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We calculate self-consistently, the mutual dependence of electron correlations and electron-defect scattering
for a two-dimensional electron gas at finite temperature. We employ a Singwi, Tosi, Land, and Sjo¨lander
approach to calculate the electron correlations, while the electron scattering rate off Coulombic impurities and
surface roughness is calculated using self-consistent current-relaxation theory. The methods are combined and
self-consistently solved. We discuss a metal-insulator transition for a range of disorder levels and electron
densities. Our results are in good agreement with recent experimental observations.@S0163-1829~99!00511-1#
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In recent experiments1,2 on two-dimensional electronic
systems in zero-magnetic field, a well-defined met
insulator transition has been observed. The transition con
dicts the prediction3 that two-dimensional electron system
are always localized in the presence of any disorder.
mobility is large at the transition point (m.1 m2/Vs). For
such high mobilities the scattering off defects is weak a
the correlations between electrons are significant.

Both disorder and correlations by themselves can lea
at least two different types of localization. In the presence
disorder, Abrahamset al.3 showed that noninteracting elec
trons in two dimensions cannot sustain static conductivity
matter how small the level of disorder is. On the other ha
if there are strong correlations between the charge car
this can cause a different type of localization in disorder-f
systems, which is associated with Wigner crystallization.4 In
real systems there are both electron-electron and elec
impurity interactions. With weak disorder and in the lo
electron density limit, the electron-electron interactio
should dominate leading to Wigner crystallization, while
PRB 590163-1829/99/59~11!/7255~4!/$15.00
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the high electron density limit, the electron correlations a
very weak and the localization should be of the Anders
type. Between these two extremes, disorder and correlat
compete with each other to decide the nature of the local
tion.

In this paper, we examine the interdependence of corr
tions and defect scattering at finite temperatures. We use
self-consistent formalism of Singwi, Tosi, Land, an
Sjölander5 ~STLS! to treat electron-electron correlation
while for the electron-defect scattering we use a mem
function approach6 to calculate the decay time of the densi
fluctuations from scatterings off defects. Previous calcu
tions of the influence of disorder have either used the fi
Born approximation or else they have introduced an adju
able parameterg for the electron scattering rate from th
disorder. In these approaches the scattering rate is no
fected by correlations, while the two effects are in fact int
dependent and should be self-consistently linked.

For interacting carriers the linear response function
given by the random-phase approximation~RPA!. In this ap-
7255 ©1999 The American Physical Society
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proach, the Coulomb correlations between the carrier
completely neglected. Many-body interactions modify t
strength of the static Coulomb potentialV(q)52pe2/qe. In
the STLS formalism, the many-body correlations are tak
into account by introducing a static local fieldG(q). In the
RPA expression for the response function, the bareV(q)
52pe2/qe is replaced byV(q)@12G(q)#, and the response
function becomes

x~q,v!5
x~0!~q,v!

11V~q!@12G~q!#x~0!~q,v!
, ~1!

wherex (0)(q,v) is the two-dimensional dynamical susce
tibility for noninteracting electrons. We assume only t
lowest energy subband is occupied.

We consider scattering from disorder that consists o
random distribution of Coulombic impurities of densityni
and interface surface roughness. The effect of disorder i
damp the charge-density fluctuations and this modi
the response function. Damping changesx (0)(q,v) to
x (s)(q,v) given by7

x~s!~q,v!5
x~0!~q,v1 ig!

12
ig

v1 igF12
x~0!~q,v1 ig!

x~0!~q!
G . ~2!

In Eq. ~2!, the strength of the damping is represented by
scattering rateg. At zero temperature in the diffusive regim
x (s)(q,v) reduces to the well-known diffusive form
limv,q→0 x (s)(q,v) 5 (2m!) / (pkF\2)(Dq2) / (Dq2 1 iv) ,
whereD5vF

2/g is the diffusion constant. In the limit wheng
goes to infinity the system becomes nondiffusive. This r
resents a localized phase.8 Using the Drude expression,g is
related to the mobilitym5e/(m!g), wherem! is the effec-
tive mass.

Within the memory-function formalism9 developed for
electron scattering from disorder6 the scattering rateg can be
determined from the imaginary part of the force-force rela
ation function in the limit (q,v)→0. g is expressed in term
of the carrier-disorder potential and the relaxation spectr
f0(q,ig)5(1/ig)@x (0)(q,ig)2x (0)(q)# for noninteracting
carriers scattering off the disorder,

ig52
1

2m!nc
(

q
q2

1

e~q!2
@ni^uU imp~q!u2&1^uWsurf~q!u2&#

3
f0~q,ig!

11 igf0~q,ig!/x~0!~q!
, ~3!

wherenc is the carrier density. The carrier-disorder potent
is written in terms ofU imp(q), which is the impurity poten-
tial and Wsurf(q), which represents surface roughness sc
tering at the interface. The screening of the disorder poten
is given by e(q)511V(q)@12G(q)#x (s)(q). The G(q)
takes into account correlations in the disordered system.

We take U imp(q)5@(2pe2)/(eq)# exp (2qd)Fi(q) for
monovalent Coulomb impurities that are in a layer separa
from the electron or hole plane by distanced. We use for the
impurity form factorFi(q) Eq. ~4.28! in Ref. 10. For elec-
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trons in the Si metal-oxide semiconductor field-effect tra
sistor ~MOSFET’s! we include interface surface roughne
scattering Wsurf(q)5ApDLG(q) exp„2(qL)2/8…. Values
for the parametersL50.37 nm andD52.0 nm are taken
from Si MOSFET data.11 For G(q) we use the expression i
Ref. 12. For GaAs surface roughness scattering is m
smaller and we setWsurf(q)50.

In the STLS formalism, the density-density correlatio
function^dn̂(r ,t)dn̂(r 8,t)& is approximated by the nonlinea
productdn(r ,t)3g(r 2r 8)3dn(r 8,t). The dn(r ,t) are ex-
pectation values andg(r ) is the pair-correlation function giv-
ing the probability of finding electrons a distancer apart.
Using g(r )511nc

21 * d2qexp (iq•r)@S(q)21#, this gives
us a relation between the static structure factorS(q) and the
local-field factorG(q),

FIG. 1. Local-field factorG(q) for different impurity densities
~in units of 1011 cm22!. The impurities are separated from th
carrier plane byd55a0

! . Carrier density isnc53531010 cm22.

FIG. 2. Scattering rateg for Si as a function of electron densit
ne for impurity density 0.531011 cm22. Separation of the impurity
layer isd5a0

! . Curves are for temperaturesT ~labels are in units of
the Fermi temperatureTF for densityne).
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G~q!52
1

nc
E d2k

~2p!2

~q•k!

q2

V~k!

V~q!
@S~ uq2ku!21#, ~4!

where S(q)5(ncp)21*0
` dv Im x̃(q,v) is calculated from

the fluctuation-dissipation theorem, andx̃(q,v) is our total
response function,

x̃~q,v!5
x~s!~q,v!

11V~q!@12G~q!#x~s!~q,v!
. ~5!

Starting from a giveng and x (s)(q,v) we use STLS to
calculate the local fieldG(q) in the presence of the disorde
We insert this ine(q) to determine a newg in Eq. ~3!, which
defines a newx (s)(q,v) in Eq. ~2!, and the process recom
mences. This is repeated until there is overall se
consistency. The temperature dependence in our calcula
enters throughx (s)(q,v). The equations are solved at fini
temperature for system parameters carrier densitync , impu-
rity densityni , and remote impurity spacer layer separati
d.

Throughx (s)(q,v), Eqs.~4! and ~5! build in the depen-
dence of correlations on the defect scattering rateg. Equa-
tion ~3! gives the dependence ofg on the correlations
through thee(q). Thus taken together, these equations g
us the mutual interdependence of correlations and the de
scattering rate.

Figure 1 shows the dependence of the local-field fac
G(q) on the impurity concentration at zero temperature.
creasing the disorder enhancesG(q). This is caused by the

TABLE I. Dependence on temperature of the critical carr
density for localization in Si. Impurity densityni50.5
31011 cm22. Impurities are embedded in the carrier plane.

T ~K! 0 1 10 20

ne (cm22) 3731010 3731010 3231010 2931010

FIG. 3. Scattering rateg for Si atT50 as a function of electron
densityne. Curves are labeled for different impurity densitiesni ~in
units of 1011 cm22). Impurity separationd55a0

! .
-
on

e
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decrease inx (s) as the scattering rateg gets bigger@Eq. ~2!#.
EnhancingG(q) weakens the effective interaction betwe
the carriers, and hence weakens the screening of the ca
impurity potential. The net result of enhancingG(q) is thus
to strengthen the effect of the disorder potential. This in tu
further increasesg. At a critical level of disorder this non-
linear feedback causesg to increase rapidly and diverge
This leads to localization of the carriers.

We see this nonlinear behavior in Fig. 2. At a certa
critical carrier density the scattering rateg starts to increase
rapidly. The impurity density here isni50.531011 cm22,
with the impurities separated from the carrier plane by d
tanced5a0

! ~the effective Bohr radius!. The nonlinear in-
crease ing is due ~i! to the enhancement of the local fie
G(q), which strengthens the disorder potential, and~ii ! to
the rapid increase withg of the total relaxation spectrum

r

FIG. 4. Phase diagram for holes in GaAs. Critical hole dens
nh at which g51 as a function of impurity layer separationd.
Impurity density is ni52231011 cm22. The experimental data
point for GaAs is from Ref. 2.

FIG. 5. Phase diagram for electrons in Si. Critical electron d
sity ne at whichg51 as a function of impurity density for separa
tions d50 and 5a0

! . The experimental data points are taken fro
Ref. 13.
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f0(q,ig)@11 igf0(q,ig)/x (0)(q)#21 @see Eq.~3!#. Figure 2
also shows the dependence ofg on temperature. The label
on the curves give the temperature in units of the Fe
temperatureTF5EF /kB for densityne . The metal-insulator
transition is observed at carrier densities that are relativ
low by conventional semiconductor standards so the Fe
temperature can be of the order of a few degrees K. We
g diminishes with increasing temperature. This reflects
weakening of the correlations at finiteT.

In Fig. 3 we show the increase ofg with impurity density
at T50. The curve labels giveni in units of 1011 cm22. The
impurity separation isd55a0

! . As expected, increasing th
impurity concentration has the effect of increasing the sc
tering rate. On the other hand, increasing the carrier den
has the opposite effect ong because the correlations a
reduced. However, the nonlinear effects fromne are much
stronger than the nonlinear effects fromni .

The metallic phase in the experimental systems is cha
terized by mean-free pathslkF@1, while in the localized
phaselkF&1. We take the localization boundary to be t
point wherelkF passes through unity. Table I gives for di
ferent temperatures the critical electron density at wh
lkF51. When the system is at finite temperature the co
lations are reduced and one needs to go to slightly lo
carrier densities before localization can be achieved.

Table I shows the temperature dependence is quite s
and so we give metal-insulator phase diagrams forT50. The
dependence of the hole density at the transition on the im
rity layer separationd for GaAs is shown in Fig. 4. The
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impurity density is fixed atni50.531011 cm22. We com-
pare our results with the observation of the transition in R
2 in a GaAs sample. Our curve is consistent with this m
surement. The phase boundary is sensitive tod because of
the exponential factor inU imp(q). This suppresses carrier
impurity scattering for short wavelengthsq@d. For the re-
sidual long wavelength scattering the correlations are alw
weak. Thus, whend is large the correlations play a relative
less important role in the localization.

The phase diagram in Fig. 5 plots the critical electr
density in Si at the transition as a function of impurity de
sity ni . The impurity layer separations ared50 and 5a0

! .
We also show experimental data points for the position
the transition in Si.13 Again, our predicted phase bounda
agrees with these observations. On our curve the elect
impurity scattering becomes weaker as the critical electr
density decreases. Thus at the transition point the elec
mobility will increase as the electron density decreases. T
is consistent with observations.1,13

We conclude that correlations and impurity scattering
mutually affect the localization transition. Finite temper
tures tend to suppress correlations and this slightly redu
the critical carrier density for localization to occur by a
amount that becomes significant for temperatures of the
der of the Fermi temperature.

We acknowledge financial support from an Australian R
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