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Systematic study of the Wiedemann-Franz law in the quantum-Hall-effect regime
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A systematic study of the Wiedemann-Franz law in the quantum-Hall-effect regime is presented. For this
purpose the diffusion thermal conductivity tensor is calculated for a two-dimensional electron gas at low
temperatures in a quantizing magnetic field. The range of validity of the Wiedemann-Franz law is investigated
performing both analytical and numerical calculations. The analysis shows that for the diagonal component of
the thermal conductivity, the Wiedemann-Franz law is violated with decreasing Landau level broadening.
Responsible is the coefficieNt,, and specifically the effect of the energy derivatives of the diagonal electrical
conductivity and consequently the shape of the density of states. For the nondiagonal components we obtain
smaller deviations. We give physical interpretations for the resulted behfS@t63-18209)05408-9

[. INTRODUCTION this problem. We investigate the range of validity of the WF
law in the QHE regime calculating analytically and numeri-
One of the most unclear problems since the discovery otally the diffusion TC tensor. Our theoretical approach is
the quantum Hall effettis heat transport. Although a num- applicable at very low temperatures where diffusion domi-
ber of studies have been devoted to the evaluation and tHeates over phonon-drag. Ref al.*’ gave a threshold of 0.6
measurement of thermopowiet® and thermal conductivity K as a lower limit for phonon-drag dominance below which
(TC),'*1° the situation is still obscure. Fundamental lawsdiffusion prevails. Recent measurements reported for 2D
such as the Wiedemann-FrafiF) law have been ques- Systems by Crumgt al!®and Bayotet al'® showed that the
tioned as far as their validity is concerned and a convincingliffusion thermopower dominates at temperatures lower than
Systema’[ic ana|ysis for the reasoning of poss|b|603 K. This was theoreticallyjustified by KaravoIaBaI.ZOA
deviation$'*® seems to be lacking in the literature. For the detailed physical interpretation of the results is presented.
TC there are very few experimental data available. Syme The present paper consists of the following: The basic
et al'® have measured the electron contribution in the TCelements of the transport theory are given in Sec. Il. Numeri-
and they found that the WF law holds for the particularcal and analytical calculations for the diagonal component of
2DEG. Unfortunately their data were taken in the absence dihe TC, together with the diagonal component of the electri-
a magnetic field. cal conductivity are given in Sec. lll. Calculations of the
0ji*! evaluated the TC tensor of a two-dimensional elecCorresponding nondiagonal quantities are presented in Sec.
tron gas(2DEG) in a quantizing magnetic field using the IV. Finally our conclusions are given in Sec. V.
Kubo formula and the self-consistent Born approximation
(SCBA). He reported that the diagonal component of the TC Il. TRANSPORT THEORY
tensor versus the chemical potential has a characteristic
“two-peak” shape, while WF law is violated. The Lorentz
numberx,, /o T varies erratically with the position of the
chemical potential in the energy spectrum. The nondiagon

The basic equations that govern the response of a typical
semiconductor to external stimulfor example, an electric
Jield E or a temperature gradieftT)?! are

componentsk,,/a,,T oscillate about the standard value J=0E +L(—VT) (18
m%(kg/e)?/3. As a reasoning he only noticed that these ef- " '

fects originate from the discrete nature of the density of Q=ME,+N(-VT), (1b)
states(DOS).

Blanter et al® evaluated the TC tensor by means of thewhereE,, is the electromotive force] is the electric current
diagrammatic technique within the SCBA for the same re-density,Q is the thermal current density; is the electrical
gime with impurity disorder. They reported that both the conductivity andL,M,N are the remaining three transport
diagonal and the nondiagonal components of the TC tensdtoefficients.
exhibit deviations from the WF law. The reason for the WF  For experimental convenience the above equations are
law violation was attributed to the fact that thermopowertransformed to
components are not small due to rapid variation of the elec-
tronic DOS. En=pJd+S(=VT), (23

We believe that the theoretical studies reported leave the
question of the validity of the WF law in the quantum-Hall- Q=mJ+x(=VT), (2b)
effect (QHE) regime still open and a complete and convinc-where p is the resistivity,S is the thermopowers is the
ing physical reasoning of the behavior obtained is still lack-peltier coefficient, and is the TC. Here,
ing.

In the present paper we attempt a systematic approach to p=o0"1, (33
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S=-o"L, (3b) 4 g2n-1
NJ (Tll OT+2 ap kBT) dE2" H|](E)
E=Ep
7=Mao 1, (3¢
k=N—Mo IL=N+MS. (3d) e T/~
B ,dH;(E) 7 L,0%H;(E)
When a magnetic field is applied, these coefficients be- - g(WkBT) dE +ﬁ) mKgT) F
come second rank tensors depending on the applied magnetic
field. These transport tensors as far as diffusion is concerned 930 d5H, (E)
have been derived from the Kubo formula by Skarand +m(wk5 )6+
Streda?? and they are given by dE
. 71120( - gd"Hij(E) ®
* If(E) zoa1a00 7K l) " ————,
Uij:f_ (_T)Uij(E)dE, (4a) 60480 dE

wherea,, are dimensionless numbétsnd at very low tem-
peraturesr;;(E) = oj; . In the above analytical expression we
1 [ If(E) have kept only the f|rst three correction terms in the intergral
Mij=— —f ( )(E Er)oij(E)dE=L;T, expansion. The first term on the right-hand side of ).

g e)_« JE
(4b) represents the WF law. Here,
d 2
HE) Hij (B)= qgloi (E)(E-Ep)7]. 9
1 (= d
Nij=—— ( )(E Er)?0ij(E)dE. (40 _ _ -
e?TJ)-= JE The diagonal component of the electrical conductivity

tensor afT=0 K is

f(E) is the Fermi-Dirac distribution function,<e) is the o2
electron charge, and;(E) is the zero temperature electrical o(E)= Tz (n+1/2)(721%T,D,(E))?, (10
conductivity forE=E. mh N

The full theory has been presented elsewk&fé.The

. ! whereD(E) is the D for carriers in the Lan level
matrix elements of the TC tensor are given by ereD,(E) is the DOS for carriers in the Landau leve

given in a Gaussian forf?

XX~ Nxx+ Mxxsxx_ MnyyXi (Sa) Dn(E) — 1 1 ef(EfEn)leﬁ_ (11)
272 27T,
Kyy=NyyT My S+ M, Syy - (5b) Here,I',, is the Landau level broadening,, is the energy at

the middle of the Landau level given byE,=(n
+1/2)hw., where w,=eB/m* is the cyclotron frequency,
m* is the electron effective madss A/eB is the magnetic
length, and 1/21? is the available number of states in each

The thermopower tensor is givenBy7*

— Pl Prylyx — Pryboct ProLyx Landau level. Thus, the diagonal component of the electrical
S=( ) . (6) conductivity tensor for large magnetic fields, is given by®°
nyLxx_ PxxLyx ~ Pxxbxx— nyLyx
. ) = + 212 2
WF law is expressed ag;=o;(E)LoT. Here,L, is the 2 f ( (n 3)(m?1°T Dy (E))>.
Lorenz number given by (12)
The nondiagonal component of the electrical conductivity
w2 kg\? tensor is given by
Lo=31% (7
e af(
ny=—§f dE| — 2 def(E)D (E),
andkg is the Boltzmann constant. (13)

To reproduce analytically the WF law and to investigate
possible deviations, we have to analyze the behavior of th&here the nondiagonal component of the electrical conduc-
two terms appearing on the right-hand side of Egd), tivity tensor atT=0 is
evaluating the tensor components appearing in the matrix

elements of Eqs(5a and(5b). oy (E):E f dE D,(E)f(E). (14)
The Nj; tensor is given by y n
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FIG. 1. kyy, oyyloT, andN,, versus the magnetic field @t=0.15 K,T",=67kgT (a), andl",=0.57kgT (c). The ratioN,,/k, for
I',=67kgT (b) and the ratioN,,/«,, andao,,LoT/k, are also presented fdr,=0.57kgT (d).

Ill. DIAGONAL COMPONENT
OF THE THERMAL CONDUCTIVITY

Equation(15) shows that as the broadening becomes smaller,
the higher order inrkgT/T",, correction terms become im-
portant. This equation allows us to find a threshold for the

We calculated numerically,, . andNy using Egs. validity range of the WF law. For &aussian DOSa

(12), (5a), and(4c). We have take@ =0.15 K. Our results
are shown in Fig. 1. In Fig. (&) we plot «,, together with
oyyLoT and Ny, versus the magnetic field for large Landau
level broadening I(,,=6wkgT). The two curvesk,, and
N,x coincide while the two curves representing, and

oylLoT are very close. In Fig.(b) the ratioN,,/ k. Versus  gives the first correction term to be only the 5.6% of the

the magnetic field for the same Landau-level broadening ignain contributionthe WF law, a value well below the usual

plotted. The deviation of this ratio from 1 is almost negli- experimental errof®

gible. ':‘. F'fg'lé(cz we plot KﬁX' ‘L’XX IaOT* land:\léx ve(;sus the In Fig. 2 we preseni,, versus the magnetic field evalu-

ngg:klcT 1eld tor adsrlr\1|a ebr han au. exe | I’Of; emﬂb‘ ( ated both analytically, using E¢L5), and numerically, from

=0.5mKgT). rxx and Ny behave similarly showing a g0 “tor different Landau level broadenings in the range

two- peak behavzgor. Thisisin acc%rdance with the behav- [6mkeT, mkeT]. Figure 2a) (for I'y=67kgT) Shows a very

i i i ith Fi Bl.7TKgl]. n= B

|1cz;)o tgalze_(lj_ bdyOCG)E n%T?OIﬁI(?Wntgg al.béﬂac\clnig:ra}rs]t;\i/ghg;g. good agreement between the analytical and numerical results
o Xx=D ) ' " eamea achieved taking into account only the main contributifirst

the ratio N,,/«,yx versus the magnetic field for the same ' . .
Landau level broadening deviates from 1. term) of the analytical expansion given by E(5). The

The deviation from WF law becomes clear looking at thethree correction terms make negligible contributions. In Fig.
ratio oL o T/ kyy. The fact that the ratidly,/x,, is closeto  2(0) (for I'y=37kgT) the contribution in the expansion
unity shows that the WF law is violated not because of theffom the first-order correction, £kgT/T'))%, is important
thermopower[see Eq.(3d)] suggested by Blanteet al,®> and as the value of the Landau level broadening becomes
given thatN,,/oLoT is not always 1, as Blanteetal.  smaller[I'y=2mkgT in Fig. 2(c) or I'y=mkgT in Fig. 2(d)]
accepted, but due to the effectMf, and specifically of the more correction terms have to be taken into account to im-

energy derivatives of the diagonal electrical conductivityProve the agreement between the analytical and the numeri-
[Egs.(8) and (9)]. cal results. From Fig. (&) it becomes obvious that for small

When a Landau level is half-filled, tHe—E,, term van- I’y even the inclusion of three correction terms is inadequate
ishes. TherN,, is given by to approximate the numerical result and consequently many
more correction terms are needed.

T,>57kgT (16)

N =L TS L. € 14( mkgT\? For a semielliptical DO%>
xx— =0 = (n+2)87Tﬁ2 _E Fn
11160 7kgT\* 106680 mkgT|° 1 ” 110
"5030| T, ) ~ 75600, T, (15 Dn(B)= 552 {1-[(E-E)T 3% (17)
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FIG. 2. N,, calculated both numerically and analyticallyTat 0.15 K (with an increasing number of terms with decreasing Landau level
broadening versus the magnetic field fat,=6wkgT (a), I',=37kgT (b), ',=27kgT (c), andT',,= wkgT (d).

d20 (E) 1 d*o (E) 3 contributfiorr: of th?j thelrmolpower is noticeable only near the
———=-— ad —— —=——, (18)  center of the Landau level. _ o
dE Iy dE | I Using the Sommerfeld expansion and taking into account

only the first two terms, we obtain
resulting to correction terms of substantially lower values

compared with the corresponding terms for a Gaussian DOS. Noo= gL T+ 14
Thus, due to the sensitivity of these derivatives on the xy™ Pxy=0 10B(wkg)(2m12)\ 2
shape of the DOS, the study of the deviations from the WF T8
L ; . - -
law could indicate which type of DOS is the most appropri B Loe(E—En)e*(E*En)z’rﬁ. (19
ate. r,

We are interested in carri_ers of energy differerGd Away from the middle of the Landau level, the exponential
from both sides of the Fermi energy. If the Landau level

.o . 4 dependence onH—E,) diminishesN,, strongly. Near the
broadening is quite large, the Gaussian DOS can be approXgdie of the Landau level is the linear tefr-E,,, which

mated as linear in the regidie:—kgT,E+kgT] and thus  makes the contribution of this correction term unimportant.
the higher derivatives of the electrical conductivity are notthys, it is the interplay of these two terms that results in the
important. For small Landau level broadening, the above apyalidity of the WF law even for small values of the Landau
proximation fails and the energy derivatives start to play anevel broadening. In contrast with Fig.(a8, in Fig. 3c)
important role. o4yLoT does not follow thex,, behavior. The larger devia-
tions appear half-way from the middle of the Landau level.
This behavior is consistent with the preceding analysis. In
IV. NONDIAGONAL COMPONENT Fig. 3(d) the ratios Ny,/xy, and oy LT/, versus the
OF THE THERMAL CONDUCTIVITY magnetic field for the same Landau-level broadening are
We have also calculated numericably,, «yy, andNy, close to 1 for the whole range of the magnetic field. It is
using Eqs(13), (5b), and(4c) at T=0.15 K. Our results are fgt(i)gvlill t?ataxyLOT/ny deviates stronger from 1 than the
. . . X KX .
fsohrol\grngg] LFallgl.dg.ulre\ljlegl;'b%;:jirﬂf&zgéﬁy#gnrﬁgcimge The above analysis shows that the WF law is valid for a
curves coincide. In Fig.(®) for the same br()Badéning we plot larger extent of the Lgndau level byoadenm_g in the case of
the ratioN,,/« . Thel deviations of this ratio from 1 are the nondiagonal TC in contrast with the diagonal compo-
Xyroxy . nents. The form and the magnitude of thg, variation
almost negligible. In Fig. &) we plot «y, oyLoT, and  compared with Kkyxy and the corresponding behavior of
Ny and in Fig. 3d) we plot Ny, /xy, and oy, LoT/«yy for owLoT indicates thaN,, is responsible for the appearance
small Landau level broadenlnng=0.57rkBT). The TCfol- 4 the plateaulike feature im,,, [Fig. 3(c)] with a small
lows roughly the behavior df,, .

Jn o _ _ contribution due to the thermopower. In the nondiagonal
Thus, itis clear that the coefficieMt,, is responsible for  case we are interested in lower order energy derivatives of
the resulted smaller deviations of the nondiagonal compothe DOS than in the diagonal. Thus, the result is less sensi-

nents from the WF law compared with the diagonal. Thetive in the shape of the DOS than before. We have to de-
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FIG. 3. kyy, oxloT, andN,, versus the magnetic field at=0.15 K,I',=67kgT (a), andl',=0.57kgT (c). The ratioN,,/«,, for
I',=67kgT (b) and the ratiodN,, /«,, ando,yLoT/«,, are also presented fdr,=0.57kgT (d).

crease even more the Landau level broadening to obtain nder a 2DEG in a quantizing magnetic field to study the
ticeable deviations from the WF law. validity of the WF law in the QHE regime. The systematic
The different behavior of the,, and «,, is not surpris- analysis, analytical and numerical, shows that for the diago-
ing. The physical reason lies in the number of the electronsal component of the TC the WF law is violated with
that take part in the energy transport. In contrast with, decreasing Landau level broadening. This is also confirmed
where we are interested only in electrons with energy nealpy the fact that as the value of the Landau level broadening
the Fermi energy, in,, we are interested in the total num- becomes smaller, more correction terms in the analytical
ber of electrons. Thus the change of the broadening has legxpressions have to be taken into account to improve the
of an effect on the mean electron energy and thus on thagreement between the analytical and the numerical results.

energy transported than for the diagonal case. For the nondiagonal components we obtain considerably
smaller deviations of the WF law. Responsible for the
V. CONCLUSIONS resulting behavior is the coefficielt;; and specifically the

effect of the energy derivatives of the electrical conductivity
We have evaluated the diagonal and nondiagonal compand consequently the shape of the DOS. The experimental
nents of the transport coefficient tensars,, «;;, andN;;, investigation of these results will be of great interest.
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