields. They are localized by moving alo
closed orbits, and do not take part in the dc transport.
carrier transport is only activated by scattering processe
an ac field is applied to the SL, a second transport chan
opens up due to delocalization of carriers in the irradiat
field accompanied by resonant photon absorption. In this
per we will systematically study these two sources of car
transport under the influence of dc and ac electric fields
plied parallel to the SL axis.

Intense dc and ac electric fields lead to interesting featu
in the current-voltage (I -V) characteristics. Near zero bias
THz field tends to localize the electrons, which oscillate w
a finite amplitude, and the current density is suppressed.
is a manifestation of dynamical localization,6 which is a spe-
cific resonance of oscillations with the frequencyv of the
THz field and the ac Bloch frequencyVac5eEacd/\ ~where
Eac is the ac electric field strength, andd the SL period!.
When the dc bias increases until the ac and dc field stren
become comparable, ac and dc Bloch oscillations inter
resonantly, which can lead to a gain of one field. This gain
independent of collisions that govern the dc transport.
Vdc5kv ~whereVdc5eEdcd/\ is the dc Bloch frequency
and k an integer! the carriers tend to escape to infinity. O
the other hand, under this condition tunneling against
field direction by absorbing a photon becomes reson
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Therefore, there is a competition between dynami
delocalization,2 which leads to an increase of the current a
a tendency that the carriers use the energy of the irradia
field in order to tunnel against the dc bias, which may lead
an absolute negative current. Quantum-mechanical trans
occurs when the THz frequency is larger than some recip
cal collision time.7 Otherwise all resonance structures a
completely smeared out by collisions, and the current is r
resented by some time-averaged quantities.

We will restrict our consideration to SL’s with sufficientl
low carrier densities. Otherwise dynamical instabilities,
cluding transition to chaos, are predicted to occur under
influence of an ac field due to the formation of field domain8

or the self-consistent interplay between the internal and
ternal fields.9,10 The related cooperative oscillations lead to
highly multistable behavior of the electronic system.

The main objective of our paper is to study quantu
transport in SL’s under strong dc and ac electric fiel
Quantum effects are strongly enhanced by a magnetic fi
which we therefore include in our consideration. When el
trons are subject to a magnetic field,11 applied parallel to the
SL axis, the in-plane motion also becomes quantized.
related gradual confinement of the lateral electron motion
the magnetic field allows a simultaneous treatment
photon-assisted tunneling between Wannier-Stark~WS! lad-
der states in SL’s and quantum-box SL’s. WS localizati
and Landau quantization of the in-plane motion lead to
completely discrete energy spectrum. As a consequence,
time broadening becomes fundamentally important. Re
nances associated with dc and ac Bloch frequencies, and
and cyclotron frequencies, as well as scattering on po
optical phonons, give rise to a number of peaks in the fie
dependent current density. We want to stress that this fi
configuration enables experimental and theoretical studie
resonances and nonlinear dynamical phenomena in artifi
semiconductor SL’s, which have been accessed up to
only in atoms and molecules.

Most previous theoretical work treated the dynamics
charge carriers in SL’s within a one-dimensional transp
model on the basis of the Boltzmann equation in a cons
8152 ©1999 The American Physical Society
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PRB 59 8153CYCLOTRON-STARK-PHONON RESONANCES IN . . .
relaxation-time approximation.5,2,12–17This simplified model
provides only a crude description of scattering processes,
neglects the quantum nature of the transport as well as
heating of the lateral electron motion described by the thr
dimensional electron distribution function. Like the balanc
equation approach,18 this quasiclassical approximation n
glects the quantization of eigenstates associated with
high electric field. However, quantum-mechanical effe
have been unambiguously identified in SL transp
measurements.19–21Calculations of the current within the se
quential tunneling model22,23 do not cope with the statistica
properties of the SL system under strong electric fields,
cause they use equilibrium distribution functions. To o
knowledge there is no rigorous theoretical study of quant
effects in SL transport that accounts for the influence o
strong THz field. It is the main objective of our paper to fi
this gap, and to present a microscopic quantum-kinetic
proach that accounts for quantum transport in SL’s un
THz irradiation. We will focus on the influence of stron
THz irradiation on electronic transport in semiconduc
SL’s in the presence of parallel dc electric and magne
fields applied perpendicular to the layers in the WS and L
dau quantized regimes, where the electric and magn
fields cannot be considered as small perturbations. The
rent density is calculated within a microscopic quantu
kinetic approach that takes into account the heating of
lateral electron motion via the nonequilibrium electron d
tribution function. Intracollisional field effects due to bo
the dc electric and magnetic fields are included. This ma
it possible to treat simultaneously WS localization and La
dau quantization of the in-plane motion manifest in a co
pletely discrete energy spectrum. Under this condition
consideration of lifetime broadening effects is essential. T
importance of dissipation and line broadening has also b
stressed in Ref. 5, where up to four photon resonances
been identified. The discrete energy spectrum leads
cyclotron-Stark-phonon and Stark-photon resonances, w
are systematically studied both in their electric a
magnetic-field dependences. Particular emphasis is pu
the magnetic-field dependence of such interesting feature
the I -V characteristics as dynamic localization, resonant
localization, and the absolute negative current induced
photon-assisted tunneling against the dc electric field.

It has been claimed in the literature22 that the main ex-
perimental findings7,24,25 can be well described within th
-
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so-called standard theory of photon-assisted tunneling,26,27

which expresses theI -V characteristics under irradiation i
terms of the dc current. On the basis of our microsco
approach, we arrive at the conclusion that this approac
not able to cope with quantum transport. We will demo
strate that the carrier transport under THz irradiation is
completely determined by the expression for the dc curre
Instead, the time-averagedI -V characteristics are compose
of two different contributions, namely, one which is due
scattering of carriers on phonons, and another one wh
results from phononless delocalization of electrons in
radiation field. This result is obtained from a full micro
scopic quantum-kinetic approach, and will be compared w
conclusions drawn from a simple relaxation-time approxim
tion.

The paper is organized as follows. In Sec. II we sh
derive explicit quantum-kinetic equations that describe
high-field transport. The relaxation-time approximation
treated in Sec. III. Numerical results will be presented a
discussed in Sec. IV. Finally Sec. V provides a summary
our work.

II. KINETIC EQUATION

A simultaneous description of WS localization and La
dau quantization requires an exact treatment of the exte
electric and magnetic fields. It is expedient to include the
fields into the unperturbed partH0 of the total Hamiltonian.
Using the so-called WS representation, which diagonali
H0 , one can derive a kinetic equation for the density mat
by treating scattering as a small perturbation.28,29 We start
from this formulation, and switch in the course of calculati
in an exact manner to the Wigner representation by con
ering the symmetry properties of correlation functions in t
presence of electric and magnetic fields. The derivation o
quantum-kinetic equation for the electron distribution fun
tion of a spatially homogeneous system within this fram
work is well documented in the literature,30–32and its gener-
alization to time-dependent phenomena is straightforwar33

Restricting consideration to electrons in the lowest miniba
which interact with phonons, and assuming that the homo
neous electric field is aligned along thez axis perpendicular
to the layers of the SL, in the limit of low electron densitie
we obtain the following kinetic equation for the time
dependent distribution functionf (kut):
] f ~kut !
]t

1
eEz~ t !

\

] f ~kut !
]kz

2
i

\
@«„k1A~ i¹k!…2«„k2A~ i¹k!…# f ~kut !54(

q,l
Mqlg~qz!@Fq~k1q,kut !2Fq~k,k2qut !#,

~1!
tor

e

in which Ez(t)5Edc1Eac cosvt is the time-dependent elec
tric field andA(k) the vector potential of the magnetic fie
in the symmetric gauge. «(k)5\2k'

2 /2m* 1D(1
2coskzd)/2 describes the tight-binding band structure of t
lowest miniband with the widthD, andMql is the electron-
phonon coupling matrix element for phonons of wave vec
q in branchl. g(qz) is the form factor of the SL miniband
calculated in the extreme tight-binding limit.34 The electron-
phonon interaction is considered as Lei, Horing, and Cui34,35

treated it in their studies of the SL miniband transport. W
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8154 PRB 59V. V. BRYKSIN AND P. KLEINERT
use a simple bulk-phonon model that disregards effects
confined and interface phonons. This approach neglects
tails of the electron-phonon interaction in a SL, which a
not of great relevance for the high-field transport studies
in the context of our present interest. The correlation fu
tion Fq , which enters Eq.~1!, is expressed by the expect
tion value
of
e-

d
-

Fq~k1q,kut !5
i

\ (̧ ^bqlak1q2¸/2
1 ak1¸/2& t ~2!

of electron (ak) and phonon (bql) field operators. This cor-
relation function satisfies itself a kinetic equation of the fo
and
d of

ric
g process
]Fq~k1q,kut !
]t

1
eEz~ t !

\

]Fq~k1q,kut !
]kz

2
i

\
@«„k1A~ i¹k!…2«„k2A~ i¹k!…2\vql#Fq~k1q,kut !

5
1

\2
Mqlg~qz!@~Nql11! f ~k1qut !2Nql f ~kut !#, ~3!

with Nql being the equilibrium phonon distribution function andvql the phonon frequency. The expression on the right-h
side of Eq. ~3! has been obtained by a decoupling of the electronic four-point function. Applying the metho
characteristics,36 Eq. ~3! can be solved exactly with the result

] f ~kut !
]t

1
eEz~ t !

\

] f ~kut !
]kz

2
i

\
@«„k1A~ i¹k!…2«„k2A~ i¹k!…# f ~kut !5(

k8
E

t0

t

dt8 f ~k8ut8!W~k8,kut8,t !, ~4!

where at timet0 the external fields are switched on. The scattering probabilityW is given by37

W~k8,kut8,t !5
4

\2 (
q,l

uMqlu2ug~qz!u2 Re@~Nql11!e2 ivql~ t2t8!1Nqleivql~ t2t8!#

3H PS k81
q

2
,k2

q

2
,qUt8,t D2PS k81

q

2
,k1

q

2
,qUt8,t D J , ~5!

where the field-dependent Green’s function

P~k8,k,qut8,t !5expH 2
i

\E0

t2t8
dt9F«S k81

q

2
1

e

\Et8

t81t9
dtE~t!1A~ i¹k8! D

2«S k82
q

2
1

e

\Et8

t81t9
dtE~t!2A~ i¹k8! D G J dk8,k1~e/\! E t

t8dtE~t! ~6!

has been introduced. From Eqs.~5! and ~6! it is seen that the scattering probabilityW depends on the magnetic and elect
fields. These intracollisional field effects have been treated in an exact manner. As a consequence, during the scatterin
neither the energy nor the quasimomentum are conserved in the consideredk representation.

For the considered alignment of the electric and magnetic fields parallel to the SL axis the distribution functionf (kut)
depends only on the norm of the perpendicular momentumk'5uk'u, so that the third term on the left-hand side of Eq.~4!
vanishes. For a sinusoidal ac electric field with a frequencyv, the distribution function is periodic in time@ f (kut1T)
5 f (kut), with T52p/v]. By making use of the Fourier transformation

f ~kut !5 (
m52`

`

eimvt f m~k!, ~7!

the kinetic equation~4! is rewritten in the form

imv f m~k!1
eEdc

\

] f m~k!

]kz
1

eEac

2\ S ] f m11~k!

]kz
1

] f m21~k!

]kz
D5(

k8
(
m8

f m8~k8!Wm8m~k8,k!, ~8!

where in the limitt0→2` the scattering probability is calculated by Eq.~5!, and

Wm8m~k8,k!5
v

2pE0

2p/v

dt ei ~m82m!vtE
0

`

dt8e2 im8vt8W~k8,k,t2t8,t !. ~9!
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In the derivation of a kinetic equation we will neglect the influence of the ac electric field on the scattering. This is ex
to be a reasonable approximation when the Bloch frequencyVac of the ac electric field is much smaller thanVdc. In this case
we have

P~k8,k,qut8,t !5P~k8,k,qut82t !, ~10!

from which we obtain for the kinetic equation~8!

imv f m~k!1
eEdc

\

] f m~k!

]kz
1

eEac

2\ S ] f m11~k!

]kz
1

] f m21~k!

]kz
D5(

k8
f m~k8!Wm~k8,k!, ~11!

with

Wm~k8,k!5E
0

`

dt e2st2 imvt(
q,l

ReFql~ t !FPS k81
q

2
,k2

q

2
,qUt D2PS k81

q

2
,k1

q

2
,qUt D G ~12!

and

Fql~ t !5
4

\2
uMqlu2ug~qz!u2@~Nql11!e2 ivqlt1Nqleivqlt#. ~13!

In Eq. ~12!, s is a phenomenological parameter that accounts for a finite level width.
For parallel electric and magnetic fields aligned perpendicular to the SL layers there is no direct coupling betw

electric and magnetic fields, so that the Green’s functionP factorizes exactly:

P~k8,k,qut !5P'~k'8 ,k' ,q'ut !Pz~kz8 ,kz ,qzut !. ~14!

The lateral electron motion is spherically symmetric. This suggests to use the following ansatz for the distribution fu

f m~k!52p l B
2nse

2k'
2 l B

2

(
n50

`

~21!nLn~2k'
2 l B

2 ! f mn~kz!, ~15!

in which l B is the magnetic length,ns the electron sheet density, andLn are Laguerre polynomials. Equation~15! has already
been exploited in our previous studies.38,37 Inserting the ansatz~15! into Eq. ~11! the following set of integro-differentia
equations is derived for the unknown functionsf mn(kz)

imv f mn~kz!1
eEdc

\

] f mn~kz!

]kz
1

eEac

2\ S ] f m11n~kz!

]kz
1

] f m21n~kz!

]kz
D

5(
kz8

(
n850

`

f mn8~kz8!E
0

`

dt e2st2 imvt(
q,l

ReFql~ t !H PzS kz81
qz

2
,kz2

qz

2
,qzUt D P2~n8,n,q'ut !

2PzS kz81
qz

2
,kz1

qz

2
,qzUt D P1~n8,n,q'ut !J , ~16!

with the abbreviations

P6~n8,n,q'ut !58p l B
2 ~21!n1n8

~2p!4 E d2k'd2k'8 e2~k'
2

1k'8
2
!l B

2
Ln8~2k'8

2l B
2 !Ln~2k'

2 l B
2 !P'S k'8 1

q'

2
,k'6

q'

2
,q'Ut D . ~17!

In a rigorous treatment the matrix element of the electron-phonon coupling is dynamically screened, which smears
steepq dependence atq→0. We will not go into the details of a many-body approach that accounts for screening effects
complication will be circumvented by using a simple model that neglects theq dependence of the electron-phonon mat
element and the dispersion of optical phonons:

uMqlu2ug~qz!u2→v0
2G. ~18!

v0 is the dispersionless frequency of polar-optical phonons. Although this approximation is probably not very reali
polar-optical phonons in SL’s, it is sufficient to demonstrate all basic physical features that we want to display. Relying
approximation, all momentum integrals in Eq.~16! can be calculated analytically. Describing the lateral electron motion
parabolic dispersion relation theq' integral overP6(n8,n,q'ut) can be calculated with the result37
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(
q'

P2~n8,n,q'ut !5
1

2p l B
2

eivct~n82n!, (
q'

P1~n8,n,q'ut !5
1

2p l B
2

dn,n8
2i sin~vct/2!

eivct~n11/2!, ~19!

wherevc is the cyclotron frequency. These equations are used to derive the following simplified version of the kine
~16!:

imv f mn~kz!1
eEdc

\

] f mn~kz!

]kz
1

eEac

2\ S ] f m11n~kz!

]kz
1

] f m21n~kz!

]kz
D

5
1

2p l B
2 (

kz8
(

n850

` E
0

`

dt e2st2 imvtRe F~ t !@ f mn8~kz8!eivct~n82n!Pz2~kz8 ,kzut !2 f mn~kz8!eivct~n2n8!Pz1~kz8 ,kzut !#,

~20!

in which we used the abbreviations

Pz6~kz8 ,kzut !5(
qz

PzS kz81
qz

2
,kz6

qz

2
,qzUt D ~21!

and

F~ t !5
4v0

2G

\2
@~N011!e2 iv0t1N0eiv0t#. ~22!

In the final step of our derivation of a kinetic equation the periodicity of the distribution function39 along the field direction is
exploited@ f mn(kz12p/d)5 f mn(kz)#. Making use of the Fourier transformation

f mn~kz!5 (
l 52`

`

f mn
l eilk zd. ~23!

Equation~20! can be cast into a set of linear equations for the unknown numbersf mn
l

~ imv1 i l Vdc! f mn
l 1

i

2
lVac~ f m21n

l 1 f m11n
l !5 (

n850

`

(
l 852`

`

Am,nn8
l l 8 f mn8

l 8

5
1

2p l B
2d

(
n850

`

(
l 8

S d

2p D 2E
0

2p/d

dkzdkz8e
il 8kz8d2 i lk zdE

0

`

dt e2st2 imvt

3@ f mn8
l 8 ReF~ t !eivct~n82n!Pz2~kz8 ,kzut !

2 f mn
l 8 Re F~ t !eivct~n2n8!Pz1~kz8 ,kzut !#. ~24!
e
o
-

ld

c
t

-
t-
s

y
the
ns

nt
In this equationAm,nn8
l l 8 are the matrix elements of th

scattering-in and -out contributions. The set of homogene
linear equations~24! has to be solved while taking into ac
count the normalization condition

(
n50

`

f 0n
0 51. ~25!

Throughout this paper we refer to large dc electric-fie
strengths, where WS localization occurs:Vdct@1. In this
case the perturbational treatment of scattering, which indu
the current, has become a unique method of determining
high-field transport.39 Under the conditionVdct@1 and high
THz irradiation, it is sufficient to retain only the main Fou
rier components of the distribution function on the righ
hand side of Eq.~24!, which implies replacing the number
us

es
he

f mn8
l 8 by dm,0d l 8,0f 0n8

0 in this term. In addition, it is necessar
to account for damping of resonances that stem from
THz field. To that end we collect scattering-out contributio
with l 5 l 8. which dominate in the limitD/\Vdc!1. Putting
all this together, from Eq.~24! we obtain the following
quantum-kinetic equation valid for high electric fields

~ imv1 i l Vdc! f mn
l 1Bn

l f mn
l

1
i

2
lVac~ f m21n

l 1 f m11n
l !5dm,0Dn

l , ~26!

whereBn
2 l5(Bn

l )* and Dn
2 l5(Dn

l )* . The matrix elements
Bn

l that microscopically account for the damping of curre
resonances induced by the irradiation field are given by
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Bn
l 5

1

2p l B
2d

(
n850

`

(
l 852`

`

Fl 8E
0

`

dt e2st2 i ~ l 1 l 8!Vdct

3Re F~ t !eivc~n2n8!t. ~27!

As we will show below, the current density is proportional
the matrix elementsDn

l 521 , which are expressed by

Dn
l 52152

1

2p l B
2d

\Vdc

D (
n850

`

(
l 8

l 8Fl 8E
0

`

dte2st

3@ f 0n8
0 F~ t !eivc~n82n!t2 i l 8Vdct2 f 0n

0 F~ t !

3e2 ivc~n82n!t1 i l 8Vdct#. ~28!

The miniband widthD enters the kinetic equation~26! only
via the functionFl :

Fl5
1

pE0

p

dz Jl
2S D

\Vdc
sinzD . ~29!

The t integrals in Eqs.~27! and~28! are elementary, and lea
to poles in the complex frequency plane.

Our final set of linear equations~26! for the components
f mn

l of the electron distribution function can be solved e
actly. This is most conveniently done by transforming ba
to the time representation. This results in a first-order diff
ential equation

d f n
l ~ t !

dt
1 i

dAl~ t !

dt
f n

l ~ t !5Dn
l , ~30!

with

dAl~ t !

dt
5 l ~Vdc1Vac cosvt !1Bn

l / i , ~31!

which is easily solved. The time-averaged solution is
-
k
-

f 0n
l 5Dn

l v

2pE0

2p/v

dt e2 iAl ~ t !FC1E
0

t

dt eiAl ~t!G , ~32!

where the integration constantC is determined from the pe
riodic boundary conditionf n

l (t12p/v)5 f n
l (t). In order to

calculate the remainingt integrals in Eq.~32!, the following
expansion in a series of Bessel functions is used:

expS i l
Vac

v
sinvt D5 (

k52`

`

JkS l
Vac

v Deikvt. ~33!

A solution of the kinetic equation~26! refers to the case o
high dc electric-field strengths (Vdct@1). It should fulfill
the essential requirement that the nonequilibrium distribut
function of the dc case is reestablished in the limitVac→0.
This is achieved by making use of the replacementDn

l

→Dn
l (12 iBn

l / lVdc) in Eq. ~32!, which is in accordance with
our assumptionVdct@1. Finally, we obtain the following
solution of Eq.~26!:

f 0n
l 5

Dn
l

i l Vdc
(

k52`

`

Jk
2S l

Vac

v D i l Vdc1Bn
l

i ~ lVdc2kv!1Bn
l

, ~34!

which indeed reduces to the nonequilibrium distributi
function of the dc case@( f n

l )dc5Dn
l / i l Vdc#, whenVac van-

ishes. Solution~34! has been obtained under the conditi
that the influence of an ac field on scattering can be
glected. Which effects an ac field exerts during scatter
events is an open question which deserves further inves
tions.

Once the distribution function has been calculated the c
rent density is readily obtained from the equation

j z~ t !5
e

\V (
k

]«~k!

]kz
f ~kut !. ~35!

Inserting the considered cosine tight-binding dispersion re
tion into Eq.~35!, from Eqs.~7!, ~12!, and~23! we obtain the
following explicit expression for the time-averaged curre
density:
to the
j z5
v

2pE0

2p/v

dt jz~ t !5
ensD

4\

1

2i (
n50

`

~ f 0n
l 5212 f 0n

l 51!5
ensD

4\
Im(

n50

`

f 0n
l 521 . ~36!

From Eqs.~34! and~36! the current density is expressed by a sum of two quite different contributions, which correspond
above mentioned mechanisms of delocalization:

j z5 j z
~phonon!1 j z

~photon!5
ensD

4\Vdc
(
n50

`

(
k52`

` Jk
2~Vac/v!

~Vdc2kv!222Vdc Im Bn
l 5211uBn

l 521u2

3$Re~Dn
l 521!@Vdc~Vdc2kv!22Vdc Im Bn

l 5211uBn
l 521u2#1Im~Dn

l 521!kv Re Bn
l 521%. ~37!
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If the ac electric field vanishes (Vac50) only thek50 term
survives in the k sum, and it remains, as it shou
be, the scattering induced current densityj z

dc

5ensD(n Re Dn
l 521/(4\Vdc) at the presence of a strong d

electric field. This current contribution is calculated from t
antisymmetric part of the nonequilibrium distribution fun
tion ( f n

l )dc. If an additional ac field is applied to the SL th
part, denoted byj z

(phonon), is modified as indicated. There is
second contribution to the current density,j z

(photon), which
results from photon-mediated delocalization of carriers. T
radiation-induced current contribution is strongly manifes
at resonances stemming from the interplay between Bl
oscillations and the THz field. It is proportional to the sym
metric part of the dc distribution function, which is con
nected with the mean energy of a simple cosine b

@ «̃(kz)5(D/2)coskzd# via the equation

^«̃&5
1

V (
k

«̃~kz! f dc~k!52
nsD

4Vdcd
(
n50

`

Im Dn
l 521 .

~38!

This current contribution describes the effect that carri
absorb the energy transferred into the SL by the radia
field and tunnel against the field direction.j z

(photon) is nega-
tive, and goes to zero at high dc electric fields or vanish
ac frequency. On the basis of the relaxation-time approxim
tion, we obtain essentially the same physical picture in S
III.

III. RELAXATION-TIME APPROXIMATION

The main physical results obtained in Sec. II on the ba
of a microscopic quantum-transport theory are now rep
duced and discussed within a simple relaxation-time mo
In addition, we attempt to clarify a number of issues whi
have previously been treated in a rather nonrigorous fas
on the basis of the Boltzmann equation in the relaxation-t
approximation. Quite similar to former theoretic
studies,5,2,12–17 in this section we will introduce a constan
relaxation time, thereby making it possible to solve the
netic equation analytically. This simplified approach is
tended to provide a better physical understanding of how
nonlinear high-field transport is affected by the THz irrad
tion. Within the constant relaxation-time approximation, E
~26! has the form

~ imv1 i l Vdc! f mn
l 1

i

2
lVac~ f m21n

l 1 f m11n
l !

52
1

tac
~ f mn

l 2dm,0f̃ n
l !, ~39!

where the parametertac describes the relaxation of the a
signal within the SL. Equation~39! has been solved in th
literature5,2,12–17by identifying the unknown functionf̃ n

l with
the equilibrium distribution function. The validity of this re
placement, i.e., the assumption that the scattering-out ter
associated with an equilibrium distribution function even
high dc electric fields, has to be strongly questioned. H
we propose a completely different and more natural appro
by requiring that the normalized functionf̃ n

l is chosen so as
to ensure that at vanishing ac field intensity (Vac→0) a dis-
is
d
h

d

s
n

g
a-
c.

is
-
l.

n
e

-
-
e

-
.

is
t
e
ch

tribution function is recovered that governs the dc transp
This is achieved by relatingf̃ n

l to the nonequilibrium distri-
bution function (f n

l )dc, which determines the carrier trans
port under constant bias:

f̃ n
l 5~ i taclVdc11!~ f n

l !dc. ~40!

f̃ n
l is the formal solution of Eq.~39! for Vac5 andm50 and

fulfills, as (f n
l )dc does, the sum rule~25!. Similar to the cal-

culation in Sec. II the Boltzmann equation~39! can be solved
exactly by transforming it back to the time representatio
The time-averaged solution has the form

f 0n
l 5~ f n

l !dc (
k52`

`

Jk
2S l

Vac

v D
3

lVdc2 i /tac

lVdc1kv2 i /tac
, ~41!

which indeed restores (f n
l )dc when Vac→0, because in this

case only thek50 term survives. Our solution~41! consti-
tutes a novelty, to our knowledge, as previous approac
did not recognize the requirement that at vanishing ac fi
the nonequilibrium distribution function of the remaining d
field should be reproduced and not the equilibrium functio
which cannot adequately describe the nonlinear transport
der constant bias.

From Eqs.~41! and ~36!, the current density can be ca
culated. Again it is composed of two parts:

j z5 j z
~phonon!1 j z

~photon!

5Im Jdc (
k52`

`

Jk
2S Vac

v DVdc~Vdc2kv!11/tac
2

~Vdc2kv!211/tac
2

2ReJdc

1

tac
(

k52`

`

Jk
2S Vac

v D kv

~Vdc2kv!211/tac
2

,

~42!

whereJdc5ensD(n( f n
21)dc/4\ is a complex function, the

imaginary part of which is nothing but the dc current densi
As in Sec. II and quite similar to the ac hopping conductiv
in disordered systems,40 the current originates both from
phonon- and photon-induced transitions between Stark
der states. If there is no THz field (Vac50), Eq.~42! reduces
to j z5Im Jdc, that describes the nonlinearI -V characteris-
tics under constant bias. The second current contributio
Eq. ~42! is photon induced, and vanishes whenVac or v goes
to zero. It gives rise tod-like peaks in theI -V characteristics
whenever the Bloch frequencyVdc is an integer multiple of
the ac frequencyv under the condition that the scatterin
time goes to infinity (tac→`). This contribution is always
negative since photon absorption dominates over pho
emission. Whereas photon absorption becomes reson
emission does not.j z

(photon) describes the effect that Bloc
oscillating carriers mainly absorb the radiation energy
move the Stark ladder upwards, which results in a nega
current contribution. To our knowledge this is a complete
new explanation for the fact that the SL current can beco
negative under THz irradiation. This effect has a mechan
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analogy. Consider a vibrating system with an eigenfreque
Vdc under the influence of a driving oscillating force with
frequencyv. At resonance the system acquires energy fr
the external time-dependent force, which leads to a re
nance enhancement of the vibrational amplitude. Reso
depression does not occur.

The contributionsj z
(phonon)and j z

(photon) depend both on the
THz field and the electron-phonon scattering. The first te
in Eq. ~42! leads to sharp peaks in the current density
cyclotron-Stark-phonon resonance positions, whereas
second term, which is proportional to ReJdc, depends on the
principal values of the denominators and is, therefore, a
ciated with virtual transitions between Landau- and Sta
ladder states. With respect to the photon resonances the
ation is just reversed. Herej z

(photon) becomes resonant whe
Vdc5kv, whereasj z

(phonon) is related to the principal value
of these resonances.

Now we will demonstrate how the so called standa
theory of photon-assisted tunneling is obtained within o
approach. To this end we calculate the quantity (f n

l )dc by
disregarding the ac field (v5Vac50,tac→t) and replacing
f̃ n

l by the equilibrium distribution function in Eq.~39!. In this
approximation the current is independent of the magn
field. The resulting Boltzmann equation was solved ma
years ago41 to determine the temperature dependence of
current within the Esaki-Tsu model.42 We obtain

(
n50

`

~ f n
l !dc5

I l S D

2kBTD
I 0S D

2kBTD
1

i l tVdc11
, ~43!

where I l are modified Bessel functions. Inserting this so
tion into Eq. ~42!, the contributions proportional to ReJdc
and ImJdc combine, and result in a simple equation
d
ul
-

b
el
om

d
s

y

o-
nt

t
he

o-
-
itu-

r

ic
y
e

-

j z~Vdc,Vac!5 (
k52`

`

Jk
2S Vac

v D j z
~ET!~Vdc1kv!, ~44!

with j z
(ET) being the dc current density of the Esaki-T

model.41 Equation ~44!, known as the Tien-Gordon26 or
Tucker27 theory, has been widely used to study photo
assisted tunneling in SL’s under dc bias.5,2,12–17However, its
obvious generalization, replacingj z

(ET) by any other expres-
sion for the dc current to account for quantum effects, is
correct. If a more detailed analysis of the tunneling curren
desired, it is not sufficient to know only the expression f
the dc current density (ImJdc) but also the related real pa
(ReJdc), which is given by the symmetric part of the non
equilibrium distribution function. In this more general ca
one has to go back to Eq.~42! or if the damping of the THz
signal is described within a microscopic approach to a f
mula like Eq.~37!. Such a generalization is necessary, e.g
one wants to study the behavior of cyclotron-Stark-phon
resonances under THz irradiation, since WS localization
not included within the quasi-classical Esaki-Tsu mod
Moreover, the importance of a microscopic description of
dc current for the study of photon-assisted tunneling in S
was recently addressed by Wackeret al.22

Here we will give an example of such a study, and co
sider cyclotron-Stark resonances due to scattering on ion
impurities.43 We want to stress that it is not sufficient t
restrict the consideration on elastic scattering, since a fi
dc current is only obtained if dissipation via inelastic scatt
ing is taken into account. Here we circumvent this proble
in a rather nonrigorous way by introducing a phenome
logical broadening parameters. The expression, we will use
to characterize the dc transport, was derived in Ref. 37:
H Re

ImJJdc5
2ensni

\2 S 4pe2

« D 2E
0

` dq'

~2p!2
q'E

0

2p/d

dqz

ug~qz!u2

~q'
2 1qz

21qTF
2 !2 (

l 51

`

l H sinh

coshJ S \Vdc

2kBT
l D Jl

2S D

\Vdc
sin

qzd

2 D E
0

`

dt

3exp~2st!H cos

sinJ ~ lVdct !expH 2
q'

2 l B
2

2 sinh~\vc/2kBT!
@cosh~\vc/2kBT!2cosvct#J . ~45!
he-
ter

o-
lec-
ig.

are
of

o-,
Hereni is the impurity density,« the dielectric constant, an
1/qTF the Thomas-Fermi screening length. Numerical res
derived from Eqs.~42! and ~45! will be presented and dis
cussed in Sec. IV.

IV. NUMERICAL RESULTS AND DISCUSSION

At first we will present and discuss numerical results o
tained by the phenomenological treatment of the THz fi
presented in Sec. III. The current density is calculated fr
Eq. ~42! together with the quantityJdc in Eq. ~45! that char-
acterizes the transport properties of an electron in a SL un
strong magnetic and dc electric fields. We considered ela
ts

-
d

er
tic

scattering on ionized impurities where dissipation was p
nomenologically introduced by a dc broadening parame
tdc51/s. Equations~42! and ~45! allow us to study the in-
fluence of strong THz irradiation on cyclotron-Stark res
nances in the SL transport. Numerical results for the dc e
tric field dependence of the current density are shown in F
1 for Vac50 ~thick dashed line! compared with the case
when a strong THz field is applied (Vac/v52). In addition,
phonon- and photon-induced current contributions that
given by the first and second terms of the right-hand side
Eq. ~42! are displayed by thin solid lines~a! and (b), respec-
tively. The positions of cyclotron-Stark resonances atlVdc
5mvc are marked by vertical dashed lines, while one-, tw
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and three-photon transitions atVdc5kv are indicated by
vertical solid lines in Fig. 1. Below 20 kV/cm theI -V char-
acteristics changes profoundly due to the presence of th
electric field. As already discussed in Secs. II and III t
photon-induced current contribution~curveb), which is pro-
portional to the symmetric part of the nonequilibrium dist
bution function (f n

l )dc, is always negative, and describ
carrier transport against the field direction via photon abso
tion. This contribution exhibits sharp photon resonances
Vdc5kv, whereas its magnitude vanishes strongly in
limits tac→`, Vac→0, or Vdc→`. Contrary, the first con-
tribution on the right-hand side of Eq.~42! ~curve a) de-
pends on the principal value, and leads to a slight shift of
photon resonances. This contribution may exhibit sh
peaks at cyclotron-Stark resonance positions~indicated by
vertical dashed lines!.

The magnetic-field dependence of the current densit
shown in Fig. 2, where the vertical dashed lines mark ag
the positions of cyclotron-Stark resonances. Such resona
have been identified in recent experiments.19,20 The thick
dashed line exhibits the current density forVac50, whereas
the thick solid line has been calculated withVac/v52.
Again the thin solid linesa and b are the results obtaine
from the two current contributions in Eq.~42!. The scattering
induced current contribution~curve a) follows mainly the
magnetic-field dependence of the dc current~dashed line!,
whereas the second one, which is proportional to the pri
pal value of cyclotron-Stark resonances, leads to a shif
resonance peaks and drives the current appreciably tow
negative values.

Qualitatively the same results are obtained within the
croscopic quantum approach derived in Sec. II, where
treated the effect of the THz irradiation on cyclotron-Sta
phonon resonances, which are due to carrier scattering
polar optical phonons. Figure 3 shows the current densit
units of j z05ensm* v0

2G/2p\3d(m* is the effective mass!
as a function of the dc electric field forVac50 ~dashed line!
andVac/v54 ~thick solid line! as calculated from Eq.~37!

FIG. 1. Electric-field dependence of the current density
Vac50 ~thick dashed line! and Vac/v52 ~thick solid line! and
D/\v051, \v0 /kBT51, v/v050.2, andH520 T ~the SL pe-
riod d is 10 nm). The thin solid lines~a! and ~b! denote the first
and second contributions in Eq.~42!. The following parameters
1/v0tdc50.2 and 1/v0tac50.05 have been used, wheretdc is the
relaxation time of the dc transport. The impurity concentration
ni51018/cm3.
ac

p-
at
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e
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-
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together with Eqs.~27!–~29!. Again the two current contri-
butions of Eq.~37! are denoted bya and b. The frequency
positions of cyclotron-Stark-phonon resonances, marked
vertical lines in Fig. 3, do not change significantly with var
ing Vac. This is a consequence of the fact that the dc and
contributions in Eq.~37! essentially factorize. Above 30
kV/cm dynamical delocalization leads to an enhancemen
the current density under the influence of THz radiation. T
interplay between dynamical localization and delocalizat
is also seen in the magnetic-field dependence of the cur
density displayed in Fig. 4 forVac50 ~dashed line!,
Vac/v52 ~upper solid line!, and Vac/v54 ~lower solid
line!. With an increasing strength of the ac field the curre
first increases slightly for almost all magnetic-field value
until a further increase ofVac leads to a drastic reduction o
the current density. The details of this current change dep
sensitively on the dc electric-field strength.

Figure 5 shows the temperature dependence of the cu
for Vac50 ~dashed line!, Vac/v52 ~upper solid line!, and
Vac/v54 ~lower solid line!. The fact that the current in

r

s

FIG. 2. Magnetic-field dependence of the current density
Vac50 ~thick dashed line! andVac/v52 ~thick solid line! andE
515 kV/cm. The same parameters as in Fig. 1 have been use

FIG. 3. Electric-field dependence of the current density
Vac50 ~dashed line! and Vac/v54 ~solid line!. The following
parameters have been used:D/\v050.5, \v0 /kBT55, v/v0

50.2, d50.1, andH510 T. The thin solid lines~a! and ~b! de-
note the first and second contributions in Eq.~37!. Positions of
cyclotron-Stark-phonon resonances are marked by thin ver
lines.
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creases with increasing temperature clearly underlines
hopping character of the SL transport. The ac field-indu
shift of the current density towards negative values is m
pronounced at low temperatures.

V. SUMMARY

Studies of nonlinear SL transport under THz irradiati
have recently occupied a great deal of attention b
theoretically5,2,12–17and experimentally.7,24,25 Most previous
theoretical studies and the analysis of experiments relied
an analytical solution of the Boltzmann equation in t
relaxation-time approximation. This approach suffers fro
two serious deficiencies:~i! it cannot account for quantum
effects due to WS localization; and~ii ! it introduces an equi-
librium distribution function, which has to be strongly que
tioned when a strong dc electric field is applied. It was
main objective of our paper to overcome these serious
advantages of former theoretical approaches. Within a mi
scopic quantum-mechanical picture we studied the influe
of strong THz radiation on cyclotron-Stark and cyclotro
Stark-phonon resonances, which appear in the nonlinea
transport when high magnetic and dc electric fields are
plied parallel to the SL axis. This approach has been co
pared with a phenomenological treatment of ac field effe
on the SL transport, which is intended to provide a be
understanding of the main physical aspects. Our theor
constructed in such a way as to ensure the reappearan
the nonequilibrium dc electron distribution function whe
the ac field vanishes. An equilibrium distribution functio

FIG. 4. Magnetic-field dependence of the current density
Vac50 ~dashed line!, Vac/v52 ~upper solid line!, and Vac/v
54 ~lower solid line!. The dc electric-field strength isEdc

517.7 kV/cm (eEdcd5\v0/2) and \v0 /kBT52. All other pa-
rameters are the same as in Fig. 3. Positions of cyclotron-St
phonon resonances forl 51(l 52) are marked by thin solid
~dashed! vertical lines.
n

he
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st
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n

e
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e
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which has no physical meaning if a strong dc electric field
applied to the system, is completely absent in our approa
The calculated current density is composed of two contri
tions, one of which is proportional to the dc current dens
and describes scattering-induced carrier transport, whe
the other one is due to delocalization in the THz field. T
latter current contribution is related to the symmetric part
the nonequilibrium dc distribution function, and disappea
when the ac field vanishes. It becomes prominent when
dc and ac electric-field strengths become comparable in m
nitude. This term, which is always negative, describes car
transport against the field direction due to photon absorpt
It exhibits sharp minima at photon-Stark resonance positi
Vdc5kv, and is proportional to the principal value o
cyclotron-Stark-phonon resonances. The second trans
channel, opened by carrier collisions, is mainly determin
by the dc current density modified by a factor that depe
on the THz field and the principal value of photon-Sta
resonances.

In conclusion we focused on the influence of intense T
fields on the nonlinear SL transport, thereby making it p
sible to study combined cyclotron-Stark-phonon and Sta
photon resonances. Further progress is expected from ex
mental studies of the nonlinear transport in SL’s under stro
THz irradiation, where quantum-mechanical effects a
strongly manifest.
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FIG. 5. Temperature dependence of the current density forVac

50 ~dashed line!, Vac/v52 ~upper solid line!, and Vac/v54
~lower solid line!. The dc electric-field strength isEdc

517.7 kV/cm, andH510 T. All other parameters are the same
in Fig. 3.
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