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Ultrasonic attenuation in clean d-wave superconductors
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We consider the attenuation of longitudinal ultrasonic waves in a clean two-dimensionald-wave supercon-
ductor. We show that the attenuation coefficient is linear in temperature at low temperatures forall in-plane
directions of the propagation of the ultrasound, and that the coefficient of the linear term can be used to
determine the parameters crucial for the low-temperature transport in these compounds.
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Much of the novel physics associated with the superc
ducting state of the high-Tc cuprates is due to nontrivia
angular dependence of the energy gapDk at the Fermi sur-
face. While in conventional,s-wave, superconductors the e
ergy gap is finite for all quasiparticle excitations, it is b
lieved that in many cuprates it has the angular structure
dx22y2 state, with lines of nodes, which leads to a gapl
excitation spectrum along certain directions in moment
space. Consequently the temperature dependence of the
modynamic and transport coefficients in the high-Tc materi-
als is qualitatively different from that of theirs-wave coun-
terparts: at low temperatures the behavior of the coefficie
measuring an average of a particular quantity over the Fe
surface is governed by the low-energy excitations near
nodes of the gap at the Fermi surface, and the resulting t
perature dependence is given by power laws rather than
exponentially decaying functions with an activation barrie1

While the power laws are entirely determined by the dim
sion of the manifold where the gap vanishes, in this case
the existence of lines of nodes, the coefficients can be use
determine parameters of the superconducting materials
test the agreement with specific models.

The ratio of the Fermi velocity at the nodes,v f , and the
velocity v2 associated with the growth of the supercondu
ing gap at the Fermi surfaceD(pf)5v2(pf2pf

(n)) near the
node is a particularly important parameter: both the unive
limit of transport coefficients2 and the temperature depe
dence of the penetration depth3 depend solely onv2 /v f . The
numerical value of this ratio has not been clearly determi
yet; Lee and Wen3 obtain v f /v256.8 from the analysis of
the penetration depth data,4 while the measurements of th
thermal conductivity5 yield v f /v2513.6. It is therefore im-
portant to have additional ways of experimentally determ
ining this parameter.

Here we analyze the electronic attenuation of the long
dinal ultrasound waves in ad-wave superconductor and a
gue that it can be used to measure the ratiov f /v2 . We con-
sider the clean caseql@1, whereq is the wave vector of the
sound wave, andl is the electron mean free path; this impli
that for a linear frequency of 150 MHz, taking the sou
velocity vs543105 cm/sec6 we needl>4mm. In previ-
ously studied optimally doped YBa2Cu3O6.93 samples the
PRB 590163-1829/99/59~10!/7123~4!/$15.00
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mean free path was determined to bel .0.6 mm at T
.20 K,7 which is closer to the hydrodynamic limitql!1,
where the longitudinal and transverse ultrasonic attenua
have been analyzed.8,9 However, the ultra-high-purity crys
tals recently grown in BaZrO3 crucibles10 are about an orde
of magnitude cleaner, and experiments demonstrate tha
low temperaturesl .425 mm,11 indicating that the limit
ql>1 is likely to be achieved. Experimentally the clean lim
is manifested in the attenuation rate which is linear, rat
than quadratic, in the frequency of the ultrasound waves,
by an angular dependence of the longitudinal attenua
rate, described below, which differs from that predicted
the dirty limit.8

Let us first consider the problem qualitatively. In the cle
limit as is determined by a scattering rate of a phonon by
quasiparticles. Apart from the matrix element of the electro
phonon interaction this scattering rate depends solely on
phase space available for the phonon to decay. As the en
and the wave vector of the sound wave are small on the s
of electronic excitations, the relevant scattering processes
those with negligible energy and momentum transfer, and
given by the conditionvg•q50, wherevg is the group ve-
locity of the quasiparticles. In a normal metal the scatter
is restricted to a belt on the Fermi surface where the Fe
velocity vf is perpendicular toq. The opening of ans-wave
gap preserves the direction of the group velocity of the q
siparticles but thermally suppresses the occupancy of
states near the Fermi surface resulting in the exponential
pression of the scattering.12 For an anisotropics-wave super-
conductor the attenuation at temperatures lower than
minimal gap still decays exponentially, albeit with an exp
nent which depends on the direction.13

Recently this approach has been transferred to ad-wave
superconductor.14,15 Assuming that the quasiparticles co
tributing to the attenuation are still located at the points
the Fermi surface wherevf•q50, the authors of Refs. 14 an
15 noticed that the scattering processes sample the loca
in the direction perpendicular toq, and predicted the four-
fold oscillations ofas as a function of the angle of propaga
tion in the planeu. In particular, since the gap vanishe
along the nodal direction, the attenuation in that direct
was predicted to be temperature independent and equ
7123 ©1999 The American Physical Society
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that atTc , while the attenuation in other directions was d
termined to decay exponentially with the activation ene
given by the local gapD(u6p/2).

However, for an anisotropic order parameter, not only
magnitude, but also the direction of the group veloc
changes with the opening of the energy gap. This change
important consequences for superconductors with gap no
especially for compounds with a relatively large value of t
superconducting gap amplitudeD0 as a fraction of the Ferm
energye f , and at temperatures belowD0

2/e f . This was first
noted in the context of the heavy fermion superconductors
Coppersmith and Klemm,16 who predicted a maximum in th
ultrasonic attenuation for certain directions of the propa
tion of the ultrasound, and a power-law behavior for lo
temperatures. Heavy fermion materials are not in the cl
limit, and Tc;1 K made the desired regime impossible
achieve experimentally. In the cuprates, on the other han
high transition temperature and a large ratio ofD0 /Tc
;2.5–4 bring the gap amplitude to about 10–30 % of
Fermi energy, so that the electronic contribution to the
tenuation rate is measured atT!D0

2/e f , where the theoreti-
cal analysis for ad-wave superconductor is still lacking.

We first proceed with the qualitative analysis. BelowTc

the excitation spectrum has the formE(k)5Azk
21Dk

2, where
zk is the quasiparticle energy in the normal state with resp
to e f , so that the direction of the group velocity, given by
tangential line to aE(k)5const contour, does not coincid
with the direction of the Fermi velocity at the same poi
For T!Tc only the contours withE!D0 , near the gap
nodes, are important for scattering. Then, as shown in
1~a!, the contour ofE5const is approximately an ellips
z(f)56AE22D82(f2fn)2, where f parametrizes the
Fermi surface, andD8 is the angular derivative of the gap
the node, and forany wave vectorq there are two quasipar
ticle scattering processes which contribute to the attenua
Sinceas is proportional to the phase-space volume availa

FIG. 1. ~a! A typical contour of constant energy near a node
the order parameter and the scattering processes contributing t
attenuation for an arbitraryq. ~b! Contours of constant energyE
5aD0 for a50.2, 0.8, 1.0, 1.4 withD0 /e f50.1, and the scattering
processes forq nearly normal to the node. Arrowsare parallel.
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for scattering an immediate conclusion is that the attenua
is linear inT at low temperatures inall the directions excep
normal to the nodes.

A second observation concerns the role of the relativ
large ratioD0 /e f . This can be accounted for by introducin
the curvature of the Fermi surface, as shown in Fig. 1~b!.
Then the group velocity of the quasiparticles with energ
E!D0 or E@D0 does not change significantly. For energi
E;D0 , however, the competition between the curvature
the contourE5const and that of the underlying Fermi su
face opens up additional phase space for scattering of
ultrasound propagating within a narrow window of angl
nearly perpendicular to the node; as seen in Fig. 1~b! three
rather than two scattering processes become possible. F
d-wave gap the curvatures become comparable forE
;D82/2e f.2D0

2/e f , which implies that the additional sca
tering is most effective forT.2D0

2/e f , a relatively high
temperature, resulting in an attenuation coefficient lar
than that atTc . For T<Tc the additional scattering is effec
tive, while at lower temperatures the occupancy of the
states is thermally suppressed and they do not contribut
the attenuation. We therefore expect a maximum inas , be-
low the superconducting transition followed by a transiti
to linear, inT, behavior at lower temperatureT* . The posi-
tion of the maximum, as well as crossover temperatureT*
scale withD0

2/e f , while the angular window within which it
exists scales asD0

2/e f
2 .

This analysis implies that the main conclusions of Ref.
are qualitatively applicable tod-wave superconductors. W
now investigate the issue in more detail focusing on the lo
temperature regime. Within a standard BCS-like theory
ultrasonic attenuation is given by16,17

as~T,q!5A
V

4TE dk
1

cosh2~Ek/2T!

3S 11
zkzk1q2DkDk1q

EkEk1q
D d~Ek2Ek1q!, ~1!

where the constantA depends on the scattering matrix el
ment and the frequency of the ultrasoundV, and the inte-
gration is over the Brillouin zone. Expanding inq and taking
into account that the angular average of the gap deriva
vanishes, we obtain

as~T,q!5A
V

2TE dk
1

cosh2~Ek/2T!

zk
2

Ek
2
d~vg•q!, ~2!

where the group velocityvg is given by

vg~k!5¹kEk5
1

Ek
S zkvf1Dk

]Dk

]k D . ~3!

We now consider a model two-dimensionald-wave super-
conductor with the wave vectorq in the plane at an angleu
from thex axis. Forq not exactly in the nodal or antinoda
directionvf•q50 does not satisfy the condition imposed b
the delta function; we exclude these two specific cases f
the analysis below, although we allowu to be arbitrarily

f
the
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close to these directions, so that the restriction has no bea
on the generality of the results. In the low-temperature
gime T!Tc

as~T,u!

a~Tc!
' ln 2

v2

v f

T

e f

3S sin2~u2p/4!

@cos2~u2p/4!1~v2 /v f !
2sin2~u2p/4!#3/2

1
cos2~u2p/4!

@sin2~u2p/4!1~v2 /v f !
2cos2~u2p/4!#3/2D .

~4!

Even though there is a normalization constanta(Tc) here,
the ratio of the attenuation coefficients at different angles
function of v2 /v f only and therefore provides a direct me
surement of this important parameter. Notice also that
slope vanishes asv2 /v f→0. Equation ~4! represents the
main result of this paper, and in Fig. 2 we show the slope
a function of the direction in the plane.

To obtain an explicit temperature dependence and c
pare our results with those of Ref. 16 in more detail we n
consider a superconductor with a cylindrical Fermi surfa
Then the attenuation is given by

as~T,u!5
A8

2T

V

v fq
E

0

2p df

ucos~u2f!u
z0

2~f!

E~f!
cosh22S E~f!

2T D ,

~5!

where z0(f)5D0
2sin 4f tan(u2f)/2e f , and E(f)

5Az0
2(f)1D2(f). Notice that the contribution to the inte

gral of the regionsf'u6p/2, wherevf•q50 and cos(u
2f) tends to zero, is suppressed exponentially by the th
mal function as tan(u2f), and consequentlyE(f), be-
comes large.

In Fig. 3 we present the results for the ultrasonic atte
ation normalized by its value at the transition temperature
near-nodal~as the nodes are atmp/4, the direction normal to
a node coincides with the nodal direction! and antinodal ori-
entation of the wave vectorq for different values of the ratio

FIG. 2. Angular dependence of the low-temperature slope of
attenuation forv2 /v f50.2.
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of D0 /e f , which are very similar in general features to tho
obtained numerically in Ref. 16. In the numerical work w
have used the BCS ratioD052.14Tc , a larger coefficient
would push both the maximum and the onset of linear
havior towards higher temperatures. For the near-nodal
rection there is a clearly defined maximum of the attenuat
at high temperatures, the position of the maximum sca
with D0

2/e f as predicted above. The attenuation is linear
low temperatures. For the antinodal direction the decay
as(T) is qualitatively close to the exponential behavior, a
though the dependence on the ratioD0 /e f is clearly seen,
and the shoulder on the curve for the largest value of
ratio indicates that the additional phase space for scatte
has become available even forq near the antinode. For bot
angles the results for the smallest ratio ofD0 /e f50.0025 are
indistinguishable on the scale of this graph from the gen
alized BCS prediction13–15 that as(T,u)/an5 f @D(u
1p/2)#, wheref is the Fermi function. We also obtain tha

e
FIG. 3. Temperature dependence of the attenuation coeffic

in the near-nodal (u50.78, upper curves! and antinodal (u51.57,
lower curves! directions for ratios ofD0 /e f of 0.25~solid line!, 0.1
~dashed line!, 0.025 ~long-dashed line!, and 0.0025~dot-dashed
line!.

FIG. 4. Low-temperature dependence of the attenuation co
cient in the near-nodal (u50.78) and antinodal (u51.57) direc-
tions for D0 /e f50.1. Dashed line: analytic result from Eq.~4!.
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for a fixed value of the ratioD0 /e f , the window within
which the maximum can be observed is narrowly cente
around the nodal direction, as expected. Finally, Fig. 4 de
onstrates the linear, in temperature, behavior predicted
for T!Tc , which is in a sharp contrast to the exponent
decay of the Fermi function, and agrees remarkably w
with the result given in Eq.~4!.

The maximum ofas is at high temperature where th
electronic contribution to the attenuation is difficult to me
sure. While our results are qualitatively the same for a d
ferent geometry of the Fermi surface, such as a tight bind
the position of the maximum may be shifted; we also n
that for a tight-binding Fermi surface close to half filling th
peak does not exist: large flat regions of the Fermi surf
away from the nodes contribute to the attenuation in
near-nodal direction aboveTc , and in the superconductin
state the loss of phase space in the gapped regions cann
compensated for by the increase in scattering near the no
y,
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Moderate impurity scattering is expected to ‘‘average’’ t
attenuation over a small range of angles. As seen from
2, this can change the slope near the node, but has little e
on the slope away from the node, and this result should
robust with respect to scattering by dilute impurity cente
Therefore measurement of the low-temperature slope
vides a direct measurement of the parameterv2 /v f , which
determines the low-temperature behavior of the cuprates.
also note that we expect the general considerations of
work, including the breaking of particle-hole symmetry illu
trated in Fig. 1~b!, to be important for other transport coe
ficients, such as Hall effect, although a different and deta
analysis is needed there.
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