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Monte Carlo study of a mixed spin-3/2 and spin-1/2 Ising ferrimagnetic model

G. M. Buendı´a and R. Cardona*
Departamento de Fı´sica, Universidad Simo´n Bolı́var, Apartado 89000, Caracas 1080, Venezuela

~Received 14 July 1998; revised manuscript received 6 October 1998!

The magnetic properties of a mixed Ising ferrimagnetic model on a square lattice, in which the two inter-
penetrating square sublattices have spins that can take two values,s561/2, alternated with spins that can take
four values,S563/2,61/2, are studied. This model can be relevant for understanding the magnetic behavior
of the new class of organometallic ferrimagnetic materials that exhibit spontaneous magnetic moments at room
temperature. We carried out exact ground-state calculations for the model and employ a Monte Carlo algorithm
to obtain the finite-temperature phase diagram for both the transition and compensation temperatures. The role
of the different interactions in the Hamiltonian is explored. When only the nearest-neighbor interaction and the
crystal-field term are included our results indicate no compensation point at finite temperature. When the
next-nearest-neighbor interaction between the spinss561/2 exceeds a minimum value that depends on the
other parameters in the Hamiltonian, a compensation point appears. The interaction between theS563/2
spins, next-nearest neighbors in the lattice, has the effect of changing the compensation temperature.
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I. INTRODUCTION

Although theoretical models of ferrimagnetic system
have been around since the times of Ne´el,1 there is recent
experimental motivation for reopening this area of resea
In recent years several groups have started an ambitious
gram to design and synthesize new classes of magnetic
terials using the techniques of molecular organic chemis
The goal is to produce organic materials soluble in orga
solvents, biocompatible, optically transparent, with spon
neous moments at room temperature.2 Ferrimagnetic order-
ing seems to play a fundamental role in these materials.
recently developed amorphous V(TCNE)x•y ~solvent!,
where TCNE is tetracyanoethylene, are organometallic c
pounds that, although they have not yet been crystalliz
seem to have a 1/2-3/2 ferrimagnetic structure and orde
temperatures as high as 400 K.3,4

Mixed Ising systems have been introduced as sim
models that can show ferrimagnetic behavior and that m
show compensation points orN-type behavior in Ne´el clas-
sification nomenclature. The compensation point is the te
perature where the resultant magnetization vanishes be
the critical point. The existence of compensation tempe
tures has interesting applications, particularly in magne
optic recording. Since this type of recording is done us
the thermal effect of light, it is desirable that the magne
field required for recording should change greatly in a re
tively narrow temperature range, the precise effect that h
pens at the compensation point, where only a small driv
field is required to reverse the magnetization. Also, the
ercive force increases near the compensation temperatur
voring the creation of small, stable, magnetic domain5

Mixed Ising models have been studied by several meth
such as high-temperature series expansion,6 and mean and
effective-field approaches.7,8 An exact solution of a mixed
1-1/2 Ising model on a Union Jack lattice has been found
a low-dimensional manifold in the parameter space.9 A
mixed Ising 3/2-1/2 model with nearest-neighbors a
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crystal-field interactions has shown interesting types of m
netic behavior, quite different from those of the 1-1/2 mod
when studied using effective-field theories,7 but so far this
simple model has shown no compensation points. Rec
studies using nonperturbative algorithms like Monte Ca
and transfer-matrix calculations for mixed61/2 and 62,
61,0 spins have yielded important information on how co
pensation temperatures occur.10,11 In order to obtain more
reliable results and further understand the appearanc
compensation points we study the mixed 3/2-1/2 Ising mo
with a more general Hamiltonian than the one studied w
effective mean-field theories and with a nonperturbat
technique, the Monte Carlo algorithm.

The aspects of interest in our study will be mainly t
finite-temperature phase diagram and the possible exist
of compensation points~which occurs inN-type ferrimagnets
as classified in Ref. 1!.

II. THE MODEL AND ITS GROUND STATES

The Hamiltonian we study includes nearest- and ne
nearest-neighbors interactions and the crystal field. It has
form

H52J1(
^nn&

Sis j2J2 (
^nnn&

smsn2J3 (
^nnn&

SiSl2D(
i

Si
2 ,

~1!

where s561/2,S563/2,61/2. J1 , J2 , and J3 are the
exchange-interaction parameters andD is the crystal field, all
in energy units,̂ nn& and^nnn& stand for nearest and nex
nearest neighbors, respectively. Previous studies with ef
tive mean-field theories only included theJ1 and the D
terms.7

The models to be considered will be labeled by enum
ating the parameters different from zero in the Hamiltonia
For example, theJ1-D model is the one in which all the
parameters are zero exceptJ1 andD.
6784 ©1999 The American Physical Society
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In order to obtain the ground-state diagram, we calcu
the configurations of a 232 cell.12 With rotational symmetry
taken into account this cell has 40 different configuratio
Which one is the ground state depends on the particula
of parameters in the Hamiltonian. As an example, in Figs
and 2 we show the ground-state diagrams for theJ1-D and
the J1-J2-D models, respectively. In each graph the groun
state configurations of the 232 cells are indicated. The
equations of the boundaries between the regions are obta
by pairwise equating the ground-state energies. For theJ1-D
model, Fig. 1, there are two possible ground states for
ferrimagnetic system (J1,0) and two for the ferromagneti
system (J1.0). For the J1-J2-D model with J1,0 the
ground-state diagram is divided in four regions, as seen
Fig. 2.

III. MONTE CARLO CALCULATIONS

We have applied standard importance sampling meth
to simulate the Hamiltonian given by Eq.~1!. Periodic
boundary conditions onL3L lattices were imposed and con
figurations were generated by sequentially traversing the
tice and making single-spin flip attempts. The flips are
cepted or rejected according to a heat-bath algorithm.
data were generated with 104 Monte Carlo steps per spin i
lattices with L540, after 103 warming steps per spin. Th
error bars were taken from the standard deviation of blo
of 102 measurements each. We defineb51/kBT and take

FIG. 1. Ground-state diagram for theJ1-D model. In each re-
gion the configurations of the 232 cells are indicated.J1 andD are
in energy units.

FIG. 2. Ground-state diagram for theJ1-J2-D model with J1

,0. There are four regions, in each of which the configurations
the 232 cells are indicated.
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Boltzmann’s constantkB51. Our program calculates the in
ternal energy per site,

E5
1

L2
^H&, ~2!

the specific heat per site,

C5
b2

L2
@^H2&2^H&2#, ~3!

the sublattice magnetizations per site,

M15
2

L2K (i
Si L , M25

2

L2K (j
s j L , ~4!

the total magnetization per site,M5(M11M2)/2, and the
susceptibility,

x5b~^M2&2^M &2!. ~5!

Since we are particularly interested in studying the poss
existence of compensation points, all our numerical res
are obtained for the ferrimagnetic caseJ1,0.

In order to locate the compensation points an order
rameter per spin defined by

O5
1

L2 K U(i , j Si1s jU L , ~6!

which is equivalent to the average of the absolute value
the total magnetization, was also measured. At the comp
sation temperatureTcomp, the total magnetization of the sys
tem must be zero and, in the case of an infinite lattice,
order parameterO would reach the zero value. For finit
lattices, the order parameterO reaches an absolute minimum
at the compensation temperature. Another efficient way
locateTcomp is to find the temperature at which the sublatti
magnetizations have equal magnitude and opposite s
@ uM1u5uM2u and sgn(M1)52sgn(M2) at Tcomp], such that
the total magnetization is zero.

IV. RESULTS

A. The J1-D model

The results for the order parameter shown in Fig. 3 in
cate that this model has no compensation point. From th
results we can distinguish three types of magnetic behav
WhenD/uJ1u>0 the magnetization curves are of type Q
the Néel classification,1 typical of a ferromagnet. AsD/uJ1u
becomes negative, in the range21,D/uJ1u,0, the magne-
tization falls rapidly from its saturation value atT50 in a
way that is not described in Ne´el’s classification. AtD/uJ1u
521 there is a mixed phase atT50 where two ground-state
configurations occur with equal probability, the ground st
of the S spins consists of a mixed phase in which they c
take the valuesS561/2 or S563/2 with equal probability
~see Fig. 1!. Hence the ground-state magnetization of t
system is equal to the average of the magnetizations of
two phases. ForD/uJ1u,21, the magnetization become
type L ~in Néel’s classification!. Plots of the sublattice mag
f
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netizations show that theS sublattice is the one with the
strongest dependence on the parameterD, as can be seen in
Fig. 4.

Figure 5 shows the specific-heat curves. Notice that w
D/uJ1u→21 there is a secondary peak in the curves t
increases and moves toward zero temperatures asD/uJ1u ap-
proaches21. Also, if two curves have a parameter val
D/uJ1u5216D, then the low-temperature behavior of th
curves is the same. This suggests that the existence o
mixed phase atD/uJ1u521 induces a phase transition atT
50, such that the system has a zero-temperature phase
sition as well as a finite-temperature one atTcrit /uJ1u50.92
60.01. The symmetry of the heat capacity with respect
D/uJ1u11 is a rather common phenomenon at field-driv
first-order transitions, even for systems that only have
phase transition atT50, such as the one-dimensional Isin
chain. At T50 the specific heat vanishes, due the finite e
ergy gap between the ground state and the lowest exc
state. For an example in a lattice-gas system, see, e.g.,~Ref.
13!.

FIG. 3. Order parameter vs temperature for theJ1-D model for
several values ofD/uJ1u(J1521).

FIG. 4. Temperature dependence of the sublattice magne
tions M1 and M2 for the J1-D model for several values o
D/uJ1u(J1521). As can be verified in Fig. 3 they never canc
each other and both go to zero at the critical temperature.
n
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The zero-temperature phase transition can also be see
the magnetic susceptibility curves. In Fig. 6 the plots of t
inverse susceptibility 1/x show the critical temperatures de
fined by the value at which 1/x→0. Notice that when
D/uJ1u521 the inverse susceptibility goes to zero at t
critical temperatureTcrit /uJ1u50.9260.01, and also atT
50. For values ofD/uJ1u near21, the inverse susceptibili
ties present anomalous local minima at low temperatures
to its proximity to the mixed phase atT50.

In Fig. 7 we present the critical temperatures calcula
from the maxima in the susceptibilities and previous resu
obtained with an effective-field approximation.7 WhenD→
2`, theJ1-D model becomes a standard61/2 Ising system
with a critical temperature~predicted from Onsager’s solu
tion! Tcrit(exact)/uJ1u'0.575. In the limitD→` the model
becomes a standard Ising model with half the spins tak
the values61/2 and the other half taking the values63/2,
with a critical temperatureTcrit(exact)/uJ1u'1.725. Figure 7

a-

FIG. 5. Specific heat vs temperature for theJ1-D model for
several values ofD/uJ1u (J1521). The position of the maximum
gives an estimate of theTcrit . The lines are guides for the eye.

FIG. 6. Temperature variation of the inverse magnetic susce
bilities for several values ofD/uJ1u for the J1-D model. The mini-
mum gives an estimate of theTcrit that is consistent with the one
obtained from Fig. 5. The lines are guides for the eye.
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shows that our results are consistent with the exact solut
in both limiting cases. Notice that the critical temperatu
shows no special behavior atD/uJ1u521, which corre-
sponds to a phase transition in the ground-state diagram~Fig.
1!. The reason is the absence of next-nearest interactionsJ3 ,
so that the system ofS spins can be considered as a non
teracting system at lowT. For a detailed discussion of thi
kind of ‘‘cage effect’’ for anS51 antiferromagnet, see Re
14.

B. Effect of next-nearest-neighbors interactions:J1-J2-J3-D
model

Since our data show that theJ1-D model does not have
compensation points and there are recent results that ind
that some mixed Ising ferrimagnetic models present comp
sation points when the next-nearest-neighbors interaction
tween thes spins (J2) is taken into account;10,11 we include
theJ2 term in the Hamiltonian, i.e., theJ1-J2-D model. The
total magnetization curves shown in Fig. 8 clearly indica
the presence of compensation temperatures for this mode
the same figure we also present the order-parameter cu
and show that they reach an absolute minimum at the c
pensation point. Notice that, for a fixed value ofD/uJ1u, the
compensation temperature remains basically unchanged
J2 /uJ1u exceeds a minimum value; however, as expected,
critical temperature keeps increasing with increasing val
of J2 . These results are quite general and do not depen
the particular value ofD/uJ1u selected in Fig. 8.

In order to understand how the compensation phen
enon occurs we present the absolute values of the subla
magnetizations in Fig. 9. As theJ2 /uJ1u parameter increases
the ferromagnetic interaction between thes spins grows, en-
abling thes sublattice (M2) to remain ordered at highe
temperatures. At the same time, theS sublattice magnetiza
tion (M1) decreases with increasing temperatures until b
sublattices magnetizations are equal in magnitude at s
temperature below the critical one. Since the sublatti

FIG. 7. The finite-temperature phase diagram for theJ1-D
model. The Monte Carlo results are indicated by theL with error
estimates. The solid line corresponds to effective-field results~Ref.
7!. The arrows indicate the exact value ofTcrit in the two limiting
cases,D/uJ1u56`.
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magnetizations have opposite signs at this temperature
compensation point occurs. Further increase ofJ2 /uJ1u does
not change the compensation temperature that has alr
been reached, but has the effect of keeping the system
dered at higher temperatures such that the critical point
curs at higher temperatures.

We have plotted the critical and compensation tempe
tures as a function ofJ2 /uJ1u for several values ofD/uJ1u as
shown in Fig. 10. These plots clearly show that the comp
sation temperatures do not appear until theJ2 interaction
takes some minimum value that depends onD/uJ1u, after
which Tcomp is almost independent ofJ2 . It can also be seen
that asJ2 /uJ1u grows the variation of the critical temperatu
becomes independent of the crystal-field parameterD.

FIG. 8. The total magnetization and the order parameter vs
temperature for theJ1-J2-D model at D/uJ1u521 and J2 /uJ1u
510 (s),J2 /uJ1u512 (n), andJ2 /uJ1u515 ~L!. The empty sym-
bols are for the total magnetization and the equivalent filled sy
bols correspond to the order parameter. Notice that the compe
tion temperature is nearly independent of the value ofJ2 /uJ1u ~if
J2.J2

min) but the critical temperature increases with increasing v
ues ofJ2 /uJ1u.

FIG. 9. Absolute value of the sublattice magnetizations vs
temperature for theJ1-J2-D model at D/uJ1u521 and J2 /uJ1u
510,15. The compensation temperature is reached at the cro
point uM1(Tcomp)u5uM2(Tcomp)u, where the total magnetization i
zero and the order parameter has a minimum as seen in Fig. 8



ex

e

in
as
al

pe
ng
e-
s
t

a

ra

tic
ts

a
tw

ys
u
rr
n
t

-
e
e
me
g-
pe-
g-

ous

hen

f
the
nd
p-

o up

are
ian
m-
the
has

or

n

de nly

6788 PRB 59G. M. BUENDÍA AND R. CARDONA
We have also found compensation points when the n
nearest-neighbor interaction between theS spins (J3) is in-
cluded in the Hamiltonian, theJ1-J2-J3-D model. In Fig. 11
we show the total magnetization curves for different valu
of J3 /uJ1u with fixed D/uJ1u and a value ofJ2 /uJ1u above the
minimum required in order to obtain a compensation po
As Fig. 11 shows, the compensation temperature incre
toward the critical temperature with increasing positive v
ues of J3 /uJ1u. When, for a big enough value ofJ3 /uJ1u,
both temperatures become equal we do not have a com
sation point anymore, only a critical point. For increasi
negative values ofJ3 /uJ1u the compensation temperature d
creases until it disappears. Consequently, small variation
J3 /uJ1u can change the compensation point from zero up
the critical temperature, but have little effect on the critic
point. The value ofJ3 /uJ1u for which Tcomp goes to zero
corresponds to a phase transition in the ground-state diag
of the J1-J2-J3-D model. All our results are for a 40340
system size, but since the compensation point is not a cri
point, a study of finite-size effects would add little to i
analysis.

V. CONCLUSIONS

We have applied a Monte Carlo algorithm to study
mixed Ising system on a square lattice. Our model has
interpenetrating square sublattices, one of spinss561/2
and the other with spinsS563/2. The Hamiltonian includes
nearest-, next-nearest-neighbors interactions and the cr
field. In order to study the ferrimagnetic ordering the co
pling between nearest neighbors is chosen to be antife
magnetic. We have calculated the exact ground-state e
gies and the finite-temperature phase diagram showing
critical and compensation temperatures.

FIG. 10. Critical and compensation temperatures as functio
J2 /uJ1u for the J1-J2-D model atD/uJ1u521,0,4. The minimum
value of J2 /uJ1u for the compensation temperature to appear
pends on the value ofD/uJ1u.
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For theJ1-D model ~the model with only nearest neigh
bors and the crystal field! we obtained a critical temperatur
dependence with theD/uJ1u parameter that is similar to th
one obtained through effective-field theory for the sa
model.7 Our Monte Carlo results are consistent with Onsa
er’s exact solutions in the two limiting cases, and thus su
rior to the effective-field result. We have also found a ma
netization curve type that is not described in Ne´el
classification.1 The data show that theJ1-D model does not
have compensation points. This is consistent with previ
nonperturbative results in similar models.10,11

Our results show that a compensation point appears w
the next-nearest-neighbors interaction between thes spins
(J2) is included in the Hamiltonian. The minimum value o
J2 /uJ1u for a compensation point to exist depends on
value of the other parameters in the Hamiltonian. We fou
that for theJ1-J2-D model once the compensation point a
pears it remains approximately constant for anyJ2>J2

min for
a fixed value ofD/uJ1u.

The effect of the next-nearest-neighbor interactionJ3 be-
tween theS spins, theJ1-J2-J3-D model, is to change the
compensation temperature in a range that varies from zer
to the critical temperature.

Our study suggests that compensation temperatures
extremely dependent on the interactions in the Hamilton
and that there is a relatively narrow combination of para
eters for which they can exist. Experimental evidence of
effect of long-range interactions on compensation points
already been found.15,16
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