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Ultrasonic attenuation in clean d-wave superconductors
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We consider the attenuation of longitudinal ultrasonic waves in a clean two-dimendiaraale supercon-
ductor. We show that the attenuation coefficient is linear in temperature at low temperatuaéisifigplane
directions of the propagation of the ultrasound, and that the coefficient of the linear term can be used to
determine the parameters crucial for the low-temperature transport in these compounds.
[S0163-182699)08409-X

Much of the novel physics associated with the superconmean free path was determined to be0.6 um at T
ducting state of the higfi; cuprates is due to nontrivial =20 K,” which is closer to the hydrodynamic limifl<1,
angular dependence of the energy ggpat the Fermi sur-  where the longitudinal and transverse ultrasonic attenuation
face. While in conventionak-wave, superconductors the en- have been analyzéd. However, the ultra-high-purity crys-
ergy gap is finite for all quasiparticle excitations, it is be-tals recently grown in BaZrQcrucibles® are about an order
lieved that in many cuprates it has the angular structure of af magnitude cleaner, and experiments demonstrate that at
dy2_y2 state, with lines of nodes, which leads to a gaplessow temperatured=4—5 um,*! indicating that the limit
excitation spectrum along certain directions in momentuny|=1 is likely to be achieved. Experimentally the clean limit
space. Consequently the temperature dependence of the thgy-manifested in the attenuation rate which is linear, rather
modynamic and transport coefficients in the highmateri-  than quadratic, in the frequency of the ultrasound waves, and
als is qualitatively different from that of theg#wave coun- by an angular dependence of the longitudinal attenuation
terparts: at low temperatures the behavior of the coefficientgate, described below, which differs from that predicted in
measuring an average of a particular quantity over the Fernthe dirty limit®
surface is governed by the low-energy excitations near the | et us first consider the problem qualitatively. In the clean
nodes of the gap at the Fermi surface, and the resulting temimit «, is determined by a scattering rate of a phonon by the
perature dependence is given by power laws rather than yuasiparticles. Apart from the matrix element of the electron-
exponentially decaying functions with an activation bartier. phonon interaction this scattering rate depends solely on the
While the power laws are entirely determined by the dimenphase space available for the phonon to decay. As the energy
sion of the manifold where the gap vanishes, in this case b¥nd the wave vector of the sound wave are small on the scale
the existence of lines of nodes, the coefficients can be used F electronic excitations, the relevant scattering processes are
determine parameters of the superconducting materials anfose with negligible energy and momentum transfer, and are
test the agreement with specific models. given by the conditiony-q=0, wherey is the group ve-

The ratio of the Fermi velocity at the nodes,, and the  |ocity of the quasiparticles. In a normal metal the scattering
velocity v, associated with the growth of the superconduct-is restricted to a belt on the Fermi surface where the Fermi
ing gap at the Fermi surfack(p;) =v,(p;—p{") near the  velocity v; is perpendicular t@. The opening of ars-wave
node is a particularly important parameter: both the universajjap preserves the direction of the group velocity of the qua-
limit of transport coefficienfsand the temperature depen- siparticles but thermally suppresses the occupancy of the
dence of the penetration depitepend solely on,/v;. The  states near the Fermi surface resulting in the exponential sup-
numerical value of this ratio has not been clearly determinegbression of the scatterirlg.For an anisotropis-wave super-
yet; Lee and Wehobtainuv/v,=6.8 from the analysis of conductor the attenuation at temperatures lower than the
the penetration depth datayhile the measurements of the minimal gap still decays exponentially, albeit with an expo-
thermal conductivity yield v¢/v,=13.6. It is therefore im- nent which depends on the directith.
portant to have additional ways of experimentally determin- Recently this approach has been transferred tbwave
ining this parameter. superconductot®!® Assuming that the quasiparticles con-

Here we analyze the electronic attenuation of the longitutributing to the attenuation are still located at the points of
dinal ultrasound waves in dwave superconductor and ar- the Fermi surface wheng - q=0, the authors of Refs. 14 and
gue that it can be used to measure the ratitv,. We con- 15 noticed that the scattering processes sample the local gap
sider the clean caggl>1, whereq is the wave vector of the in the direction perpendicular tq, and predicted the four-
sound wave, antis the electron mean free path; this implies fold oscillations ofa as a function of the angle of propaga-
that for a linear frequency of 150 MHz, taking the soundtion in the plane#. In particular, since the gap vanishes
velocity vs=4Xx10° cm/se€ we needl=4um. In previ- along the nodal direction, the attenuation in that direction
ously studied optimally doped YB@u;Og g3 Samples the was predicted to be temperature independent and equal to

0163-1829/99/5@.0)/71234)/$15.00 PRB 59 7123 ©1999 The American Physical Society



7124 I. VEKHTER, E. J. NICOL, AND J. P. CARBOTTE PRB 59

for scattering an immediate conclusion is that the attenuation
is linear inT at low temperatures iall the directions except
q normal to the nodes.
A second observation concerns the role of the relatively
- = - = large ratioAy/e; . This can be accounted for by introducing
E the curvature of the Fermi surface, as shown in Fidp).1
q f Then the group velocity of the quasiparticles with energies
1 E<A, or E> A, does not change significantly. For energies
E~Ag, however, the competition between the curvature of
the contourE=const and that of the underlying Fermi sur-
face opens up additional phase space for scattering of the
ultrasound propagating within a narrow window of angles
nearly perpendicular to the node; as seen in Fip) three
rather than two scattering processes become possible. For a
d-wave gap the curvatures become comparable Hor
~A"?[2¢;=2A3/ ¢, which implies that the additional scat-
tering is most effective forTzZAS/ef, a relatively high
temperature, resulting in an attenuation coefficient larger
than that aff .. For T<T, the additional scattering is effec-
FIG. 1. (a) A typical contour of constant energy near a node of tive, while at lower temperatures the occupancy of these
the order parameter and the scattering processes contributing to teeates is thermally suppressed and they do not contribute to
attenuation for an arbitrarg. (b) Contours of constant enerdy  the attenuation. We therefore expect a maximurajn be-
=al, fora=0.2,0.8, 1.0, 1.4 with\,/;=0.1, and the scattering |ow the superconducting transition followed by a transition
processes fog nearly normal to the node. Arroware parallel. to linear, inT, behavior at lower temperatufies. The posi-

. L L tion of the maximum, as well as crossover temperafiire
that atT., while the attenuation in other directions was de- a2 . : . o
scale withAg/e;, while the angular window within which it

termined to decay exponentially with the activation energy

: exists scales a&?2/¢e?.
given by the local gaph (0% 7/2). ; 0t . .
However, for an anisotropic order parameter, not only the This analysis implies that the main conclusions of Ref. 16

magnitude, but also the direction of the group velocityare qualitatively applicable td-wave superconductors. We

changes with the opening of the energy gap. This change hYW Iinvestigate 'ghe ISSU€ In more detail fOCUS'F‘g on the low-
important consequences for superconductors with gap nodetgmpera_ture regime. W'th!n a sta9dard BCS-like theory the
especially for compounds with a relatively large value of thetltrasonic attenuation is given By

superconducting gap amplitudg, as a fraction of the Fermi

energye;, and at temperatures belahf/e; . This was first . Q 1

noted in the context of the heavy fermion superconductors by aS(T’Q)_AE dkcosH(E /2T)

Coppersmith and Klemrtf, who predicted a maximum in the ¥

ultrasonic attenuation for certain directions of the propaga-
tion of the ultrasound, and a power-law behavior for low
temperatures. Heavy fermion materials are not in the clean
limit, and T.~1 K made the desired regime impossible towhere the constam depends on the scattering matrix ele-
achieve experimentally. In the cuprates, on the other hand, ment and the frequency of the ultrasoufid and the inte-
high transition temperature and a large ratio /T,  gration is over the Brillouin zone. Expandingdrand taking
~2.5-4 bring the gap amplitude to about 10—-30 % of theinto account that the angular average of the gap derivative
Fermi energy, so that the electronic contribution to the atvanishes, we obtain

tenuation rate is measured B A3/ e;, where the theoreti-

+§k§k+q_AkAk+q

X
EkEk+q

1

)5(Ek_Ek+q)i 1)

cal analysis for al-wave superconductor is still lacking. Q 22
We first proceed with the qualitative analysis. Beldw aS(T’Q):AE P y— _25("9"3)' 2)
the excitation spectrum has the fofaik) = \/¢2+ A2, where costt(E,/2T) Ey

{ is the quasiparticle energy in the normal state with respect o

to €, so that the direction of the group velocity, given by a Where the group velocity, is given by

tangential line to &(k)=const contour, does not coincide A

with the direction of the Fermi velocity at the same point. JAk

For T<T. only the contours withE<A,, near the gap Vg(k):VkEk:E_k( gkvf+Ak(7_k)' @)
nodes, are important for scattering. Then, as shown in Fig.

1(a), the contour ofE=const is approximately an ellipse We now consider a model two-dimensiordivave super-
L(p)=*E’—A"?(¢p— ¢,)°, where ¢ parametrizes the conductor with the wave vectay in the plane at an angle
Fermi surface, and’ is the angular derivative of the gap at from the x axis. Forg not exactlyin the nodal or antinodal
the node, and foany wave vectorg there are two quasipar- directionv;-g=0 does not satisfy the condition imposed by
ticle scattering processes which contribute to the attenuationthe delta function; we exclude these two specific cases from
Sincea is proportional to the phase-space volume availablghe analysis below, although we allow to be arbitrarily
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FIG. 3. Temperature dependence of the attenuation coefficient

FIG. 2. Angular dependence of the low-temperature slope of thén the near-nodal §=0.78, upper curvgsand antinodal ¢=1.57,

attenuation fow, /v¢=0.2.

lower curve$ directions for ratios ofAy/e; of 0.25(solid line), 0.1
(dashed ling 0.025 (long-dashed ling and 0.0025(dot-dashed

close to these directions, so that the restriction has no bearirige).
on the generality of the results. In the low-temperature re-

gime T<T,
ay(T,0) v, T
«To "
Sirt(6— ml4)
[cOoS(0— m/4)+ (v, /vy) 2SI 0— mwl4) 132
. coS(6— mld)
[SIRP(6— 7/4)+ (v, /vs)2coS(0— mwl4) ]3]

(4)

Even though there is a normalization consta#.) here,
the ratio of the attenuation coefficients at different angles is
function ofv, /v only and therefore provides a direct mea-

surement of this important parameter. Notice also that th

slope vanishes as,/v{—0. Equation(4) represents the

main result of this paper, and in Fig. 2 we show the slope as

a function of the direction in the plane.

To obtain an explicit temperature dependence and com-
pare our results with those of Ref. 16 in more detail we now
consider a superconductor with a cylindrical Fermi surface.

Then the attenuation is given by

A Q2 dé L) L(E()
“S(T"’)‘ﬁmfo [cos 0—$)] E($) %" 2( 27 )

(5
where (@) =A3sindptan(6— ¢)/2e;, and E(¢)

= \/§02(¢>)+A2(¢). Notice that the contribution to the inte-
gral of the regionsp~ 6=+ /2, wherev;-q=0 and cosf
—¢) tends to zero, is suppressed exponentially by the the
mal function as tamf— ¢), and consequenthE(¢), be-
comes large.

In Fig. 3 we present the results for the ultrasonic attenu-
ation normalized by its value at the transition temperature for

near-nodalas the nodes are atw/4, the direction normal to
a node coincides with the nodal directjaand antinodal ori-
entation of the wave vectay for different values of the ratio

of Ag/e;, which are very similar in general features to those
obtained numerically in Ref. 16. In the numerical work we
have used the BCS ratihg=2.14T., a larger coefficient
would push both the maximum and the onset of linear be-
havior towards higher temperatures. For the near-nodal di-
rection there is a clearly defined maximum of the attenuation
at high temperatures, the position of the maximum scales
with A2/e; as predicted above. The attenuation is linear at
low temperatures. For the antinodal direction the decay of
ag(T) is qualitatively close to the exponential behavior, al-
though the dependence on the rafig/e; is clearly seen,
and the shoulder on the curve for the largest value of the
ratio indicates that the additional phase space for scattering
has become available even fpmear the antinode. For both
%ngles the results for the smallest raticdgf/ e;=0.0025 are
indistinguishable on the scale of this graph from the gener-
Qlized BCS predictioi™5 that a(T,6)/a,=f[A(0
+/2)], wheref is the Fermi function. We also obtain that
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FIG. 4. Low-temperature dependence of the attenuation coeffi-
cient in the near-nodal§=0.78) and antinodal {=1.57) direc-
tions for Ay/e;=0.1. Dashed line: analytic result from E@).
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for a fixed value of the ratiddy/e;, the window within  Moderate impurity scattering is expected to “average” the
which the maximum can be observed is narrowly centerecttenuation over a small range of angles. As seen from Fig.
around the nodal direction, as expected. Finally, Fig. 4 dem2, this can change the slope near the node, but has little effect
onstrates the linear, in temperature, behavior predicted heign the slope away from the node, and this result should be
for T<T,, which is in a sharp contrast to the exponentialrobust with respect to scattering by dilute impurity centers.
decay of the Fermi function, and agrees remarkably wellrherefore measurement of the low-temperature slope pro-
with the result given in Eq(4). vides a direct measurement of the parametefv;, which

The maximum ofas is at high temperature where the getermines the low-temperature behavior of the cuprates. We
electronlq contribution to the attt_enu.atlon is difficult to Mea- 5150 note that we expect the general considerations of this
sure. While our results are qualitatively the same for a d'f'work, including the breaking of particle-hole symmetry illus-

ferent geometry of the Fermi surface, such as a tight bindingﬂ'ated in Fig. 1b), to be important for other transport coef-

the positio_n of the .maXim“m may be shifted; we gl;o nOteficients, such as Hall effect, although a different and detailed
that for a tight-binding Fermi surface close to half filling the analysis is needed there
2 .

peak does not exist: large flat regions of the Fermi surfac
away from the nodes contribute to the attenuation in the I.V. is grateful to L. Taillefer for important discussions.
near-nodal direction abov€;, and in the superconducting This research was supported in part by NSERC of Canada
state the loss of phase space in the gapped regions cannot (eJ.N. and J.P.¢.and CIAR(J.P.C). E.J.N. received fund-
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